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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 61 ]. This is test number [ 174 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)
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3

4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100.00 (61 ) | % 0.00 (0)
Mathematica | % 98.36 ( 60 ) % 1.64 (1)
Maple % 95.08 (58) | %492 (3)
Maxima %90.16 (55) | %9.84(6)
Fricas % 100.00 (61 ) | % 0.00 (0)
Sympy % 4590 (28 ) | % 54.10 (33)
Giac %57.38 (35) | %42.62(26)
Mupad % 4590 (28 ) | % 54.10 (33)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.

B Integral was solved and antiderivative is optimal in quality but leaf
size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.



System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 80.33 11.48 6.56 1.64
Maple 42.62 52.46 0.00 4.92
Maxima 65.57 24.59 0.00 9.84
Fricas 54.10 21.31 24.59 0.00
Sympy 45.90 0.00 0.00 54.10
Giac 54.10 3.28 0.00 42.62
Mupad 29.51 16.39 0.00 54.10

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure
F.



The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica |1 0.00 % 100.00 % 0.00 %
Maple 3 100.00 % 0.00 % 0.00 %
Maxima 6 100.00 % 0.00 % 0.00 %
Fricas 0 0.00 % 0.00 % 0.00 %
Sympy 33 100.00 % 0.00 % 0.00 %
Giac 26 100.00 % 0.00 % 0.00 %
Mupad 33 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.
System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median

Rubi 0.31 150.31 0.70 114.00 1.00
Mathematica | 14.18 264.57 1.18 177.00 1.12
Maple 0.76 503.33 2.29 186.50 2.22
Maxima 0.75 213.18 1.05 114.00 0.97
Fricas 0.49 877.74 3.48 216.00 1.68
Sympy 0.81 486.07 2.38 0.00 0.00
Giac 0.07 130.26 0.59 0.00 0.00
Mupad 0.47 63.14 0.36 -1.00 -0.04

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.
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1.4 list of integrals that has no closed form an-
tiderivative

{&B B10/[14/[15,32 33 40|41} 45,46} 50,51} 55, 56,60} b T}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy ({}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {}

Mathematica {[7}[13}31}[48,59}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.
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Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
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'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
r|| nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script &

POST PROCESSOR PROGRAM
Test files from @ Program that

Albert Rich Rubi generates the

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables
i
HTML
—» Giac bl
SageMath/Python
script to test SageMath —» Fricas

Maxima, Fricas,
Giac .
—» Maxima b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format o o
string. The input used in CAS own syntax. ngh level overview of the CAS

string. The result (antiderivative) produced by CAS in Latex format independent integration test
string. The optimal antiderivative in Latex format. build System

. integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nesser M. Abbest
14. integer. Number of rules used. Vev, 2021
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi

ot
Qe
g

ONOUV AW

)
= o

1

w
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Chapter 2

detailed summary tables of results

2.1 Listofintegrals sorted by grade for each CAS

2.1.1 Rubi

A grade: {IZLEHEHZEL 0,21} 22,2324 25| 26
[28,29,30, 31} 32} 33} 34} 351 361 37 [38} [39} 40} 41| 42} (43} [44} (45} (46| |47, |48} [49] 50} 51} 52} 53] 54} 55,
56,571 [68] 5960} f61] }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {[T| 2}[3)[4) 5}[8) 9} 10} 14 [T5}[16} 17] T8} [T9}[20} 21] 22, 23} 24} 25} 26} 27} 28} 29} 30} BT
82,83}[85]87)38} 39} 40} 41 |44} 45} 46} 49} 50 p3,54/55}, 56157 58} 00} 61] }

B grade: {[¢}[11}[12, 34 A2} 43} 47}

C grade: {[7}[13}[48,59] }

F grade: {[36] }

2.1.3 Maple

%rader {H BB PHI0}[14} [15,[T9} 20} 21} [25} 26} 30} BT} B2} 33} 40} &1} 45} 46} 50} B T} 55} 564 [60)
B grade: {[I ..l....ll@.@@....l@@.
(95263} b4 ﬁ §§ 59))

C grade: { }

F grade: { [34}35,[B6]}

2,14 Maxima

A grade: { 15,679 T0)1) T4 15157 1519) 20, 21,22 2328, 2526 27 25 29 B )
52 330} 1] 5] )0 1 55 o) 715, 60 o1
B gradte: {125,812 1357 682 3, A7 i ) P23

C grade: { }

F grade: (4559595959}

15
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2.1.5 FriCAS

A grade: { )5 P}[10}14)[15}[16}[17] 18}[19} 20, 21} [24) 25 26} 25,30} BT} 32 33} 84} 35} 36} KO} 1)
B5/H6,50,p1}55/ b6, 60} b1] )

B grade: { B7}[8}[1322)23}[27) 28] B9 4} 49 4 B9 }

C grade: {[12}(6)[11}[12/87) 38, 42 43} 7 4852, 53} 67} B8]}

F grade: { }

2.1.6 Sympy

A grade: {45 80}[10[14[15[16[17}[1822 23|24} 7] 2829 32} B3} A0} 41} 45} 6} 50} 61} B
Bel60lf6T]}

B grade: { }

C grade: { }

F grade: [2}[13}[19} 20} 21 25} 26}[30} 1] B4 85} 36, 571 88} 8% (42, 43} 4} 47
8952 B3 b4 B B8/ RY) )

2.1.7 Giac

A grade: {5,010 915 16,7 1519, 21 22 25 2 2526027 25 29 B BT 2 53 A0 )
A5/ 650,511 55 b6l j6ul 1] )

B grade: {[8,20]}

C grade: { }

;Fgrade: (2B LTI213,B4[5 36,5738 5% K2 U3, 44 A7) 48, 9] 52} B3] 5457} 58] 59

2.1.8 Mupad

A grade: {{[5]0}[10}[14) 15,32} [33 40} A1} 45} 46} 50} 51} 55} 56} 60} 61 )
B grade: {[8[16/[17[18,22 2324 2728, 29}
C grade: { }

F grade: [12}[133[19} 20} 21} 25} 26}[30} BT} B4 85} 36, 571 88} 8% (42 43} 4} 47
84952 B3 b4 B/ B8/ RY) )
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the
time limit, then it is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 87 87 91 200 170 216 0 0 -1
normalized size | 1 1.00 1.05 2.30 1.95 2.48 0.00 0.00 -0.01
time (sec) N/A 0.159 0.013 0.280 1.528 2272 0.000 0.000 0.000
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 63 63 66 166 138 168 0 0 -1
normalized size | 1 1.00 1.05 2.63 2.19 2.67 0.00 0.00 -0.02
time (sec) N/A 0.135 0.010 0.273 0.696  0.627  0.000 0.000 0.000
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 47 122 98 112 0 0 -1
normalized size | 1 1.00 1.04 271 2.18 2.49 0.00 0.00 -0.02
time (sec) N/A 0.085 0.007 0.266 0.504 1.365 0.000 0.000 0.000
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 13 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.08
time (sec) N/A 0.016 13.240 0.316 0.000 0446 0.000 0.000 0.000
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 13 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.08
time (sec) N/A 0.017 19.121 0.293 0.000 0459 0.000 0.000 0.000
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B A C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 87 87 204 198 146 632 0 0 -1
normalized size | 1 1.00 2.34 2.28 1.68 7.26 0.00 0.00 -0.01
time (sec) N/A 0.178 4.193 0.180 0.453  0.545 0.000 0.000 0.000
Problem 7| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B A B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 65 65 163 156 108 453 0 0 -1
normalized size | 1 1.00 2.51 2.40 1.66 6.97 0.00 0.00 -0.02
time (sec) N/A 0.119 5.410 0.174 0.470 0469 0.000 0.000 0.000
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 46 54 115 189 80 98 48
normalized size | 1 1.00 1.48 1.74 3.71 6.10 2.58 3.16 1.55
time (sec) N/A 0.027 0.164 0.127 0.410 0.457 2446 0.127 1.154
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 15 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.07
time (sec) N/A 0.028 21.532 0.266 0.000 0455 0.000 0.000 0.000
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 15 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.029 20.444 0.275 0.000 0455 0.000 0.000 0.000
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B A C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 179 179 390 375 302 1985 0 0 -1
normalized size | 1 1.00 2.18 2.09 1.69 11.09  0.00 0.00 -0.01
time (sec) N/A 0.330 4.886 0.329 0.442 0480 0.000 0.000 0.000
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 114 114 295 246 226 1467 0 0 -1
normalized size | 1 1.00 2.59 2.16 1.98 12.87  0.00 0.00 -0.01
time (sec) N/A 0.207 3.444 0.311 0416 0523 0.000 0.000 0.000
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 82 82 231 164 149 975 0 0 -1
normalized size | 1 1.00 2.82 2.00 1.82 11.89  0.00 0.00 -0.01
time (sec) N/A 0.122 6.151 0.258 0.416 0520 0.000 0.000 0.000
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 15 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.028 16.175 0.813 0.000 0479 0.000 0.000 0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 15 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.07
time (sec) N/A 0.029 12.043 0.826 0.000 0443 0.000 0.000 0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 169 169 244 959 183 304 864 193 223
normalized size | 1 1.00 1.44 5.67 1.08 1.80 511 1.14 1.32
time (sec) N/A 0.185 0.438 0.432 0460 0512 1743 0.131 1.451
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 122 122 169 469 124 192 522 123 186
normalized size | 1 1.00 1.39 3.84 1.02 1.57 4.28 1.01 1.52
time (sec) N/A 0.117 0.281 0.392 0.409 0411 1253 0.124 1.299
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 74 74 81 175 72 101 250 65 76
normalized size | 1 1.00 1.09 2.36 0.97 1.36 3.38 0.88 1.03
time (sec) N/A 0.051 0.289 0.375 0.409 0387 0.890 0.130 1.257
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 157 157 122 61 48 75 0 50 -1
normalized size | 1 1.00 0.78 0.39 0.31 0.48 0.00 0.32 -0.01
time (sec) N/A 0.251 0.273 1.025 0.571 0396  0.000 0.141  0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 159 159 206 91 56 216 0 347 -1
normalized size | 1 1.00 1.30 0.57 0.35 1.36 0.00 2.18 -0.01
time (sec) N/A 0.213 0.810 1.050 0.803 0399 0.000 0.177  0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 211 211 265 210 68 342 0 179 -1
normalized size | 1 1.00 1.26 1.00 0.32 1.62 0.00 0.85 -0.00
time (sec) N/A 0.301 1.123 1.063 1.081 0.397  0.000 0.130  0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 230 230 420 1979 297 571 2193 383 266
normalized size | 1 1.00 1.83 8.60 1.29 2.48 9.53 1.67 1.16
time (sec) N/A 0.268 1.118 0.596 0.824 0.402 2899 0.137 1.335
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 170 170 207 955 191 359 1353 227 164
normalized size | 1 1.00 1.22 5.62 1.12 211 7.96 1.34 0.96
time (sec) N/A 0.192 1.044 0.579 0.661 0417 2011 0.135 1.284
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 133 133 114 354 107 190 700 109 88
normalized size | 1 1.00 0.86 2.66 0.80 1.43 5.26 0.82 0.66
time (sec) N/A 0.129 0.555 0.510 0.526  0.395 1598 0.128 1.224
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 297 297 199 106 81 137 0 78 -1
normalized size | 1 1.00 0.67 0.36 0.27 0.46 0.00 0.26 -0.00
time (sec) N/A 0.704 0.467 1.109 1.138 0413 0.000 0.156  0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 420 420 442 164 100 615 0 633 -1
normalized size | 1 1.00 1.05 0.39 0.24 1.46 0.00 1.51 -0.00
time (sec) N/A 0.733 1.482 1.174 2.156 0.410 0.000 0.212  0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 336 336 615 3691 406 844 3918 573 374
normalized size | 1 1.00 1.83 10.99 1.21 2.51 1166 171 1.11
time (sec) N/A 0.370 2476 0.710 2.856 0404 4282 0.148 1.437
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 246 246 371 1767 254 532 2443 331 234
normalized size | 1 1.00 1.51 7.18 1.03 2.16 9.93 1.35 0.95
time (sec) N/A 0.258 1.499 0.618 2083 0390 3.139 0.162 1.343
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 183 183 185 651 138 286 1287 151 127
normalized size | 1 1.00 1.01 3.56 0.75 1.56 7.03 0.83 0.69
time (sec) N/A 0.205 0.769 0.632 1164 0387 2397 0.141 1.256
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 437 437 312 151 114 195 0 108 -1
normalized size | 1 1.00 0.71 0.35 0.26 0.45 0.00 0.25 -0.00
time (sec) N/A 1.765 0.705 1.637 4113  0.399 0.000 0.162 0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 692 692 796 239 140 1162 0 911 -1
normalized size | 1 1.00 1.15 0.35 0.20 1.68 0.00 1.32 -0.00
time (sec) N/A 1.762 3.117 4.387 9928 0407 0.000 0.239 0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.050 36.108 0.301 0.000 0411 0.000 0.000 0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 21 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.027 14.584 0.376 0.000  0.392 0.000 0.000 0.000
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 88 88 186 0 0 148 0 0 -1
normalized size | 1 1.00 211 0.00 0.00 1.68 0.00 0.00 -0.01
time (sec) N/A 0.117 1.198 0.580 0.000  0.399 0.000 0.000 0.000
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 152 152 194 0 0 248 0 0 -1
normalized size | 1 1.00 1.28 0.00 0.00 1.63 0.00 0.00 -0.01
time (sec) N/A 0.172 8.575 0.467 0.000 0429 0.000 0.000 0.000
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F(-1) F F A F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD  TBD
size 223 223 0 0 0 345 0 0 -1
normalized size | 1 1.00 0.00 0.00 0.00 1.55 0.00 0.00 -0.00
time (sec) N/A 0.233 180.002 0.549 0.000 0.414 0.000 0.000 0.000
Problem 37} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 133 133 249 748 419 488 0 0 -1
normalized size | 1 1.00 1.87 5.62 3.15 3.67 0.00 0.00 -0.01
time (sec) N/A 0.260 0.389 0.446 0.478 0.434 0.000 0.000 0.000
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 101 101 149 447 240 303 0 0 -1
normalized size | 1 1.00 1.48 443 2.38 3.00 0.00 0.00 -0.01
time (sec) N/A 0.217 0.237 0.349 0.487 0.432 0.000 0.000  0.000
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 75 75 87 201 0 156 0 0 -1
normalized size | 1 1.00 1.16 2.68 0.00 2.08 0.00 0.00 -0.01
time (sec) N/A 0.126 0.056 0.310 0.000 0.412  0.000 0.000  0.000
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 21 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.029 5.317 0.580 0.000 0.394  0.000 0.000 0.000
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 21 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.029 21.373 0.633 0.000 0.425 0.000 0.000  0.000
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Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 271 271 1138 1393 781 3239 0 0 -1
normalized size | 1 1.00 4.20 5.14 2.88 11.95  0.00 0.00 -0.00
time (sec) N/A 0.546 13.643 0.677 0.501 0.500 0.000 0.000  0.000
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 209 209 478 793 494 1854 0 0 -1
normalized size | 1 1.00 2.29 3.79 2.36 8.87 0.00 0.00 -0.00
time (sec) N/A 0.404 10.334 0.591 0.477 0.453 0.000 0.000  0.000
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 127 127 192 318 244 851 0 0 -1
normalized size | 1 1.00 1.51 2.50 1.92 6.70 0.00 0.00 -0.01
time (sec) N/A 0.184 1.982 0.519 0.496 0.440  0.000 0.000  0.000
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.055 45.487 1.062 0.000 0.409 0.000 0.000 0.000
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.053 32.086 1.292 0.000 0.426  0.000 0.000 0.000
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 556 556 2043 2777 1531 11137 0 0 -1
normalized size | 1 1.00 3.67 4.99 2.75 20.03  0.00 0.00 -0.00
time (sec) N/A 1.049 14.520 0.877 0.534 0.664 0.000 0.000 0.000
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B C F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 401 401 2029 1542 997 6356 0 0 -1
normalized size | 1 1.00 5.06 3.85 2.49 15.85  0.00 0.00 -0.00
time (sec) N/A 0.698 13.387 0.753 0.505 0.620  0.000 0.000  0.000
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 261 261 266 651 528 2907 0 0 -1
normalized size | 1 1.00 1.02 249 2.02 11.14 0.00 0.00 -0.00
time (sec) N/A 0.350 3.768 0.645 0.468 0.536  0.000 0.000  0.000
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.055 65.838 1.396 0.000 0.430 0.000 0.000  0.000
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.053 60.837 1.777 0.000 0.457  0.000 0.000  0.000
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 210 210 239 1145 521 730 0 0 -1
normalized size | 1 1.00 1.14 5.45 248 3.48 0.00 0.00 -0.00
time (sec) N/A 0.345 3.354 0.839 0.519 0.451 0.000 0.000 0.000
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 156 156 191 722 332 492 0 0 -1
normalized size | 1 1.00 1.22 4.63 2.13 3.15 0.00 0.00 -0.01
time (sec) N/A 0.284 3.694 0.854 0.493 0.441 0.000 0.000  0.000
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 108 108 144 357 0 300 0 0 -1
normalized size | 1 1.00 1.33 3.31 0.00 2.78 0.00 0.00 -0.01
time (sec) N/A 0.163 3.181 0.751 0.000 0455 0.000 0.000 0.000
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00  -0.04
time (sec) N/A 0.063 15.095 0.686 0.000  0.394 0.000 0.000 0.000
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.060 23.939 0.690 0.000  0.403 0.000 0.000 0.000
Problem 57] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A C F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 638 638 1022 2423 1056 6171 0 0 -1
normalized size | 1 1.00 1.60 3.80 1.66 9.67 0.00 0.00 -0.00
time (sec) N/A 2.274 12.710 1.066 1.035 0571  0.000 0.000 0.000
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 475 475 509 1449 751 3702 0 0 -1
normalized size | 1 1.00 1.07 3.05 1.58 7.79 0.00 0.00 -0.00
time (sec) N/A 1.714 8.706 1.007 0.838  0.502 0.000 0.000 0.000
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 196 196 477 524 0 1797 0 0 -1
normalized size | 1 1.00 243 2.67 0.00 9.17 0.00 0.00 -0.01
time (sec) N/A 0.296 6.234 0.951 0.000 0460 0.000 0.000 0.000
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Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.062 155.010 1.833 0.000 0.405 0.000 0.000 0.000
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.059 125.762 1.760 0.000 0.415 0.000 0.000 0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio -

number of rules

integrand size

is given. The larger this ratio is, the

harder the integral was to solve. In this test, problem number [11] had the largest ratio

of [.8333]
Table 2.1: Rubi specific breakdown of results for each integral
number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . e leaf sige | mtesrandleafsize
1 A 6 6 1.00 10 0.600
2 A 5 5 1.00 10 0.500
3 A 4 4 1.00 8 0.500
4 A 0 0 0.00 0 0.000
5 A 0 0 0.00 0 0.000
6 A 7 7 1.00 12 0.583
7 A 6 6 1.00 12 0.500
8 A 3 3 1.00 10 0.300
9 A 0 0 0.00 0 0.000
10| A 0 0 0.00 0 0.000
11| A 13 10 1.00 12 0.833
120 A 9 8 1.00 12 0.667
13| A 7 7 1.00 10 0.700
Continued on next page
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number of number of normalized
# | grade steps unique antiderivative integrand %
o . o leaf size integrand leaf size
14| A 0 0 0.00 0 0.000
15| A 0 0 0.00 0 0.000
16/ A 5 3 1.00 20 0.150
17| A 4 3 1.00 20 0.150
18| A 3 3 1.00 18 0.167
19| A 7 4 1.00 20 0.200
200 A 7 4 1.00 20 0.200
21 A 8 5 1.00 20 0.250
22| A 10 3 1.00 20 0.150
23| A 8 3 1.00 20 0.150
24 | A 7 3 1.00 18 0.167
25| A 21 5 1.00 20 0.250
26| A 24 7 1.00 20 0.350
27| A 14 3 1.00 20 0.150
28| A 11 3 1.00 20 0.150
29| A 11 3 1.00 18 0.167
30| A 53 7 1.00 20 0.350
31 A 60 9 1.00 20 0.450
32| A 0 0 0.00 0 0.000
33| A 0 0 0.00 0 0.000
34| A 2 2 1.00 20 0.100
35| A 4 2 1.00 20 0.100
36(| A 5 2 1.00 20 0.100
371 A 8 7 1.00 18 0.389
38| A 7 6 1.00 18 0.333
39| A 6 5 1.00 16 0.312
40 A 0 0 0.00 0 0.000
41 A 0 0 0.00 0 0.000
42/ A 15 9 1.00 20 0.450
431 A 13 10 1.00 20 0.500
44| A 9 7 1.00 18 0.389
45/ A 0 0.00 0 0.000
46| A 0 0 0.00 0 0.000
47/ A 28 11 1.00 20 0.550
48/ | A 22 11 1.00 20 0.550
49/ A 16 9 1.00 18 0.500

Continued on next page
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number of number of normalized

# | grade steps unique antiderivative ntegrand %

o . o leaf size integrand leaf size
50 A 0 0 0.00 0 0.000
51 A 0 0 0.00 0 0.000
52| A 6 6 1.00 20 0.300
53 A 5 5 1.00 20 0.250
54| A 4 4 1.00 18 0.222
55 A 0 0 0.00 0 0.000
56/ | A 0 0 0.00 0 0.000
571 A 28 10 1.00 20 0.500
58 A 24 11 1.00 20 0.550
59 A 5 5 1.00 18 0.278
60| A 0 0 0.00 0 0.000
61 A 0 0 0.00 0 0.000
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Chapter 3

Listing of integrals

31 [ x%coth(a + bx)dx

Optimal. Leaf size=87

3Li, (62(a+bx)) 3xLis (62(u+bx)) 3x2Li, (82(u+bx)) 2 log (1 _ 62(”+bx)) !
W w T b 1

[Out] -1/4%x"4+x"3*1n(1-exp(2*b*x+2%a))/b+3/2%x"2*polylog(2,exp(2*b*x+2%a))/b~2-3
/2*x*polylog(3,exp(2xbxx+2*a)) /b~ 3+3/4*polylog(4,exp(2*b*x+2%a)) /b~4

Rubi [A] time = 0.16, antiderivative size = 87, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 10,

mamber oL 1wles _ 0,600, Rules used = {3716, 2190, 2531, 6609, 2282, 6589}

integrand size

3x?PolyLog (2, ez(“bx)) 3xPolyLog (3, ez(‘”bx)) 3PolyLog (4, ez(“+bx)) xlog (1 - ez(“bx)) x4
—_ + [N
2b? 2b3 4p* b 4

Antiderivative was successfully verified.
[In] Int[x"3*Coth[a + b*x],x]

[Out] -x"4/4 + (x73*Logll - E~(2x(a + b*x))])/b + (3*x"2*PolyLog[2, E~(2*%(a + b*x
))1)/(2xb~2) - (3*x*PolyLogl3, E7(2*%(a + b*x))])/(2%b~3) + (3*PolyLogl[4, E~
(2x(a + bxx))])/(4%b~4)

Rule 2190

Int [(CCF_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[l + (bx(F~(gx(e + fx*x)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv.1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Logll + (e_)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(a_DI*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*x(a + b*x

31
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)))"n)]1)/(b*cxn*xLog[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x1, x] /; FreeQ[{F, a, b, c, e, f
, g, n}r, x] && GtQ[m, 0]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
Dx(x_)], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*E~(2%(-(I*e) + fxfz*xx)))/(E~(2*%I*k*Pi)*(1 + E~(2x(-(Ix*
e) + fxfzxx))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*x(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)k(x ))))"(p_.)], x_Symbol]l :> Simp[((e + fx*x) m*PolyLogl[n + 1, d*(F~(c*(a
+ bxx)))"pl)/ (bxc*pxLog[F]), x] - Dist[(f*m)/(b*cxpxLog[F]), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, pt, x] && GtQ[m, O]

Rubi steps

x 2(a+bx X
fx coth(a + bx)dx = vy —ZIde
o log( “”’x)) 3 [x*log (1 - ez(’”bx)) dx

4 b b
x4 3 log( a+bx)) 3x2L12 (62(a+bx)) 3 foiz (62(a+bx)) dx
~Ta b * 262 - 12
ooxe log( a+bx)) 3x2L12 (62(a+bx)) 3xLis (62(a+bx)) 3 le ( 2(a+bx) )
= —Z + 5 + 2 - e TS
¢ Plog(l-@I)  32Li, (207)  aeLi; (20  3Subst ( [ gy
=-7+ 7 + o7 - oI + o
¥4 3 log( a+bx)) 3x2Liz (82(a+bx)) 3xLis (82(a+bx)) 3Li, ( a+bx))
=-7* ; + o7 - T + 1

Mathematica [A] time = 0.01, size = 91, normalized size = 1.05

3Li, (e2a+2bx) 3xLi, (eza+2bx) 3x2Li, (eza+2bx) 3log( 2u+2bx) o
W T b 7

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x],x]

[Out] -1/4%x"4 + (x"3*Logl[l - E~(2xa + 2xb*x)])/b + (3*x"2*PolyLog[2, E~(2xa + 2%
b*x)])/(2¥b~2) - (3*x*PolyLogl[3, E~(2%a + 2*b*x)])/(2¥b~3) + (3*PolyLogl4,
E~(2%a + 2xb*x)])/(4xb"4)
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fricas [C] time = 2.27, size = 216, normalized size = 2.48

bx* — 4b3x3 log (cosh (bx + a) + sinh (bx + a) + 1) — 12 b?x?Li, (cosh (bx + a) + sinh (bx + a)) — 12 b?xL

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a),x, algorithm="fricas")

[Out] -1/4%(b~4*x"4 - 4%b~3*x"3*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12%b~2x*x
~2*dilog(cosh(b*x + a) + sinh(b*x + a)) - 12xb~2*x"2*dilog(-cosh(b*x + a) -
sinh(b*x + a)) + 4*a~3xlog(cosh(b*x + a) + sinh(b*x + a) - 1) + 24xb*xxpol
ylog(3, cosh(b*x + a) + sinh(b*x + a)) + 24xb*x*polylog(3, -cosh(b*x + a) -
sinh(b*x + a)) - 4*%(b"3*x"3 + a~3)*log(-cosh(b*x + a) - sinh(b*x + a) + 1)
- 24xpolylog(4, cosh(b*x + a) + sinh(b*x + a)) - 24*polylog(4, -cosh(b*x +
a) - sinh(b*x + a)))/b™4

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x3 coth (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a),x, algorithm="giac")
[Out] integrate(x~3*coth(b*x + a), x)

maple [B] time = 0.28, size = 200, normalized size = 2.30

x* 34 6polylog (4, —ebx”) a®In (ebx+” - 1) 3 polylog (2, —ebx+“) x? 6polylog (3, —ebx+“) x In (1
Ta o Iz N 2 ) B

+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a),x)

[Out] -1/4%x"4-3/2/b~4*a~4+6/b~4*polylog(4,-exp(b*x+a))-1/b"4*a~3*1n(exp (b*x+a)-1
)+3/b~2%polylog(2,-exp(b*x+a))*x~2-6/b~3*%polylog(3,-exp (b*x+a))*x+1/b*x1n(1-

exp (b*x+a) ) *x~3+3/b~2*polylog (2, exp (b*x+a))*x"2-6/b"3*polylog(3,exp(b*x+a))
*xx+1/b*1n(1+exp (b*x+a))*x~3+6/b"4*polylog(4,exp(b*x+a))-2/b~3*%a~3*x+2/b"4*a
~3*1n(exp(b*x+a))+1/b"4*1n(1-exp(b*x+a))*a~3

maxima [B] time = 1.53, size = 170, normalized size = 1.95
ot w2 (b3x3 log (e(bx”) + 1) + 3 b?x°Li, (—e(bx+”)) — 6 bxLig(—e(tx+a))

1 1
4
2¥ coth (bx + a)—E ez 5ty 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a),x, algorithm="maxima")

[Out] 1/4*x"4*coth(b*x + a) - 1/2%(x74/(b*e™(2*b*x + 2%a) - b) + x"4/b - 2%(b73*x
“3xlog(e”(b*x + a) + 1) + 3xb~2*x"2xdilog(-e~(bxx + a)) - 6*b*x*polylog(3,
-e"(b*x + a)) + 6xpolylog(4, -e”(b*x + a)))/b"5 - 2% (b~ 3*x"3*log(-e” (b*x +

a) + 1) + 3*%b72*x"2+dilog(e”(b*x + a)) - 6*b*xx*polylog(3, e~ (b*x + a)) + 6%
polylog(4, e”(b*x + a)))/b~5)*b

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f 23 coth (a + bx) dx



Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(a + b*x),x)
[Out] int(x"3*coth(a + b*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x3 coth (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a),x)

[Out] Integral(x**3*coth(a + b*x), x)
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3.2 f x? coth(a + bx) dx

Optimal. Leaf size=63

Lis (ez(a+bx)) xLi, (eZ(a+bx)) 22log (1 _ 62(u+bx)) 3
T R b "3

[Out] -1/3*x"3+x"2*1n(1-exp(2*b*x+2%a))/b+x*polylog(2,exp(2*¥b*x+2%a))/b~2-1/2xpol
ylog(3,exp (2*¥b*x+2%a))/b~3

Rubi [A] time = 0.13, antiderivative size = 63, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 10,

number of rules _ ),500, Rules used = {3716, 2190, 2531, 2282, 6589}

integrand size

xPolyLog (2, ez(‘”b")) PolyLog (3, ez(ﬂ+bx)) 2 log (1 _ 62(a+bx)) 3
b2 B 20 * b -3

Antiderivative was successfully verified.
[In] Int[x"2*Coth[a + b*x],x]

[Out] -x73/3 + (x72*Logl[l - E~(2*%(a + b*x))])/b + (x*PolyLogl[2, E~(2x(a + b*x))])
/b~2 - PolyLogl[3, E~(2%(a + b*x))]/(2%b~3)

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[l + (bx(F~(gx(e + f*x)))"n)/al)/(bxfxgxnxLog[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_.)*(x_)))) " (n_D1*x((f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(cx(a + bxx
)))"n)1)/(bxcxn*Log[F]), x] + Dist[(g*m)/(bxc*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_ ])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) m*E~(2%(-(Ixe) + fxfzxx)))/(E~(2*%Ixk*xPi)*(1 + E~ (2% (-(Ix*
e) + f*xfzxx))/E~(2xIxkxPi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
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, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

X 2(a+bx
fx COth(El-i'bX)dX——E—medx
3 ¥ log( “*bx)) 2 fxlog (1 - ez(‘”b")) dx

3 b b

3 2 IOg( a+bx)) xLi, (82(a+bx)) le ( 2(a+bx))
N b TR P2

3«2 log( a+bx)) xLi, (82(a+bx)) Subst (f L@ dx,x,e (”+bx))
B b T 20

3 2 log ( a+bx)) xLi, (62(a+bx)) Lis (62(a+bx))
B b TR T W

Mathematica [A] time = 0.01, size = 66, normalized size = 1.05

Li, (€2a+2bx) xLi, (62a+2bx) 2 log (1 _ €2a+2bx) 3
T T e T b "3

Antiderivative was successfully verified.

[In] Integrate[x~2*Coth[a + b*x],x]

[Out] -1/3%x"3 + (x"2*Logl[l - E~(2%a + 2xb*x)])/b + (x*xPolyLog[2, E~(2%a + 2%b*x)
1)/b72 - PolyLogl[3, E~(2xa + 2%b*x)]/(2*¥b~3)

fricas [C] time = 0.63, size = 168, normalized size = 2.67

b33 - 32«2 log (cosh (bx + a) + sinh (bx + a) + 1) — 6 bxLi, (cosh (bx + a) + sinh (bx + a)) — 6 bxLi, (- cosl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a),x, algorithm="fricas")

[Out] -1/3%(b~3*x~3 - 3*b"2xx"2xlog(cosh(b*x + a) + sinh(b*x + a) + 1) - 6xb*xxdi
log(cosh(b*x + a) + sinh(b*x + a)) - 6*bxx*dilog(-cosh(b*x + a) - sinh(b*x

+ a)) - 3*a"2xlog(cosh(b*x + a) + sinh(b*x + a) - 1) - 3*(b™2xx"2 - a~2)*lo
g(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6%polylog(3, cosh(b*x + a) + sinh(b

*x + a)) + 6*polylog(3, -cosh(b*x + a) - sinh(b*x + a)))/b"3

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x% coth (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a),x, algorithm="giac")
[Out] integrate(x~2*coth(b*x + a), x)

maple [B] time = 0.27, size = 166, normalized size = 2.63

¥ a%In (eb““ - 1) 24%In (ebx”) 2a2x 443 In (1 - eb’””) x?* In (1 - ebx+“) a> 2polylog (2, ebx+“) X
——+ - t—t—t —~ + —-
3 b3 b3 b2 33 b b3 b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a) ,hx)

[Out] -1/3%x73+1/b"3*a"2x1n(exp(b*x+a)-1)-2/b"3*a"~2x1n(exp(b*x+a))+2/b~2*a~2*x+4/
3/b~3*%a~3+1/b*1n(1-exp(b*x+a))*x"2-1/b"3*1n(1-exp(b*x+a))*a~2+2/b"2*polylog
(2,exp(b*x+a) ) *x-2/b"3*polylog(3,exp (b*x+a))+1/b*1ln(1l+exp(b*x+a))*x~2+2/b~2
*polylog(2,-exp(b*x+a))*x-2/b~3*polylog(3,-exp(b*x+a))

maxima [B] time = 0.70, size = 138, normalized size = 2.19

1 223 253 3(b?a2log (e®* +1) + 2 bxLi, (-e®+?)) — 2 Liz(-ex+))

1
3
5x coth(bx+€l)—§ he@bx+2a) _ |, * b bt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a),x, algorithm="maxima")

[Out] 1/3%x"3%coth(b*x + a) - 1/3%(2%x73/(b*e” (2%b*x + 2%a) - b) + 2xx"3/b - 3x(b
~2xx72%log(e” (b*x + a) + 1) + 2*bxx*dilog(-e~(b*x + a)) - 2*polylog(3, -e~(

b*x + a)))/b74 - 3x(b~2*x"2*log(-e~(b*x + a) + 1) + 2*bxx*dilog(e” (b*x + a)

) - 2x%polylog(3, e~ (b*x + a)))/b~4)*b

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f 22 coth (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(a + b*x),x)
[Out] int(x"2*coth(a + b*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x? coth (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*coth(b*x+a),x)

[Out] Integral(x**2*coth(a + b*x), x)
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3.3 f x coth(a + bx) dx

Optimal. Leaf size=45

Li, (82(a+bx)) xlog (1 _ 62(u+bx)) 2
22 b 2

[Out] -1/2%x"2+x*1n(1-exp(2*bxx+2%a))/b+1/2*polylog(2,exp(2*b*x+2%a))/b~2

Rubi [A] time = 0.08, antiderivative size = 45, normalized size of antiderivative =

f rul
1.00, number of steps used = 4, number of rules used = 4, integrand size = 8§, number of rules

= 0.500, Rules used = {3716, 2190, 2279, 2391}

integrand size

PolyLog (2,¢2*0))  xlog (1 - e2™*9) ;2

202 * b 2

Antiderivative was successfully verified.
[In] Int[x*Cothl[a + b*x],x]

[Out] -x72/2 + (x*xLogl[l - E~(2x(a + bx*x))])/b + PolyLog[2, E~(2%(a + bx*x))]/(2*b~
2)

Rule 2190

Int [(CF_)~((g_)*x((e_.) + (£_)*(x_)))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + bxx]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*((d_) + (e_.)*x(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
O*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~ (2% (-(I*e) + fxfzxx)))/(E~(2*Ixk*Pi)*(1 + E~(2x(-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] & Integ
erQ[4*xk] && IGtQ[m, O]

Rubi steps
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2 2(a+bx)
fxcoth(a +bx)dx = - - 2fle—xdx

2 — p2(a+bx)

x2  xlog (1 _ eZ(a+bx)) flog (1 _ 82(a+bx)) dx
= —— + _

2 b b

22 xlog(1-e2tv) Ehmg(ffégﬂd%xﬂmﬁmv
= - + _

2 b 2h2

x2 xlog (1 - 82(a+bx)) Li, (eZ(a+bx))

2 b }2

Mathematica [A] time = 0.01, size = 47, normalized size = 1.04

Li, (62u+2bx) xlog (1 _ 62a+2bx) 2
T b 2

Antiderivative was successfully verified.

[In] Integrate[x*Cothl[a + bxx],x]

[Out] -1/2%x"2 + (x*Log[l - E~(2%a + 2xbxx)])/b + PolyLog[2, E~(2xa + 2*b*x)]/ (2%
b~2)

fricas [B] time = 1.36, size = 112, normalized size = 2.49

b?x? — 2 bxlog (cosh (bx + a) + sinh (bx + a) + 1) + 2alog (cosh (bx + a) + sinh (bx + a) —=1) — 2 (bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="fricas")

[Out] -1/2%(b"2*%x"2 - 2%b*x*log(cosh(b*x + a) + sinh(b*x + a) + 1) + 2*axlog(cosh
(b*x + a) + sinh(b*x + a) - 1) - 2x(b*x + a)*log(-cosh(b*x + a) - sinh(b*x

+ a) + 1) - 2+«dilog(cosh(b*x + a) + sinh(b*x + a)) - 2xdilog(-cosh(b*x + a)

- sinh(b*x + a)))/b~2

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x coth (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="giac")
[Out] integrate(x*coth(b*x + a), x)
maple [B] time = 0.27, size = 122, normalized size = 2.71
2 2ax a2 In (1 - ebx+“) x In (1 - ebx”‘) a polylog (2, ebx+“) In (1 + ebx”) x polylog (2, —ebx”)
— + +

—— +

2”2 b b2 ) * b b2 !

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a),x)

[Out] -1/2%x72-2/b*a*x-a~2/b"2+1/bx1n(1-exp(b*x+a))*x+1/b~2*1n(1-exp(b*x+a))*a+l/
b~ 2*polylog(2,exp(b*x+a))+1/b*1ln(1+exp(b*x+a))*x+1/b"2*polylog(2,-exp (b*xx+a
))+2/b"2*a*x1n(exp(bxx+a))-1/b~2*a*1ln (exp (b*x+a)-1)
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maxima [B] time = 0.50, size = 98, normalized size = 2.18

1, 2 x2 bxlog (e(bx+“) + 1) + Li, (—e(b“”)) bxlog (—e(bx+”) + 1) + Li, (e(b“
E x* coth (bx + a)—b W + ? - 3 - 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="maxima")

[Out] 1/2*x"2*coth(b*x + a) - bx(x"2/(b*e” (2xb*x + 2%a) - b) + x72/b - (b*x*log(e
“(bxx + a) + 1) + dilog(-e~(b*x + a)))/b~3 - (b*x*xlog(-e~(b*x + a) + 1) + d

ilog(e~(b*x + a)))/b”3)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

fxcoth(a +bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(a + b*x),x)

[Out] int(x*coth(a + b*x), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x coth (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x)

[Out] Integral(x*coth(a + b*x), x)
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3.4 f coth(a-+bx) dx

X

Optimal. Leaf size=13

(coth(a + bx) )
Int{ ———,x
x

[Out] Unintegrable(coth(b*x+a)/x,x)

Rubi [A] time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, — — =
integrand size

0.000, Rules used = {}
f coth(a + bx) J
" dx

x
Verification is Not applicable to the result.
[In] Int[Coth[a + b*x]/x,x]
[Out] Defer[Int] [Coth[a + b*x]/x, x]

Rubi steps

coth(a + bx) coth(a + bx)
[othlart oot st

X X

Mathematica [A] time = 13.24, size = 0, normalized size = 0.00

X

f coth(a + bx) p

X

Verification is Not applicable to the result.

[In] Integrate[Coth[a + bxx]/x,x]
[Out] Integrate[Coth[a + b*x]/x, xI]
time = 0.45, size = 0, normalized size = 0.00

coth (bx + a) )
x

integral | ——,
integra ( ”

fricas [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)/x, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

coth (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)/x, x)

maple [A] time = 0.32, size = 0, normalized size = 0.00

coth (bx + a)
f — dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)/x,x)

[Out] int(coth(b*x+a)/x,x)
time = 0.00, size = 0, normalized size = 0.00

1 1
_ f T dx + f )y dx + log(x)

Verification of antiderivative is not currently implemented for this CAS.

maxima [A]

[In] integrate(coth(b*x+a)/x,x, algorithm="maxima"

[Out] -integrate(1/(x*e”(b*x + a) + x), x) + integrate(l/(x*e”(b*x + a) - x), X)
+ log(x)
mupad [A] time = 0.00, size = -1, normalized size = -0.08

coth (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)/x,x)

[Out] int(coth(a + b*x)/x, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

coth (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x)

[Out] Integral(coth(a + b*x)/x, x)
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35 [She g

xz
Optimal. Leaf size=13

(coth(a + bx) )
Int —Z,X
x

[Out] Unintegrable(coth(b*x+a)/x"2,x)

Rubi [A] time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, — — =
integrand size

0.000, Rules used = {}
f coth(a + bx) J
" dx

2
Verification is Not applicable to the result.
[In] Int[Coth[a + b*x]/x"2,x]
[Out] Defer[Int] [Cothl[a + b*x]/x"2, x]

Rubi steps

coth(a + bx) coth(a + bx)
[othlo st foothia+b)

x2 x2

Mathematica [A] time = 19.12, size = 0, normalized size = 0.00

X

f coth(a + bx) p

xz
Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]/x"2,x]
[Out] Integrate[Coth[a + b*x]/x72, x]

time = 0.46, size = 0, normalized size = 0.00

coth (bx + a) )
—_——x

X2 !

fricas [A]

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="fricas")

[Out] integral(coth(b*x + a)/x"2, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

coth (bx + a)
f — ——dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(coth(b*x + a)/x"2, x)

maple [A] time = 0.29, size = 0, normalized size = 0.00

coth (bx + a)
f — ——dx
X
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)/x"2,x)

[Out] int(coth(b*x+a)/x"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

1 1 p 1 p
v f 2olxra) 5 2 X f Porra) _ 2 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="maxima"
[Out] -1/x - integrate(1l/(x"2*e”(b*x + a) + x72), x) + integrate(l/(x"2*e” (b*x +
a) - x72), x)
mupad [A] time = 0.00, size = -1, normalized size = -0.08
coth (a + bx)
[eothte ),
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)/x"2,x)

[Out] int(coth(a + b*x)/x"2, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

coth (a + bx)
f ———dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x**2,x)

[Out] Integral(coth(a + bx*x)/x**2, x)
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3.6 f 3 coth®(a + bx) dx

Optimal. Leaf size=87

3Lis (62(a+bx)) 3xLi, (62(a+bx)) 32 IOg (1 _ 62(a+bx)) 3 coth(a + bx) Bl
2b* b3 b? b b 4
[Out] -x73/b+1/4*x"4-x"3*coth(b*x+a)/b+3*x~2x1n(1-exp (2*b*x+2x*a)) /b~ 2+3*x*polylog
(2,exp(2*¥b*x+2%a) ) /b~3-3/2*polylog(3,exp(2xbxx+2*a)) /b~4

Rubi [A] time = 0.18, antiderivative size = 87, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 12,

number of rules _ 0.583, Rules used = {3720, 3716, 2190, 2531, 2282, 6589, 30}

integrand size

3

x 4
——+
b

3xPolyLog (2, ez(‘”bx)) 3PolyLog (3, 62(“””‘)) +3x2 log (1 —~ ez(“bx)) 3 coth(a + bx) X
4

b3 204 b? b

Antiderivative was successfully verified.
[In] Int[x"3*Coth[a + b*x]~2,x]

[Out] -(x"3/b) + x74/4 - (x73*Coth[a + b*x])/b + (3*x"2*xLog[l - E~(2x(a + b*x))])
/b~2 + (3*x*PolyLog[2, E~(2x(a + b*x))])/b~3 - (3*PolyLogl[3, E~(2x(a + bxx)
)1)/(2%b~4)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
((a_) + (b_)*x((F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*n*Log[F]), x] - Di
st [(d*m) / (b*fxgxn*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunctionlu, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && 'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_)))) " (n_)]*((f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bxx
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] & GtQ[m, 0]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
D*(x_)], x_Symbol] :> -Simp[(I*(c + d*x)~(m + 1))/(d*(m + 1)), x] + Dist[2
*xI, Int[((c + d*x) m*E~ (2% (-(I*e) + fxfzxx)))/(E~(2*Ixk*Pi)*(1 + E~(2x(-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] & Integ
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erQ[4*k] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (@_D)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)~(m - 1)*(bxTanl[e + f*x])"(n - 1), x],
x] - Dist[b™2, Int[(c + d*x) mx(b*Tan[e + f*x])"(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*x(a + b*x) pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[bxd, axe]

Rubi steps
3coth(a + bx) 3 | x* coth(a + bx) dx
fx3c0th2(a+bx)dx: I ISLH- x) + f b( ) +fx3dx
2(a+bx),2
S s x* xPcoth(a+bx) © il ﬁ dx
b 4 b b
2 xt xBcoth(a+bx) 3x°log (1 - ez(“””‘)) 6 [ xlog (1 - ¢2+t9) dx
B _? * Z B b + bz - bz
¥ 8 coth(a + bx) 3x2 log (1 _ eZ(a+bx)) 3xLi, (62(a+bx)) 3 fLiZ (62(a+b
A b i 2 " b ) =
Li
¥ 2 xBcoth(a+bx) 3x?log (1 - ez(‘”bx)) 3xLi, (ez(“bx)) 3 Subst ( f —i
A b i P2 " = ) |
2 x* Bcoth(a+bx) 3x*log (1 — e2a+00) 3y, (2) 3L (62(a+bx))
R S R 2 N R T

Mathematica [B] time = 4.19, size = 204, normalized size = 2.34

e (2072633 - 3 (1 - e7) BPa2 log (1 — %) = 3 (1 - e727) b2x2 log (e + 1) + 6 (1 — €27) (bxLip (e
B (62’1 - 1) b

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x]~2,x]

[Out] x~4/4 - (E~(2*a)*((2%b~3%x73)/E~(2%a) - 3*xb~2x(1 - E~(-2*a))*x"2xLog[l - E~
(-a - b*x)] - 3*b72%(1 - E~(-2%a))*x"2*xLog[l + E"(-a - b*x)] + 6%(1 - E~(-2

xa) ) * (bxx*PolyLog[2, -E~(-a - b*x)] + PolyLog[3, -E"(-a - b*x)]) + 6*x(1 - E
~(-2%a) ) *(b*x*xPolyLog[2, E"(-a - b*x)] + PolyLogl[3, E"(-a - b*x)])))/(b™4x(

-1 + E7(2%a))) + (x"3*Cschl[al*Csch[a + b*x]*Sinh[b*x])/b

fricas [C] time = 0.55, size = 632, normalized size = 7.26

biat - 84 — (bix* - 8bx® - 8.4%) cosh (bx + a)” - 2 (b*x* — 85°x — 84°) cosh (bx + a) sinh (bx + a) — (b’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)”~2,x, algorithm="fricas")
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[Out] -1/4%(b"4*xx"4 - 8*xa~3 - (b"4*xx"4 - 8*%b~3*x"3 - 8*a~3)*cosh(b*x + a)™2 - 2x*(
b"4*x"4 - 8%b~3*x"3 - 8*a”~3)*cosh(b*x + a)*sinh(b*x + a) - (b"4*x"4 - 8%b~3
*x73 - 8*a~3)*sinh(b*x + a)~2 - 24x*(b*xxcosh(b*x + a)~2 + 2*b*xxcosh(b*x +
a)*sinh(b*x + a) + bxx*sinh(b*x + a)~2 - b*x)*dilog(cosh(b*x + a) + sinh(bx*
X + a)) - 24x(b*x*cosh(b*x + a)~2 + 2xbxx*cosh(b*x + a)*sinh(b*x + a) + b*x
xsinh(b*x + a)”2 - bxx)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 12x(b"2*x"2
xcosh(b*x + a)”2 + 2*xb"2*%x"2*cosh(b*x + a)*sinh(b*x + a) + b~ 2*x"2*sinh(b*x
+ a)”2 - b"2*x"2)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12x(a"2*cosh(b*
X + a)”2 + 2*xa"2*cosh(b*x + a)*sinh(bxx + a) + a"2*sinh(b*x + a)~2 - a~2)*1
og(cosh(b*x + a) + sinh(b*x + a) - 1) + 12%(b"2*x"2 - (b~2*x"2 - a~2)*cosh(
b*x + a)”2 - 2%(b"2*%x"2 - a"2)*cosh(b*x + a)*sinh(b*x + a) - (b™2*x"2 - a~2
)*sinh(b*x + a)~2 - a~2)*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 24x(cosh
(b*x + a)~2 + 2%cosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*polylog(
3, cosh(b*x + a) + sinh(b*x + a)) + 24x(cosh(b*x + a)”2 + 2*cosh(b*x + a)*s
inh(b*x + a) + sinh(b*x + a)”2 - 1)*polylog(3, -cosh(b*x + a) - sinh(b*x +
a)))/ (b~ 4*xcosh(b*x + a)~2 + 2%¥b~4*cosh(b*x + a)*sinh(b*x + a) + b 4*sinh(bx*
X +a)”2 - b74)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x3 coth (bx + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~2,x, algorithm="giac")
[Out] integrate(x~3*coth(b*x + a)”2, x)

maple [B] time = 0.18, size = 198, normalized size = 2.28

x4 253 3221n (ebx+a _ 1) 642 In (ebx+a) 23 6a2x 443 3In (1 _ ebx+a) ¥ 3ln (1 _ ebx+a) t
4 p (e 1)+ A T b » R P ) iz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a)”~2,x)

[Out] 1/4*x~4-2*xx"3/b/(exp(2xb*x+2*a)-1)+3/b~4*a~2*1n(exp(b*x+a)-1)-6/b~4*a~2*1n(
exp (b*x+a) ) -2%x~3/b+6/b~3*a"2*x+4/b"~4*a~3+3/b"2x1n (1-exp (b*x+a) ) *x~2-3/b~4x*
1n(1-exp(b*x+a))*a~2+6/b"3*polylog(2,exp(b*x+a))*x-6/b"4*polylog(3,exp (b*x+
a))+3/b~2*1n(1+exp (b*x+a))*x~2+6/b~3*polylog(2,-exp (b*x+a))*x-6/b"4*polylog
(3,-exp(b*x+a))

maxima [A] time = 0.45, size = 146, normalized size = 1.68
243 byke@br+2a) _ 4 _g,3 3 (b2x2 log (e(bx+”) + 1) + 2 bxLi, (—e(bx+“)) -2 Li3(—e(bx+“))) 3 (b2x2 log
+ +

b * 4 (be(be+2 a) _ b) b4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)”~2,x, algorithm="maxima"

[Out] -2#x73/b + 1/4%(b*x"4xe” (2xb*x + 2%a) - bxx"4 - 8+x73)/(b*e” (2*b*x + 2%a) -
b) + 3% (b"2*x"2xlog(e” (b*x + a) + 1) + 2*bxx*dilog(-e”(b*x + a)) - 2x*polyl

0g(3, -e~(b*x + a))) /b4 + 3*x(b"2xx"2xlog(-e”(b*x + a) + 1) + 2xb*x*dilog(e

“(b*xx + a)) - 2*polylog(3, e (b*x + a)))/b~4

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f 23 coth (a + bx)? dx



Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*coth(a + b*x)~2,x)
[Out] int(x"3*coth(a + b*x)~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x3 coth? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a)**2,x)

[Out] Integral(x**3*coth(a + b*x)**2, x)
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3.7 f x2 coth®(a + bx) dx

Optimal. Leaf size=65

Lip (32(a+bx)) 2xlog (1 - 62(a+bx)) x?>coth(a +bx) x*
B P2 ) b R

[Out] -x"2/b+1/3*%x~3-x"2*coth(b*x+a)/b+2*x*1n(1-exp(2*bxx+2*a)) /b~ 2+polylog(2,exp
(2%b*x+2%a)) /b~3

Rubi [A] time = 0.12, antiderivative size = 65, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 12,

number of rules _ 5 5 Rules used = {3720, 3716, 2190, 2279, 2391, 30}

integrand size

PolyLog (2, ez(‘”bx)) 2xlog (1 - ez(“+bx)) x2coth(a +bx) % «3
b3 * 2 - b 73

Antiderivative was successfully verified.
[In] Int[x"2*Coth[a + b*x]~2,x]

[Out] -(x"2/b) + x73/3 - (x"2*Coth[a + b*x])/b + (2*x*Log[l - E~(2*(a + b*x))])/b
~2 + PolyLog[2, E"(2x(a + b*x))]/b"3

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2190

Int [(CF_)"((g_)*x((e_.) + (£_)*(x_)))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3716

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
Dx(x_)], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*E~(2%(-(I*e) + fxfz*xx)))/(E~(2*I*k*Pi)*(1 + E~(2x(-(Ix*
e) + fxfzxx))/E~(2%Ixk*Pi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (@_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_)*(x_)]1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) m*(b*Tanl[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
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st [(b*xd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) “m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rubi steps
2 coth(a + bx) 2 [ xcoth(a + bx) dx
fxzcothz(a + bx)dx = s ;a + o) + f l(] ) + fxzdx
2(a+bx)
S s ¥  x*coth(a +bx) 4fﬁ dx
b 3 b b
2 ¥ xPcoth(a+bx) 2xlog(l-e2@) 2 [log (1 -2+ dx
log(1—
2 ¥ x2coth(a+by) 2xlog (1 _ 62(a+bx)) Subst (f og(i al dx, x, ez(ﬂ+bx))
b " 3 b " b2 B b3
x> x® x?coth(a+bx) 2xlog (1 - ez(a+bx)) Li; (ez(HbX) )
R b ¥ P2 TR

Mathematica [C] time = 5.41, size = 163, normalized size = 2.51

—b2x2e tanh ™! (tanh(a)) coth(a) /sechz(a) ~Li, (e—z(bx+tanh_1(tanh(a)))) + 2bxlog (1 _ e—Z(tanh_l(tanh(a)be)) +2tan

Warning: Unable to verify antiderivative.

[In] Integratel[x~2*Coth[a + b*x]~2,x]

[Out] x73/3 + (I*b*Pixx - I*PixLogl[l + E~(2%b*x)] + 2%b*x*Log[l - E~(-2x(bxx + Ar
cTanh[Tanh[al]l))] + I*Pi*Log[Cosh[b*x]] + 2*ArcTanh[Tanh[a]]*(b*x + Log[l -
E~(-2%(b*x + ArcTanh[Tanh[a]]))] - Log[I*Sinh[b*x + ArcTanh[Tanh[all]l]) -
PolyLog[2, E~(-2x(b*x + ArcTanh[Tanh[a]]))] - (b~2*x~2*Coth[a]*Sqrt[Sech[a]
~2])/E"ArcTanh[Tanh[a]])/b~3 + (x"2*Csch[a]*Csch[a + b*x]*Sinh[b*x])/b

fricas [B] time = 0.47, size = 453, normalized size = 6.97

b2 - (b3x® - 6 b%x% + 6.a) cosh (bx + a)” - 2 (b%x® - 6 b2 + 6 42) cosh (bx + a) sinh (bx + a) — (b*° - 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~2,x, algorithm="fricas")

[Out] -1/3*%(b"3*x73 - (b~3*x73 - 6*%b"2%x"2 + 6*a~2)*cosh(b*x + a)~2 - 2*(b~3*x73
- 6%b72*x72 + 6*xa”~2)*cosh(b*x + a)*sinh(b*x + a) - (b™3*%x"3 - 6*b”™2*x"2 + 6
*a"2)*sinh(b*x + a)~2 + 6*xa”2 - 6*(cosh(b*x + a)~2 + 2xcosh(b*x + a)*sinh(b
*x + a) + sinh(b*x + a)~2 - 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 6%(co
sh(b*x + a)~2 + 2xcosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)”2 - 1)*dilog(
-cosh(b*x + a) - sinh(b*x + a)) - 6*(bxx*cosh(b*x + a)~2 + 2xbxx*cosh(b*x +
a)*sinh(b*x + a) + b*x*sinh(b*x + a)~2 - b*x)*log(cosh(b*x + a) + sinh(b*x
+ a) + 1) + 6x(axcosh(b*x + a)~2 + 2*a*cosh(b*x + a)*sinh(b*x + a) + ax*sin
h(b*x + a)”2 - a)*log(cosh(b*xx + a) + sinh(b*x + a) - 1) - 6*x((b*x + a)*cos
h(b*x + a)~2 + 2% (b*x + a)*cosh(b*x + a)*sinh(b*x + a) + (b*x + a)*sinh(b*x
+ a)”2 - bxx - a)*log(-cosh(b*x + a) - sinh(b*x + a) + 1))/(b"3*cosh(b*x +
a)”2 + 2xb~3*cosh(b*x + a)*sinh(b*x + a) + b~ 3*sinh(b*x + a)”2 - b~3)



51
giac [F] time = 0.00, size = 0, normalized size = 0.00

f x2 coth (bx + a)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~2,x, algorithm="giac")

[Out] integrate(x~2*coth(b*x + a)~2, x)

maple [B] time = 0.17, size = 156, normalized size = 2.40

3 2x2 2%2 4ax 242 2In (1 - ebx+“) x 2In (1 - eb”“) a 2polylog (2, ebx‘“”) 2In (1 + ebx
+

3 p (e 1)_7_b_2_ﬁ+ P2 - = B * B2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a)”~2,x)

[Out] 1/3%x73-2*%x"2/b/(exp(2*xb*x+2*a)-1)-2*x"2/b-4*a*x/b"2-2/b"3*a~2+2/b"2x1n(1-e
xp (b*x+a) ) *x+2/b~3*1n (1-exp (b*x+a) ) *a+2/b~3*polylog(2,exp (b*x+a))+2/b"2*1n(

1+exp (b*x+a) ) *x+2/b"3*polylog(2,-exp(b*x+a))+4/b~3*%ax1ln (exp (b*x+a))-2/b"3*a

*x1n (exp (b*x+a)-1)

maxima [A] time = 0.47, size = 108, normalized size = 1.66
232 bx3e@hr20) _p3 _gx2 2 (bxlog (e +1) + Liy (—e®*)) 2 (bxlog (-e®*®) +1) + Li, (e

B 3 (be@bv+20) —p) - b3 - b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~2,x, algorithm="maxima"

[Out] -2*x72/b + 1/3*(b*x73xe” (2*¥bxx + 2%a) - b*xx~3 - 6*x72)/(b*e” (2%b*x + 2%a) -
b) + 2x(bxxxlog(e”™(b*x + a) + 1) + dilog(-e~(bxx + a)))/b"3 + 2*(bxx*log(-
e"(bxx + a) + 1) + dilog(e™(b*x + a)))/b"3

mupad [F] time = 0.00, size = -1, normalized size = -0.02
f x2 coth (a + bx)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(a + b*x)~2,x)
[Out] int(x"2*coth(a + b*x)~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f 22 coth? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*coth(b*x+a)**2,x)

[Out] Integral(x**2*coth(a + b*x)**2, x)
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3.8 f X cothz(a + bx) dx

Optimal. Leaf size=31

log(sinh(a + bx)) xcoth(a + bx)  x?
- +
b2 b 2

[Out] 1/2*x"2-x*coth(b*x+a)/b+1ln(sinh(b*x+a))/b"2

Rubi [A] time = 0.03, antiderivative size = 31, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 10,

number of WIS — 0,300, Rules used = {3720, 3475, 30}

integrand size

log(sinh(a + bx)) xcoth(a +bx) x?
f— + J—
b? b 2
Antiderivative was successfully verified.
[In] Int[x*Cothl[a + b*x]~2,x]
[Out] x72/2 - (x*Coth[a + b*x])/b + Log[Sinh[a + bx*x]]/b~2
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x"(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
xx], x11/d, x] /; FreeQ[{c, d}, xI

Rule 3720

Int[((c_.) + (@_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)~(m - 1)*(bxTanl[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*x(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rubi steps
th b coth(a + bx) dx
fxcothz(a+bx)dx:—xco (ba+ x)+f (b ) +fxdx
x?> xcoth(a+bx) log(sinh(a + bx))
- - +
2 b b?

Mathematica [A] time = 0.16, size = 46, normalized size = 1.48

—2bx coth(a) + 2 log(sinh(a + bx)) + 2bxcsch(a) sinh(bx)csch(a + bx) + b?x?
2b?

Antiderivative was successfully verified.

[In] Integrate[x*Cothl[a + bxx]~2,x]

[Out] (b~2%x72 - 2xb*xx*Coth[a] + 2xLog[Sinh[a + b*x]] + 2xb*xxCschl[al*Csch[a + b*
x]*Sinh [b*x]) /(2%b~2)
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fricas [B] time = 0.46, size = 189, normalized size = 6.10

b2 — (b2x? - 4 bx) cosh (bx + a)° — 2 (242 — 4 bx) cosh (bx + a) sinh (bx + a) — (b%x? — 4 bx) sinh (bx + «

2 (b2 cosh (bx + a)” + 2 b2 cosh (bx + a) sir

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="fricas")

[Out] -1/2%(b72*x"2 - (b72%x"2 - 4xb*x)*cosh(bxx + a)~2 - 2x(b72*x"2 - 4xb*x)*cos
h(b*x + a)*sinh(b*x + a) - (b™2*x72 - 4xb*x)*sinh(b*x + a)~2 - 2x(cosh(b*x

+ a)~2 + 2xcosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)xlog(2*sinh(b*

x + a)/(cosh(b*x + a) - sinh(b*x + a))))/(b"2*cosh(b*x + a)~2 + 2*b~2*cosh(

b*x + a)*sinh(b*x + a) + b~ 2*sinh(b*x + a)~2 - b~2)

giac [B] time = 0.13, size = 98, normalized size = 3.16

b2x2e(2bx+20) _ 242 _ g pyp(2bx+20) 4 9 p(2bx+20) log (e(2 bx+2a) _ 1) ) log (6(2 bx+2a) _ 1)

) (bze(z bx+2a) _ b2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="giac")

[Out] 1/2%(b"2*x"2%e”~ (2%b*x + 2%a) - b7 2*%xx"2 - 4xbkxxxe” (2%bxx + 2%a) + 2%e” (2xb*x
+ 2%a)*log(e” (2*%bxx + 2%a) - 1) - 2*log(e” (2xb*xx + 2*a) - 1))/(b~2xe” (2*b*
X + 2%a) - b"2)

maple [A] time = 0.13, size = 54, normalized size = 1.74

2 2 24 2y In (ebe+2a _ 1)
2 b b2 b (Qbe+2a _ 1) + b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a)~2,x)
[Out] 1/2%x72-2%x/b-2/b"2%a-2*x/b/(exp(2*b*x+2*a)-1)+1/b~2*x1n(exp (2*b*x+2*a)-1)
maxima [B] time = 0.41, size = 115, normalized size = 3.71

xe@bx+2a)  phx? — (bxze(2 9 — 2 xel? “))e(z b log ((e(b“”) + 1)6(‘“)) log ((e“’”‘” - 1)6(‘“))

Cpebx+2a) _p 2 (be(2 bx+2a) _ b) i b? i v?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="maxima")

[Out] -x*e”(2%b*xx + 2%a)/(bxe” (2*¥bxx + 2%a) - b) - 1/2x(b*x"2 - (b*x"2%e”(2%a) -
2xxxe” (2*a) ) *e” (2xb*x) )/ (b*xe” (2¥bxx + 2%a) - b) + log((e~(b*x + a) + 1)*e”(
-a))/b"2 + log((e~(bxx + a) - 1)*e~(-a))/b"2

mupad [B] time = 1.15, size = 48, normalized size = 1.55

ln(eZanbx_l) 2y A2 2 x

2 b 2 b (e220r 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*coth(a + b*x)~2,x)

[Out] log(exp(2%a)*exp(2*b*x) - 1)/b"2 - (2*x)/b + x72/2 - (2*x)/(b*x(exp(2*a + 2%
bxx) - 1))

sympy [A] time = 2.45, size = 80, normalized size = 2.58

2 coth?
X" coth” (2) forb=0
2
sox? + %x for a = log (- ™)
&ox? for a = log (™)
x2 X X log (tanh (a+bx)+1) log (tanh (a+bx)) .
T (a+bx) b2 + b2 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)**2,x)

[Out] Piecewise((x**2xcoth(a)**2/2, Eq(b, 0)), (zooxx*x2 + zoo*x/b, Eq(a, log(-ex
p(-b*x)))), (zoo*xx*2, Eq(a, log(exp(-b*x)))), (x**2/2 + x/b - x/(b*tanh(a
+ b*x)) - log(tanh(a + b*x) + 1)/b*x2 + log(tanh(a + b*x))/b**2, True))
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2
3.9 f coth”(a+bx) dx

X

Optimal. Leaf size=15

[cothz(a + by) )
Int| ———— x
X

[Out] Unintegrable(coth(b*x+a)~2/x,x)

Rubi [A] time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size

0.000, Rules used = {}
coth?(a + bx)
f - dx

X

Verification is Not applicable to the result.
[In] Int[Coth[a + b*x]~2/x,x]
[Out] Defer[Int] [Coth[a + b*x]~2/x, x]

Rubi steps

cothz(a + bx) cothz(a + bx)
ot  forusm,,

Mathematica [A] time = 21.53, size = 0, normalized size = 0.00

coth?(a + bx)
[ttt ,

X

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~2/x,x]
[Out] Integrate[Coth[a + b*x]~2/x, x]

fricas [A] time = 0.45, size = 0, normalized size = 0.00

coth (bx + a)z x)
X

integral [—,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~2/x, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

coth (bx + a)?
f — "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~2/x, x)



56

maple [A] time = 0.27, size = 0, normalized size = 0.00

coth? (bx + a)
[t

X
Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a) ~2/x,x)
[Out] int(coth(b*x+a)”~2/x,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

: d 1
bxe (2bx+2a) _ bx bx2€(bx+a + bx2 f bxze(bx+’1 X+ Og(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x,x, algorithm="maxima")

[Out] -2/(b*xx*e” (2xb*x + 2%a) - b*x) + integrate(1l/(b*x"2%e”(b*x + a) + b*x72), x

) - integrate(1/(b*x"2*e” (b*x + a) - b*x"2), x) + log(x)

mupad [A] time = 0.00, size = -1, normalized size = -0.07

f coth (a + bx)? N

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~2/x,x)
[Out] int(coth(a + b*x)~2/x, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

coth? (a + bx)
[ttty

X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**2/x,x)

[Out] Integral(coth(a + b*x)**2/x, x)
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coth?(a+bx
x(2 ) dx

310 |

Optimal. Leaf size=15

[cothz(a + by) )
Int| ——5——,x
X

[Out] Unintegrable(coth(b*x+a)~2/x72,x)

Rubi [A] time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size

0.000, Rules used = {}
coth?(a + bx)
[ttt
X
Verification is Not applicable to the result.
[In] Int[Coth[a + b*x]~2/x"2,x]
[Out] Defer[Int] [Coth[a + b*x]~2/x"2, x]

Rubi steps

cothz(a + bx) cothz(a + bx)
f ——dx= f ———dx
X X

Mathematica [A] time = 20.44, size = 0, normalized size = 0.00

coth?(a + bx)
[ttt

x2

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~2/x72,x]

[Out] Integrate[Coth[a + b*x]~2/x72, x]

fricas [A] time = 0.45, size = 0, normalized size = 0.00

coth (bx + a)z
x2 *

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x72,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~2/x72, x)
giac [A] time = 0.00, size = 0, normalized size = 0.00
coth (bx + a)?
[t
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x72,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~2/x72, x)



58

maple [A] time = 0.28, size = 0, normalized size = 0.00

coth? (bx + a)
f — 2 "

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)~2/x"2,x)

[Out] int(coth(b*x+a)~2/x"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

1

1
2 f bx3elbx+a) 4 px3 dx =2 f baBelbx+a) — py3 x

bxe@bx+2a) —py 42
 bx2e@bx+2a) _ py2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x"2,x, algorithm="maxima"
[Out] -(b*x*xe™ (2%b*x + 2%xa) - bxx + 2)/(b*x"2%e” (2%b*x + 2*%a) - b*x"2) + 2xintegr
ate(1/(b*x"3%e” (b*x + a) + b*x"3), x) - 2*integrate(l/(b*x"3*e”(b*x + a) -

b*x~3), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.07

coth (a + bx)?
f — dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~"2/x"2,x)

[Out] int(coth(a + b*x)~2/x72, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

coth? (a + bx)
f — 2 "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**2/x**2,x)

[Out] Integral(coth(a + bxx)**2/x**2, x)
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3.11 f 3 coth®(a + bx) dx

Optimal. Leaf size=179

3Li, (62(a+bx)) 3Li, (62(a+bx)) 3xLi, (82(a+bx)) 3xlog (1 _ 62(a+bx)) 3x2L12 (62(a+bx)) 342 coth(a + bx) X
+ - + + - -

204 4b* 263 b3 2b? 2b?

[Out] -3/2%x72/b"2+1/2%x73/b-1/4*x"4-3/2*x"2xcoth(b*x+a) /b~2-1/2xx"3*coth (b*x+a)~
2/b+3*x*1n (1-exp (2¥b*x+2%a) ) /b~ 3+x~3*1n(1-exp (2xb*x+2*a)) /b+3/2*polylog(2,e

xp (2%b*xx+2%a) ) /b™4+3/2xx"2*%polylog (2, exp (2xb*x+2%*a)) /b~2-3/2*x*polylog(3,ex
p(2*b*x+2*a)) /b~ 3+3/4*polylog(4,exp (2xbxx+2%a)) /b~4

Rubi [A] time = 0.33, antiderivative size = 179, normalized size of antiderivative

= 1.00, number of steps used = 13, number of rules used = 10, integrand size = 12,
number of rules _ ) 833, Rules used = {3720, 3716, 2190, 2279, 2391, 30, 2531, 6609, 2282,

integrand size

6589}

3x?PolyLog (2,e%™+%9)  3xPolyLog (3,¢2***) 3PolyLog (2,e2+) 3PolyLog (4, ")) 332 cothy(
21 ) 2 20 * 4t T

Antiderivative was successfully verified.
[In] Int[x"3*Coth[a + b*x]~3,x]

[Out] (-3*x72)/(2%b"2) + x73/(2%b) - x74/4 - (3*xx"2xCoth[a + b*x])/(2¥b"2) - (x73
*xCoth[a + b*x]~2)/(2xb) + (3*x*Logl[l - E7(2x(a + b*x))])/b"3 + (x73xLogl[l -
E7(2x(a + b*x))])/b + (3*PolyLogl[2, E~(2%(a + b*x))])/(2%b~4) + (3*x~2xPol
yLog[2, E7(2x(a + b*x))])/(2xb~2) - (3*x*PolyLogl[3, E~(2*x(a + b*x))])/(2*xb~

3) + (3xPolyLogl[4, E~(2*(a + bx*x))])/(4*b~4)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2190

Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[1l + (bx(F~(gx(e + f*x)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + dx*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2391
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Int[Log[(c_.)*x((d_) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2531

Int[Logll + (e_.)*((F_)"((c_)*((a_.) + (b_D)*& DN (a_)I*((E_) + (g_)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(cx(a + bxx
)))"n)1)/ (bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}y, x] && GtQ[m, 0]

Rule 3716

Int[((c_.) + (d_.)*(x))"(m_.)*tan[(e_.) + Pi*x(k_.) + (Complex[0, fz 1)*(f_
D*(x)], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~ (2% (-(I*e) + fxfz*x)))/(E™(2+%I*k*Pi)*(1 + E~ (2% (-(Ix
e) + fxfzxx))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, £, fz}, x] && Integ
erQ[4*k] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (@_)*(x))"(m_.)*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) “m*(b*Tan[e + f*x])~(n - 1))/(fx(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b”2, Int[(c + d*xx) m*(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*x(a + b*x) pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)x(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x))) "pl)/ (b*cxp*Log[F1), x] - Dist[(f*m)/(b*c*p*Log[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*x(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rubi steps
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3 coth®(a + b 3 [ x2 coth®(a + bx) dx
f  coth’(a + bx) dx = = Zl(oa 2 * f Zb( ) + f x3 coth(a + bx) dx
_x* 3x%coth(a+bx) x°coth®(a+ bx) ) p2a+b2) 3 3 [xcoth(a+b
T4 212 - 2b - fl_ezm X+ 2
_ 4 ¥ x* 3x%coth(a+bx) x3coth’(a + bx) . x> log (1 - gz(ﬂ+bx)) 6 j
S22 2b 4 212 b ;
B 3x2 N ¥ or 3x2 coth(a + bx) 3 Coch(a + by) . 3xlog (1 _ 62(u+bx)) . 3
202 T 2p 4 2 o =
_ . 4 ¥ x* 3x%coth(a+bx) x°coth®(a + bx) N 3xlog (1 - e2+) ) 3
T o202 20 4 252 T 5
B 3x? N 3 xt 3x2coth(a+bx) 23 coth’(a + bx) N 3xlog (1 _ 32(u+bx)) ) 3
202 2b 4 252 b 7
_ N ¥ xt 3xcoth(a+bx) 3 coth’(a + bx) N 3xlog (1 - e2+) . 3
22 2b 4 252 b B

Mathematica [B] time = 4.89, size = 390, normalized size = 2.18

1 ((6x2csch(a) sinh(bx)csch(a + bx) 2627 (e727b4xt — 20727 (20 - 1) BPx3 log (1 — e778%) — 20727 (20 - 1) b
4 12 -

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x]~3,x]

[Out] (x74xCoth[a] - (2*x"3*Cschla + b*x]~2)/b - (2*%E~(2*a)*((6%b~2+x~2) /E~(2%a)
+ (b~4*x74) /E~(2*a) - 6%bx(1 - E~(-2*a))*x*Log[l - E"(-a - b*x)] - (2*%b~3x(

-1 + E7(2%a))*x"3xLog[l - E"(-a - b*x)])/E~(2%a) - 6xbx(1 - E~(-2%a))*x*Log

[1 + E"(-a - b*x)] - (2+%b73x(-1 + E~(2%a))*x"3*Log[1 + E~(-a - b*x)])/E~(2x*

a) + 6x(1 - E7(-2xa))*PolyLog[2, -E"(-a - b*x)] + 6%(1 - E~(-2%a))*PolyLogl

2, E7(-a - b*x)] + 6%x(1 - E7(-2%a))*(b"2xx"2*PolyLog[2, -E~(-a - b*xx)] + 2%
(b*x*PolyLog[3, -E~(-a - b*x)] + PolylLogl[4, -E~(-a - b*x)])) + 6%(1 - E~(-2

*xa) ) * (b~ 2%x~2*%PolyLog[2, E~(-a - b*x)] + 2x(b*x*PolyLogl[3, E~(-a - b*x)] +
PolyLog[4, E~(-a - b*x)]))))/(b"4*(-1 + E~(2%a))) + (6*x"2xCschl[a]*Cschla +
b*x]*Sinh [b*x]) /b~2)/4

fricas [C] time = 0.48, size = 1985, normalized size = 11.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~3,x, algorithm="fricas")

[Out] -1/4*(b™4*x"4 + (b~4*x"4 - 2*%a”4 + 12*xb"2*xx72 - 12*a"2)*cosh(b*x + a)~4 + 4
*(b~4*x"4 - 2*%a”4 + 12xb72%x72 - 12*a”2)*cosh(b*x + a)*sinh(b*x + a)~3 + (b
“4xx"4 - 2%a~4 + 12%b72%x"2 - 12%a”2)*sinh(b*x + a)”4 - 2xa"4 - 2x(b"4xx"4
- 4xb73*x"3 - 2*a"4 + 6%b72*xx"2 - 12%a"2)*cosh(b*x + a)”2 - 2% (b74*x"4 - 4x
b~3*x"3 - 2*a"4 + 6*%b72*%x"2 - 3k (b"4*xx"4 - 2%a”4 + 12*b"2*x"2 - 12%a”2)*cos
h(b*x + a)~2 - 12*a"2)*sinh(b*x + a)~2 - 12%¥a”2 - 12x((b"2*x"2 + 1)*cosh(b*
X + a)74 + 4x(b"2%x"2 + 1)*cosh(b*x + a)*sinh(b*x + a)”3 + (b™2*x"2 + 1)*si
nh(b*x + a)”™4 + b7 2xx"2 - 2*%(b"2*xx"2 + 1)*cosh(b*x + a)~2 - 2x(b™2%x"2 - 3%
(b™2%x"2 + 1)*cosh(b*x + a)~2 + 1)*sinh(b*x + a)”2 + 4*x((b~2%x"2 + 1)*cosh(
bxx + a)”3 - (b"2*x72 + 1)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(cosh(b*x
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+ a) + sinh(b*x + a)) - 12%((b"2*x"2 + 1)*cosh(b*x + a)”™4 + 4*x(b™2*xx"2 + 1
Y*xcosh(b*x + a)*sinh(b*x + a)~3 + (b™2%x"2 + 1)*sinh(b*x + a)~4 + b™2*x"2 -
2% (b72*x"2 + 1)*cosh(b*x + a)”2 - 2x(b72*x"2 - 3% (b"2%x"2 + 1)*cosh(b*x +
a)~2 + 1)*sinh(b*x + a)~2 + 4x((b”™2%x72 + 1)*cosh(b*x + a)”3 - (b™2*x"2 + 1
)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - sinh(b*x + a)) -
4% (b~3*x"3 + (b~3%x"3 + 3*b*x)*cosh(b*x + a)~4 + 4*(b~3*x"3 + 3*b*x)*cosh(
b*x + a)*sinh(b*x + a)~3 + (b~3*x"3 + 3*b*x)*sinh(b*x + a)~4 - 2% (b~ 3*x"3 +
3*b*x) *cosh(b*x + a)~2 - 2%(b"3*x"3 - 3*(b~3*x"3 + 3*b*x)*cosh(b*x + a)~2
+ 3xbxx)*sinh(b*x + a)~2 + 3xbxx + 4*%((b~3*x"3 + 3*b*x)*cosh(b*x + a)~3 - (
b~3*x73 + 3x*b*x)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(b*x + a) + sinh(b*x
+a) + 1) + 4%x((a”3 + 3*a)*cosh(b*x + a)~4 + 4x(a”3 + 3*a)*cosh(b*x + a)*s
inh(b*x + a)”3 + (2”3 + 3*a)*sinh(b*x + a)”™4 + a~3 - 2*x(a~3 + 3*a)*cosh(b*x
+ a)”2 - 2x(a”3 - 3x(a”3 + 3*a)*cosh(b*x + a)~2 + 3*a)*sinh(b*x + a)~2 + 4
*((a”3 + 3*a)*cosh(b*x + a)~3 - (a3 + 3*a)*cosh(bxx + a))*sinh(b*x + a) +
3xa)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 4x(b"3*x"3 + (b73%x"3 + a”3 +
3*bxx + 3*a)*cosh(b*x + a)~4 + 4x(b~3%x"3 + a~3 + 3*bxx + 3*a)*cosh(b*x +
a)*sinh(b*x + a)”3 + (b™3%x"3 + a3 + 3*b*x + 3*a)*sinh(b*x + a)”4 + a~3 -
2x(b"3*x"3 + a~3 + 3*b*x + 3*a)*cosh(b*x + a)”2 - 2x(b"3*x"3 + a~3 - 3*(b~3
*x73 + a3 + 3xb*x + 3*a)*cosh(b*x + a)~2 + 3*b*x + 3*a)*sinh(bxx + a)~2 +
3xbxx + 4*x((b~3%x73 + a3 + 3xbxx + 3*a)*cosh(b*x + a)~3 - (b™3*x"3 + a”3 +
3xb*x + 3%a)*cosh(b*x + a))*sinh(b*x + a) + 3*a)*log(-cosh(b*x + a) - sinh
(b*x + a) + 1) - 24*(cosh(b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)”3 + si
nh(b*x + a)~4 + 2%(3*cosh(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)
72 + 4x(cosh(b*x + a)”3 - cosh(b*x + a))*sinh(b*x + a) + 1)*polylog(4, cosh
(b*x + a) + sinh(b*x + a)) - 24x(cosh(b*x + a)~4 + 4xcosh(b*x + a)*sinh(b*x
+ a)”3 + sinh(b*x + a)~4 + 2*%(3*cosh(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*c
osh(b*x + a)~2 + 4*(cosh(b*x + a)~3 - cosh(b*x + a))*sinh(b*x + a) + 1)*pol
ylog(4, -cosh(b*x + a) - sinh(b*x + a)) + 24x(b*x*cosh(b*x + a)~4 + 4xbxx*c
osh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x + a)~4 - 2%b*x*cosh(b*x + a)~2
+ 2% (3xb*x*cosh(b*x + a)”2 - bxx)*sinh(b*x + a)~2 + b*x + 4*x(b*x*cosh(b*x +
a)~3 - bxx*cosh(b*x + a))*sinh(b*x + a))*polylog(3, cosh(b*x + a) + sinh(b
*x + a)) + 24*x(bxx*xcosh(b*x + a)~4 + 4xb*x*cosh(b*x + a)*sinh(b*x + a)~3 +
b*x*sinh(b*x + a)~4 - 2*b*x*cosh(b*x + a)~2 + 2*(3*b*x*cosh(b*x + a)~2 - b*
x)*sinh(b*x + a)~2 + b*x + 4*x(b*x*cosh(b*x + a)~3 - b*x*cosh(b*x + a))*sinh
(b*x + a))*polylog(3, -cosh(b*x + a) - sinh(b*x + a)) + 4x((b"4*xx"4 - 2*%a~4
+ 12+%b72*%x72 - 12*xa~2)*cosh(b*x + a)~3 - (b74*xx"4 - 4%b~3*x"3 - 2*a~4 + 6%
b 2*x72 - 12*a~2)*cosh(b*x + a))*sinh(b*x + a))/(b"4*cosh(b*x + a)~4 + 4xb~
4xcosh(b*x + a)*sinh(b*x + a)”~3 + b~ 4xsinh(b*x + a)”4 - 2*xb~4*xcosh(b*x + a)
"2 + b74 + 2x(3*b"4*xcosh(b*x + a)”2 - b74)*sinh(bxx + a)~2 + 4*x(b~4*cosh(bx*

X + a)~3 - b7 4*cosh(b*x + a))*sinh(b*x + a))

giac [F] time = 0.00, size = 0, normalized size = 0.00
f 23 coth (bx + a)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a) 3,x, algorithm="giac")
[Out] integrate(x~3*coth(b*x + a)~3, x)
maple [B] time = 0.33, size = 375, normalized size = 2.09

x2 (be e2bx+2a | 3 g2bx+2a _ 3) ¥ 322 322 3In (1 - eb””) x 3ln (1 + eb“”) x 6aln (ebx+“) 3aln (eb’H

T T T T b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a)~3,x)
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[Out] -x"2%(2%b*xx*exp (2*b*x+2%a)+3xexp (2*xb*x+2%a)-3) /b~ 2/ (exp (2*b*x+2*a)-1)"2-1/4
*x"4-3%x"2/b"2+3/b"4xpolylog(2,exp(b*x+a))+3/b~4*polylog(2,-exp(b*x+a))-3/b
“4%a”~2+3/b"3*1n(1-exp (b*x+a) ) *x+3/b~3*1n(1+exp (b*x+a) ) *x+6/b~4*a*x1ln (exp (b*x
+a))-3/b"4*a*xln(exp(b*x+a)-1)-6/b~3*polylog(3,-exp(b*x+a))*x+1/b*x1n(1-exp(b

xx+a) ) *x"3+3/b"2*polylog(2,exp(b*x+a))*x~2-6/b~3*polylog(3,exp (b*x+a))*x+1/
b*1n(1+exp (b*x+a))*x~3+2/b"4*a~3*1n(exp(b*x+a))+1/b~4*1n(1-exp(b*x+a))*a”~3-
2/b"3*a"3*x-1/b"4*a"3*1n(exp(b*x+a)-1)+3/b~2*polylog(2,-exp (b*x+a))*x~2-6%a
*x/b73+3/b"4*ax1ln(1-exp (b*x+a))-3/2/b"4*a"4+6/b"4*polylog(4,-exp(b*x+a))+6/
b~4*polylog(4,exp(b*xx+a))

maxima [A] time = 0.44, size = 302, normalized size = 1.69

b2xteldbarda) L p2y4 L 1242 — 2 (b2x4e(2 9 4 4 b3 4 6x262 “))e(z b iyt 4 ep2x2 B3x3log (e(bx”‘) + 1)

4 (bze(4 bx+4a) _ D p2p(2bx+2a) 4 b2) 2 bt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)”~3,x, algorithm="maxima")

[Out] 1/4%(b"2*x"4*xe”(4xbxx + 4%a) + b72xx"4 + 12%x72 - 2% (b72%x"4*e” (2*a) + 4*bx
X73%e”(2%a) + 6*x"2%e” (2%a))*e” (2xb*x))/(b”"2%e” (4*b*x + 4*a) - 2%b"2xe”(2xb
*X + 2%a) + b72) - 1/2%(b74xx74 + 6%b"2%x72) /b4 + (b~3*x"3xlog(e” (b*x + a)

+ 1) + 3xb"2*x"2*dilog(-e"(b*x + a)) - 6xb*x*polylog(3, -e”(b*x + a)) + 6%
polylog(4, -e~(bxx + a)))/b”™4 + (b~3*x"3xlog(-e~(b*x + a) + 1) + 3*b~2%x"2%
dilog(e~(b*x + a)) - 6%bxx*polylog(3, e~ (b*x + a)) + 6xpolylog(4, e~ (b*x +
a)))/b~4 + 3*x(b*xxlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~4 + 3*(b*xx*
log(-e~(b*x + a) + 1) + dilog(e”(b*x + a)))/b"4

mupad [F] time = 0.00, size = -1, normalized size = -0.01
f x3 coth (a + bx)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(a + b*x)~3,x)
[Out] int(x"3*coth(a + b*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f 3 coth® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a)**3,x)

[Out] Integral (x**3*coth(a + b*x)**3, x)
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3.12 f x2 coth®(a + bx) dx

Optimal. Leaf size=114

Liz (¢2@+09) , log(sinh(a + bx)) xLip (2@ x coth(a + b) X log (1-2@9) 32 oth?(a + b) s
263 E iz P2 b 26 26

[Out] 1/2%x72/b-1/3%x"3-x*coth(b*x+a)/b~2-1/2*%x"2*coth(b*x+a) "2/b+x"2*1n(1-exp (2%
bxx+2%a)) /b+1ln(sinh(b*x+a)) /b~ 3+x*polylog(2,exp (2*¥b*x+2%a)) /b~ 2-1/2*polylog
(3,exp(2*%b*x+2%a)) /b~3

Rubi [A] time = 0.21, antiderivative size = 114, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 8, integrand size = 12,
number of rules _ ) 667, Rules used = {3720, 3475, 30, 3716, 2190, 2531, 2282, 6589}
integrand size
xPolyLog (2,621} PolyLog (3,e2*") ycoth(a + bx) log(sinh(a + bx)) *2log (1 -e2@9) 32 ot
P ) 263 T 2 " b T

Antiderivative was successfully verified.
[In] Int[x"2*Coth[a + b*x]~3,x]

[Out] x72/(2*%b) - x73/3 - (x*Coth[a + b*x])/b"2 - (x72xCoth[a + b*x]~2)/(2%b) + (
x"2xLog[1l - E7(2x(a + b*x))])/b + Logl[Sinh[a + bxx]]/b~3 + (x*PolyLogl[2, E~
(2%(a + b*x))]1)/b72 - PolyLogl[3, E~(2x(a + b*x))]/(2%b"3)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x“(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "mxLog[l + (b*(F~(gx(e + f*x)))"n)/al)/(b*xf*g*n*Log[F]), x] - Di
st [(d*m) / (b*f*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && 'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_)))) " (n_)1*x((f_.) + (g_.)
*(x_ ))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)1)/ (bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}y, x] && GtQ[m, 0]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQ[{c, d}, x]
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Rule 3716

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*xI, Int[((c + d*x) m*E~(2%(-(Ixe) + fxfzx*x)))/(E~(2*Ixk*Pi)*(1 + E~(2x(-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] & Integ
erQ[4*xk] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (@_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)~(m - 1)*(bxTanl[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*x(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[b*d, axe]

Rubi steps
2 coth®(a + b x coth?(a + bx) dx
f 22 coth®(a + bx) dx = —~—2 21(9” 0, Z Jax | f 22 coth(a + bx) dx
_x°  xcoth(a+bx) coth?(a + bx) L e2(a+b)x2 s [ coth(a + bx) dx
T3 b2 2b 1 — e2(a+bx) * b2
2 ¥ xcoth(a+bx) xPcothi(a+bx) x*log(1-e2™) Jog(sinh(a +
T2 3 b2 - 2b b b3
_x* ¥ «xcoth(a+bx) x* coth®(a + bx) *?log (1 - €Z(a+bx)) log(sinh(a +
T2 3 b2 - 2b b b3
2 x3 xcoth(a+bx) x2coth®(a+bx) x*log (1 - 62(a+bx)) log(sinh(a +
T2 3 iz B 2b b b
22 ¥ xcoth(a+bx) xPcoth?(a+bx) x*log (11— Jog(sinh(a +
“w 3w 26 i b " B

Mathematica [B] time = 3.44, size = 295, normalized size = 2.59

xcsch(a) sinh(bx)csch(a + bx) € (26‘2”b3x3 — 3¢ (ezu —~ 1) b?x?log (1 —~ e‘”‘bx) — 3¢ (62“ - 1) b?x?log
b2 -

Antiderivative was successfully verified.

[In] Integratel[x~2*Coth[a + b*x]~3,x]

[Out] (x73*Coth[al)/3 - (x"2*Cschla + b*x]~2)/(2xb) - (E~(2*a)*((6*b*xx)/E~(2*a) +
(2%b73*xx"3) /E~(2%a) - (3*b~2*(-1 + E~(2%a))*x"2*xLog[l - E~(-a - b*x)])/E~(
2*%a) - (3*%b~2x(-1 + E~(2%a))*x"2xLog[l + E"(-a - b*x)])/E~(2%a) + 3x(1 - E~
(-2%a))*(b*x - Logl[l - E7(a + b*x)]) + 3*%(1 - E7(-2%a))*(b*x - Log[l + E"(a

+ b*x)]) + 6%(1 - E~(-2%a))*(b*x*PolyLog[2, -E~(-a - b*x)] + PolyLogl[3, -E
“(-a - b*x)]) + 6%x(1 - E7(-2%a))*(b*x*PolyLog[2, E"(-a - b*x)] + PolyLogl3,

E~(-a - b*x)])))/(3*b~3*%(-1 + E"(2%a))) + (x*Cschl[al*Csch[a + b*x]*Sinh [b*
x])/b72
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fricas [C] time = 0.52, size = 1467, normalized size = 12.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~3,x, algorithm="fricas")

[Out] -1/3*%(b~3*x"3 + (b~3%x"3 + 2*a~3 + 6*xb*x + 6%a)*cosh(b*x + a)~4 + 4*(b~3*x~
3 + 2xa”3 + 6%b*x + 6%a)*cosh(b*x + a)*sinh(b*x + a)~3 + (b73*x"3 + 2*xa~3 +
6*bxx + 6*a)*sinh(b*x + a)~4 + 2*%a”3 - 2x(b73*x"3 - 3*b72*x"2 + 2*xa”~3 + 3%
b*x + 6%xa)*cosh(b*x + a)”2 - 2*x(b73*x"3 - 3*b72*x"2 + 2xa~3 - 3*(b"3*x"3 +
2%a~3 + 6*b*x + 6*xa)*cosh(b*x + a)”2 + 3*xbxx + 6*xa)xsinh(b*x + a)”2 - 6x(bx*
x*cosh(b*x + a)~4 + 4*b*x*cosh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x + a)
~4 - 2%b*x*cosh(b*x + a)~2 + 2*(3*b*x*cosh(b*x + a)~2 - b*x)*sinh(b*x + a)~
2 + bxx + 4*(b*x*cosh(b*x + a)”3 - b*x*cosh(b*x + a))*sinh(b*x + a))*dilog(
cosh(b*x + a) + sinh(b*x + a)) - 6x(b*x*cosh(b*x + a)~4 + 4xbxx*cosh(b*x +
a)*sinh(b*x + a)~3 + bxx*sinh(b*x + a)”4 - 2*xbxx*xcosh(b*x + a)”2 + 2*%(3*xb*x
*cosh(b*x + a)”2 - bxx)*sinh(b*x + a)”2 + b*x + 4x(b*x*cosh(b*x + a)~3 - bx
xxcosh(b*x + a))*sinh(bxx + a))*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 3*(
(b™2%x72 + 1)*cosh(b*x + a)~4 + 4%(b"2*%x"2 + 1)*cosh(bxx + a)*sinh(b*x + a)
"3 + (b72%x72 + 1)*sinh(b*x + a)”4 + b™2*xx"2 - 2% (b"2*x"2 + 1)*cosh(b*x + a
)72 = 2%(b72*x72 - 3*(b72*%x72 + 1)*cosh(b*x + a)~2 + 1)xsinh(b*x + a)”2 + 4
*((b72%x72 + 1)*cosh(b*x + a)~3 - (b™2*x"2 + 1)*cosh(b*x + a))*sinh(b*x + a
) + 1)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 3*x((a”2 + 1)*cosh(b*x + a)~
4 + 4x(a"2 + 1)*cosh(b*x + a)*sinh(b*x + a)~3 + (a2 + 1)*sinh(b*x + a)~4 -
2% (a”2 + 1)*cosh(b*x + a)~2 + 2*x(3*(a”2 + 1)*cosh(b*x + a)”2 - a”2 - 1)*si
nh(b*x + a)~2 + a™2 + 4*x((a”"2 + 1)*cosh(b*x + a)”3 - (a”2 + 1)*cosh(b*x + a
))*sinh(b*x + a) + 1)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 3*x((b™2*x"2
- a"2)*cosh(b*x + a)~4 + 4%x(b"2*%x"2 - a~2)*cosh(b*x + a)*sinh(b*x + a)~3 +
(b~2*x72 - a"2)*sinh(b*x + a)”4 + b 2*x"2 - 2% (b"2*x"2 - a~2)*cosh(b*x + a)
"2 = 2% (b72%x72 - 3*%(b72%x72 - a”2)*cosh(b*x + a)~2 - a”2)*sinh(b*x + a)~2
- a2 + 4x((b™2*x"2 - a~2)*cosh(b*x + a)”3 - (b™2*x"2 - a~2)*cosh(b*x + a))
xsinh(b*x + a))*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6*(cosh(b*x + a)”
4 + 4xcosh(b*x + a)#*sinh(b*x + a)”~3 + sinh(b*x + a)”4 + 2*x(3*cosh(b*x + a)~
2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)”2 + 4*x(cosh(b*x + a)~3 - cosh(b*x
+ a))*sinh(b*x + a) + 1)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 6*(cos
h(b*x + a)~4 + 4xcosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2%(3*cos
h(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2xcosh(b*x + a)”2 + 4*x(cosh(b*x + a)~3
- cosh(b*x + a))*sinh(b*x + a) + 1)*polylog(3, -cosh(b*x + a) - sinh(b*x +
a)) + 4x((b73*x"3 + 2xa”3 + 6*bxx + 6*a)*cosh(b*x + a)~3 - (b"3*x"3 - 3*b~2
*x72 + 2%a”3 + 3*xbxx + 6%a)*cosh(b*x + a))*sinh(b*x + a) + 6*a)/(b”~3*cosh(b
*x + a)”4 + 4xb~3*cosh(b*x + a)*sinh(b*x + a)~3 + b~ 3*sinh(b*x + a)~4 - 2%Db
~3*cosh(b*x + a)~2 + b~3 + 2%(3*b~3*cosh(b*x + a)~2 - b~ 3)*sinh(b*x + a)~2
+ 4*x(b"3*cosh(b*x + a)~3 - b~3*cosh(b*x + a))*sinh(b*x + a))

giac [F] time = 0.00, size = 0, normalized size = 0.00
f 22 coth (bx + a)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x™2*coth(b*x+a)”~3,x, algorithm="giac")
[Out] integrate(x~2*coth(b*x + a)~3, x)
maple [B] time = 0.31, size = 246, normalized size = 2.16
3 2x (bx e2bx+2a 4 o2bx+2a _ 1) 403 24%x 2In (ebx+“) In (ebx”‘ - 1) In (1 - eb"*”) x? 2polylog (2, el
- +

3 p(ama) e T B B b 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a)”~3,x)

[Out] -1/3%x73-2*x* (b*x*exp (2*¥b*x+2%a)+exp (2xb*x+2%a)-1) /b~2/ (exp (2*xb*x+2*a)-1) "2
+4/3/b"3%a~3+2/b"2*%a~2*x-2/b"3*1n (exp (b*x+a) ) +1/b~3*1n (exp(b*x+a)-1)+1/b*1n
(1-exp(b*x+a) ) *x~2+2/b~2*polylog (2, exp (b*x+a) ) *x+1/b*1n(1+exp (b*x+a) ) *x~2+2

/b~ 2*polylog(2,-exp(b*x+a))*x-2/b"3*polylog(3,-exp(b*x+a))-2/b~3*polylog(3,

exp (b*xx+a))+1/b~3*1n(1+exp (b*x+a))+1/b"3*a~2*1n (exp (b*x+a)-1)-2/b"3*a~2*1n(

exp (b*x+a))-1/b~3*1n(1-exp (b*x+a))*a~2

maxima [B] time = 0.42, size = 226, normalized size = 1.98

2, b2xSeldbx+da) 4 2x3 _ D (b2x3e(2 9 4+ 3 bx2e@ + 3 xel? “))e(z ) +6x 2x b2x%log (e(b"*”) + 1) +2b
——x3+

3 3 (bze(4bx+4 a) _ 9 h2p(2bx+2a) 4 b2) _ﬁ+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~3,x, algorithm="maxima")

[Out] -2/3%x73 + 1/3%(b72%x"3%e” (4*b*x + 4%a) + b™2*%x"3 - 2% (b"2*x"3*e~(2%a) + 3x
bxx"2%e” (2%a) + 3*x*ke” (2%a))*e” (2xb*x) + 6*x)/(b"2%e” (4xb*x + 4*xa) - 2xb~2x

e~ (2xbxx + 2%a) + b72) - 2*xx/b72 + (b"2*x"2xlog(e”(b*x + a) + 1) + 2*b*xx*di
log(-e~(b*x + a)) - 2*polylog(3, -e (b*x + a)))/b~3 + (b"2*xx"2xlog(-e” (b*x

+ a) + 1) + 2*b*x*dilog(e” (bxx + a)) - 2xpolylog(3, e (b*x + a)))/b~3 + log
(e"(b*x + a) + 1)/b~3 + log(e~(b*x + a) - 1)/b”3

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f 22 coth (a + b x)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(a + b*x)~3,x)
[Out] int(x"2*coth(a + b*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f x2 coth® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x2*coth(b*x+a)**3,x)

[Out] Integral(x**2*coth(a + bxx)**3, x)
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3.13 f X coth3(a + bx) dx

Optimal. Leaf size=82

Lip (32(a+bx)) coth(a + bx) Lt log (1 - €Z(a+bx)) x coth®(a + bx) N x?
2b? 2b? b 2b 2b 2

[Out] 1/2*x/b-1/2%xx"2-1/2*coth(b*x+a)/b~2-1/2*x*coth(b*x+a) ~2/b+x*1n(1-exp (2*b*x+
2%a)) /b+1/2*xpolylog(2, exp(2xb*x+2%a)) /b~2

Rubi [A] time = 0.12, antiderivative size = 82, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 10,

number of rules _ ) 700, Rules used = {3720, 3473, 8, 3716, 2190, 2279, 2391}

integrand size

PolyLog (2,e2@*)  coth(a + bx) , *log (1-e2)  yeoth®(a+bx) x 22

202 202 b 2b %2

Antiderivative was successfully verified.
[In] Int[x*Coth[a + b*x]~3,x]

[Out] x/(2xb) - x72/2 - Cothla + b*xx]/(2*b"2) - (x*Coth[a + b*x]"2)/(2%b) + (x*Lo
gll - E(2%(a + b*x))])/b + PolyLog[2, E~(2*(a + b*x))]/(2%b"2)

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2190

Int [(CCF_)"((g_)*x((e_.) + (£_)*(x_)))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F)~((g_I)*x((e_.) + (f_)*(x))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[l + (bx(F~(gx(e + f*x)))"n)/al)/(bxfxg*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x)1)"(n_), x_Symbol] :> Simp[(b*(b*Tan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*xI, Int[((c + d*x) m*E~ (2% (-(I*e) + fxfz*x)))/(E~(2%Ixk*Pi)*(1 + E~(2*x(-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] & Integ
erQ[4*k] && IGtQ[m, O]
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Rule 3720

Int[((c_.) + (d_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x)1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])"(n - 1))/(fx(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x) " (m - 1)*(bxTan[e + f*xx])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rubi steps
th(a + b coth?(a + bx) dx

f x coth3(a + bx) dx = —22 2(; N (2b Jax | f x coth(a + bx) dx
_ x* coth(a+by) «x coth? (a + bx) 2(”””‘)35 f 1dx
T2 2 f T 2t ¢ 2b
_x ¥ coth@+by xcotha+bx) | xlog (1 - 2(“””“’) [log (1 — e2a+bx)
2 2 212 2b b b

2 2a+bx))  Subst f log1—) ;

_x  x% coth(a+bx) xcoth®(a+ bx) . xlog (1 —e ) ubs X
2 2 202 2b b 202
_x ¥ coth@+by xcoth’(a+bx) ¥log (1 - 2ar) | L (e2a+)
20 2 202 2b b 212

Mathematica [C] time = 6.15, size = 231, normalized size = 2.82

2i ibx+itanh‘1(tanh(a)))]

i tanh(a)[iLiz[e ( ~bx(-m+2itanh ™ (tanh(a)))-2(i tanh ™" (tanh(a))+ib

CSCh(&l)SeCh(a) bzxze— tanhfl(tanh(a)) _

2b2\/sech2(a) (cosh?(a) -

Warning: Unable to verify antiderivative.

[In] Integrate[x*Cothl[a + bxx]~3,x]

[Out] (x"2%Coth[al)/2 - (x*Cschl[a + b*x]~2)/(2¥b) + (Csch[a]l*Csch[a + b*x]*Sinh[b
*x])/(2%b~2) - (Cschl[al*Sech[a]l*((b~2xx~2)/E~ArcTanh[Tanh[a]] - (I*(-(b*x*(

-Pi + (2xI)*ArcTanh[Tanh[al])) - Pi*Log[l + E~(2%b*x)] - 2*%(I*b*x + I*ArcTa
nh[Tanh[a]])*Log[1 - E~((2*I)*(I*b*x + I*ArcTanh[Tanh[al]))] + PixLog[Cosh[

b*x]] + (2*I)*ArcTanh[Tanh[a]]*Log[I*Sinh[b*x + ArcTanh[Tanh[a]l]]] + I*Poly
Log[2, E7((2*I)*(Ixb*x + I*ArcTanh[Tanh[a]]))])*Tanh[a])/Sqrt[1 - Tanh[a]~2

1))/ (2¥b~2xSqrt [Sech[a] “2*(Cosh[al "2 - Sinh[a]"2)])

fricas [B] time = 0.52, size = 975, normalized size = 11.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~3,x, algorithm="fricas")

[Out] -1/2*x((b"2*x"2 - 2*a~2)*cosh(b*x + a)~4 + 4x(b"2%x"2 - 2*a”2)*cosh(b*x + a)
*sinh(b*x + a)~3 + (b™2%x72 - 2*a"2)*sinh(b*x + a)~4 + b™2*x"2 - 2x(b"2%x"2

- 2xa”2 - 2%b*x - 1)*cosh(b*x + a)”2 - 2x(b72*x"2 - 3% (b72*x"2 - 2*xa~2)*co
sh(b*x + a)~2 - 2*xa”2 - 2%b*x - 1)*sinh(b*x + a)~2 - 2*xa~2 - 2x(cosh(b*x +

a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)”3 + sinh(b*x + a)~4 + 2*x(3*cosh(b*x +

a)”2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)”2 + 4*x(cosh(b*x + a)”3 - cosh(b

*x + a))*sinh(b*x + a) + 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 2*(cosh(
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b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2x(3*cosh(
b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)”2 + 4*x(cosh(b*x + a)~3 -
cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 2
* (bxx*cosh(b*x + a)~4 + 4xbxx*cosh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x
+ a)”4 - 2xbxx*xcosh(b*x + a)”2 + 2*x(3*xbxx*cosh(b*x + a)”2 - b*x)*sinh(bxx +
a)”2 + bxx + 4x(b*x*cosh(b*x + a)”3 - b*x*cosh(b*x + a))*sinh(b*x + a))x*lo
g(cosh(bxx + a) + sinh(b*x + a) + 1) + 2*(a*cosh(b*x + a)~4 + 4*axcosh(b*x
+ a)*sinh(b*x + a)~3 + a*sinh(b*x + a)~4 - 2*axcosh(b*x + a)~2 + 2*x(3*a*cos
h(b*x + a)~2 - a)*sinh(b*x + a)~2 + 4x(a*cosh(b*x + a)~3 - axcosh(b*x + a))
xsinh(b*x + a) + a)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 2*%((b*x + a)*c
osh(b*x + a)”4 + 4x(b*x + a)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*x + a)*sinh
(b*x + a)~4 - 2x(b*x + a)*cosh(b*x + a)”2 + 2x(3*(b*x + a)*cosh(b*x + a)~2
- b*x - a)*sinh(b*x + a)~2 + b*x + 4*((b*x + a)*cosh(b*x + a)~3 - (b*x + a)
xcosh(b*x + a))*sinh(b*x + a) + a)*log(-cosh(b*x + a) - sinh(b*x + a) + 1)
+ 4x((b™2*x72 - 2xa~2)*cosh(b*x + a)~3 - (b72%x"2 - 2*%a”2 - 2*b*x - 1)*cosh
(b*x + a))#*sinh(b*x + a) - 2)/(b"2*cosh(b*x + a)~4 + 4*xb~2xcosh(b*x + a)*si
nh(b*x + a)~3 + b ™ 2*sinh(b*x + a)~4 - 2xb"2*cosh(b*x + a)~2 + 2*x(3*b~2*cosh
(bxx + a)”2 - b"2)*sinh(b*x + a)”2 + b~2 + 4*(b"2xcosh(b*x + a)~3 - b~2xcos
h(b*x + a))*sinh(b*x + a))

giac [F] time = 0.00, size = 0, normalized size = 0.00
fxcoth (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~3,x, algorithm="giac")

[Out] integrate(x*coth(b*x + a)~3, x)

maple [B] time = 0.26, size = 164, normalized size = 2.00

X2 2pxe2bx+2a 4 o2bx+2a _ 1 2py 42 In (1 - eb““) x In (1 — eb““) a polylog (2, ebx”) In (1 + eb’””) X

——+ + + +
2 12 (e2bx+2a _ 1)2 b b? b b? v? b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a)~3,x)

[Out] -1/2%x72-(2xb*x*exp (2xb*x+2%a)+exp (2*¥b*x+2%a)-1) /b~2/ (exp (2*¥b*x+2%a)-1) ~2-2
/b*axx-a~2/b"~2+1/b*1n(1-exp(b*x+a) ) *x+1/b"2*1n(1-exp (b*x+a))*a+1l/b~2*polylo
g(2,exp(b*xx+a))+1/b*1n(1+exp(b*x+a))*x+1/b"2*polylog(2,-exp(b*x+a))+2/b~2*a

*x1n (exp(b*x+a))-1/b~2*ax1n(exp (b*x+a)-1)

maxima [B]  time = 0.42, size = 149, normalized size = 1.82

) b2x2eldbx+da) 4 2x2 _ 9 (bzxze(2 ) 42 hxe?? + ¢ “))e(z ) +2 bxlog (e(bx+“) + 1) + Li, (—e(bx+“)) bxlo
o 2 (PRelaber40) — 2 j2e2bxr20) 1 12) * b2 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~3,x, algorithm="maxima"

[Out] -x72 + 1/2%(b"2%x"2%e” (4*b*x + 4*a) + b7 2xx72 - 2% (b"2*x"2*e” (2*a) + 2¥b*x*
e~ (2%a) + e~ (2*a))*e” (2xb*x) + 2)/(b"2*xe” (4d*xb*x + 4%a) - 2%b " 2*xe” (2xb*x + 2

*a) + b72) + (bxx*log(e”(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~2 + (b*x*lo
g(-e~(b*x + a) + 1) + dilog(e~(bxx + a)))/b"2

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f xcoth (a + bx)° dx



Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(a + b*x)~3,x)
[Out] int(x*coth(a + b*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x coth® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)**3,x)

[Out] Integral(x*coth(a + b*x)**3, x)

71
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coth> (a+bx
i ) dx

3.14 f

Optimal. Leaf size=15

’
X

[coth3(a + bx) )
Int| ———— x

[Out] Unintegrable(coth(b*x+a)~3/x,x)

Rubi [A] time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size

0.000, Rules used = {}
coth®(a + bx)
f - dx

x
Verification is Not applicable to the result.
[In] Int[Coth[a + b*x]~3/x,x]
[Out] Defer[Int] [Coth[a + b*x]~3/x, x]

Rubi steps

cothS(a + bx) cothS(a + bx)
e, forusm,,

Mathematica [A] time = 16.17, size = 0, normalized size = 0.00

coth®(a + bx)
[t ,

X

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~3/x,x]

[Out] Integrate[Coth[a + b*x]~3/x, x]

fricas [A] time = 0.48, size = 0, normalized size = 0.00

coth (bx + a)3 )
x

integral | ———,
integra [ "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~3/x, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

coth (bx + a)°
f — "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~3/x, x)
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maple [A] time = 0.81, size = 0, normalized size = 0.00

coth® (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)~3/x,x)

[Out] int(coth(b*x+a)~3/x,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

(2 bxe(zu) — e(za))e(be) + 1 b2x2 + 1 d bzxz + 1 d 1
T2 2 AbAA0) — 2,2+ 22 | T2eda ) & h2es T | Taa ) —2as Xt 0g(x)
b?x2e 2 b?x2e + b%x b?x3e + b%x b?x3e b%x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x,x, algorithm="maxima"

[Out] -((2%b*xx*e”(2*a) - e~ (2*a))*e” (2xbxx) + 1)/(b™2*xx"2%e” (4xb*x + 4*a) - 2xb~2
*xx"2%e” (2%b*x + 2%a) + b72*x72) - integrate((b”2*x72 + 1)/(b72*x"3*e” (b*x +

a) + b"2%x73), x) + integrate((b™2*x"2 + 1)/(b"2%x"3*e”(b*x + a) - b~2xx"3

), x) + log(x)

mupad [A] time = 0.00, size = -1, normalized size = -0.07

f coth (a + bx)® N

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~3/x,x)

[Out] int(coth(a + b*x)~3/x, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

coth® (a + bx)
f @

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**3/x,x)

[Out] Integral(coth(a + b*x)**3/x, x)
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coth> (a+bx
x(2 ) dx

315 |

Optimal. Leaf size=15

[coth3(a + bx) )
Int| ——5——,x
X

[Out] Unintegrable(coth(b*x+a)~3/x72,x)

Rubi [A] time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size

0.000, Rules used = {}
coth®(a + bx)
f - dx

2
Verification is Not applicable to the result.
[In] Int[Coth[a + b*x]~3/x"2,x]
[Out] Defer[Int] [Coth[a + b*x]~3/x"2, x]

Rubi steps

cothS(a + bx) cothS(a + bx)
f ——dx= f ———dx
X X

Mathematica [A] time = 12.04, size = 0, normalized size = 0.00

coth®(a + bx)
[t ,

x2

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~3/x72,x]

[Out] Integrate[Coth[a + b*x]~3/x72, x]

fricas [A] time = 0.44, size = 0, normalized size = 0.00

coth (bx + a)3 )
— X

integral [ " ,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x72,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~3/x72, x)
giac [A] time = 0.00, size = 0, normalized size = 0.00
coth (bx + a)°
[t
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x72,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~3/x72, x)
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maple [A] time = 0.83, size = 0, normalized size = 0.00

coth® (bx + a)
f — 2 "

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)~3/x"2,x)
[Out] int(coth(b*x+a)~3/x"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

h2y2p(Abxtda) L 2,2 _ o (bzxze(za) — bxeD) 4 o2 a))e(Z bx) 4 9 22 43 22 4+ 3
D230 b5 4a) _ 5 [23pR 20 § 2y _jQ%%mmuw%ﬂhﬂfyﬂwmm_wx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x72,x, algorithm="maxima"

[Out] -(b72*x"2*e” (4*b*x + 4*a) + b™2*xx"2 — 2x(b"2*x"2*e” (2*a) - b*x*e~(2*a) + e~
(2%a) )xe” (2xbxx) + 2)/(b72%x"3*%e” (4*b*x + 4*xa) - 2*xb"2*x"3*e” (2xb*x + 2%*a)

+ b72*x73) - integrate((b”2*x72 + 3)/(b"2*x"4xe” (b*x + a) + b"2*x74), x) +
integrate((b~2*x"2 + 3)/(b"2*x"4*e” (b*x + a) - b™2*xx"4), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.07

f coth (a + bx)® N

12
Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(a + b*x)~3/x72,x)
[Out] int(coth(a + b*x)~3/x72, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

coth® (a + bx)
f —a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**3/x**2,x)

[Out] Integral(coth(a + b*x)**3/x**2, x)
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3
316 [—S gy

a+a coth(e+fx)

Optimal. Leaf size=169

3d?(c + dx) 3d(c + dx)? (c + dx)3 3d(c + dx)*> (c+dx)® (c+dx)*
_4f3(a coth(e + fx) + a)_4f2(a coth(e + fx) + a)_2f(a coth(e + fx) + a)+ 8af? " daf * 8ad

[Out] 3/8*%d"3xx/a/f ~3+3/8*d*(d*x+c)~2/a/f~2+1/4*(d*x+c)~3/a/f+1/8%(d*x+c)~4/a/d-3
/8%d"3/f74/ (a+axcoth(f*xx+e))-3/4*xd" 2% (d*x+c) /£~ 3/ (at+a*coth(f*x+e))-3/4*d*(d
*x+c) "2/f72/ (ataxcoth(fxx+e))-1/2x(d*x+c) ~3/f/(a+a*coth(f*xx+e))

Rubi [A] time = 0.19, antiderivative size = 169, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 20,
number of rules _ 5 150, Rules used = {3723, 3479, 8}

integrand size

3d?(c + dx) 3d(c + dx)? (c + dx)? 3d(c +dx)* (c+dx)® (c+dx)*
“4f3(acoth(e + fx) +a) 4f2(acoth(e+ fx)+a) 2f(acoth(e + fx)+a)  8afz ' d4af  8ad

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + a*xCothl[e + f*x]),x]

[Out] (3*d"3x*x)/(8*a*xf~3) + (3xd*x(c + d*x)~2)/(8*a*xf~2) + (c + d*x)~3/(4*xaxf) + (
c + d*x)~4/(8xaxd) - (3*%d~3)/(8*f~4x(a + axCothl[e + f*xx])) - (3*xd~2x(c + dx
x))/(4xf~3x(a + a*Cothl[e + f*x])) - (3*d*(c + d*x)~2)/(4*xf~2x(a + axCothl[e

+ fxx])) - (c + d*x)~3/(2*f*x(a + a*xCothl[e + f*x]))

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(ax(a +
bxTan[c + d*x])"n)/(2xbxd*n), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*xx])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

Rule 3723

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)]), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2%axd*(m + 1)), x] + (Dist[(axd*m)/(2%bxf)
, Int[(c + d*x)"(m - 1)/(a + b*Tanl[e + f*x]), x], x] - Simp[(a*(c + d*x) "m)
/(2*¥b*f*(a + b*Tan[e + f*x])), x]) /; FreeQ[{a, b, ¢, d, e, £}, x] && EqQ[a
“2 + b"2, 0] && GtQ[m, O]

Rubi steps
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(c+dx)?
f (C + dx)3 (C + dx)4 (C + dx)3 (3 ) f a+a coth(e+fx
x = -
a + acoth(e + fx) 8ad 2f(a + acoth(e + fx) 2f

(o (c + dx)® . (3
Bl daf 8ad 4f2(a+ acoth(e + fx)) 2f(a+ acoth(e+ fx))
_ 3d(c + dx)? . (c + dx)? . (c + dx)* 3d?(c + dx) 3d(c + dx
- 8af? daf 8ad 4f3(a + acoth(e + fx)) 4f%(a+ acoth(
_ 3d(c + dx)? . (c + dx)® . (c + dx)* 343 3d%(c +d
- 8af? 4af 8ad 8f4(a + acoth(e+ fx)) 4f3(a + acoth(

3d3x  3d(c+dx)? (c+dx)® (c+dx)* 34° 3

:8af3+ 8af? " daf " Bad  8f%a+acoth(e + fx)) 4f3(a+

Mathematica [A] time = 0.44, size = 244, normalized size = 1.44

csch(e + fx)(sinh(fx) + cosh(fx)) (2 fix (4c3 + 6¢%dx + ded?x® + d3x3) (sinh(e) + cosh(e)) + (cosh(e) — sir

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~3/(a + a*Cothle + f*x]),x]

[Out] (Cschle + f*x]*(Cosh[f*x] + Sinh[f*x])*((4*xc~3*%f~3 + 6*xc™2xd*f 2% (1 + 2xf*xx
) + 6xckdT2xfk (1 + 2kFkx + 2%xFf72%x72) + d73*%(3 + 6kf*kx + 6xFT2%x72 + 4*kf "3
x73))*Cosh[2*xf*x] *(Cosh[e] - Sinh[e]) + 2*%f~4*x*(4*c™3 + 6xc™2xd*x + 4*c*xd”

2%x"2 + d"3*x"3)*(Coshl[e] + Sinh[e]) + (4*c™3*f"3 + 6xc™2xd*f"2x (1 + 2%f*x)

+ BkckdT2xFx (1 + 2xfxx + 2%f72%x72) + d73*%(3 + 6*xf*x + 6xf72%x72 + 4xf73%xx
~3))*(-Cosh[e] + Sinh[e])*Sinh[2*fx*x]))/(16xa*xf~4x(1 + Coth[e + fx*x]))

fricas [A] time = 0.51, size = 304, normalized size = 1.80

(2t +43f2 +62df2 + 60d2f + 4 (2cd2f4+ d3f2)x3 + 3% + 6 (22df* + 2cd? f2 + d° F2)x2 + 2 (4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/16%x((2*xd"3*f~4%x~4 + 4%c™3*f"3 + 6xc™2xd*f~2 + 6*xcxd™2*f + 4*x(2xcxd~2xf~4
+ d73%f73)*x"3 + 3*%d”3 + 6% (2*xcT2xd*f"4 + 2%ckd"2%f73 + d73*FT2)*xT2 + 2% (

4xc”3*f74 + 6%cT2+d*f73 + 6kckd"2xfT2 + 3*%d"3*f)*x)*cosh(f*x + e) + (2%d" 3%
f74*%x74 - 4Axc™3%f73 - 6%CcT2*%dA*f72 — 6xcxdT2xf + 4% (2+xc*xd72*4f74 - d73*f73) *x

"3 - 3*%d73 + 6% (2*xcT2xd*f74 - 2*ckdT2*f73 - d73*fT2)*x72 + 2% (4*xc”3*xf"4 - 6
*C72%d*f73 - BGkckd"2xf72 - 3*%d73*f)*x)*sinh(f*x + e))/(a*xf 4*cosh(f*x + e)

+ axf~4*xsinh(f*x + e))

giac [A] time = 0.13, size = 193, normalized size = 1.14

(2 d3f4x4e(2 fx+2e) L g cdzf‘*x?’e(zfx+2 9 +12 czdf4x2e(2fx+2 ?) 44 B3 +8 c3f4xe(2fx+2 9 £ 12 cd? f3x% +1
16af*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e)),x, algorithm="giac")
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[Out] 1/16%(2xd"3*f~4xx"4*e” (2*%f*x + 2%e) + 8xcxd " 2+%f "4*x"3*ke” (2xf*x + 2%e) + 12%
cT2xd*xf"4xx"2xe” (2xf*xx + 2%e) + 4*d"3*xf73*%x"3 + 8xcT3kf " 4xxke” (2xfxkx + 2%e)

+ 12%ckxd72%f73%x72 + 12%cT2*kd*f73*%x + 6%xdT3kfT2%x72 + 4xcT3*f73 + 12*%xc*d”2
*f72%x + 6%cT2%d*f"2 + 6%d"3kf*x + G6kckd"2xf + 3xd"3)xe” (-2xf*x - 2xe)/(axf

~4)

maple [B] time = 0.43, size = 959, normalized size = 5.67

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3/ (ataxcoth(f*x+e)),x)

[Out] 1/a/f*(-1/£73*d"3*(1/2x(f*x+e) ~"3*cosh(f*x+e)*sinh(f*x+e)-1/8*(f*x+e) ~4-3/4x*
(f*x+e) "2*cosh(f*x+e) "2+3/4* (f*¥x+e) *cosh(f*x+e) *sinh (f*x+e)+3/8* (f*x+e) "2-3
/8*cosh(f*x+e) ~2)+1/f73xd"3* (1/2* (f*x+e) “3*cosh(f*x+e) "2-3/4* (f*x+e) “2*cosh
(f*x+e)*sinh (f*x+e)-1/4* (f*x+e) ~3+3/4* (f*x+e) *cosh (f*x+e) ~2-3/8*cosh(f*x+e)
*ginh (f*x+e)-3/8xf*xx-3/8%e)+3/f"3*d " 3*e*x (1/2* (f*x+e) "2*cosh(f*x+e) *sinh (f*x
+e)-1/6*x(f*xx+e) ~3-1/2* (f*x+e) *cosh(f*x+e) "2+1/4*cosh(f*x+e) *sinh (f*x+e)+1/4
*fxx+1/4%e)-3/f73*xd"3*e* (1/2* (f*x+e) "2xcosh(f*x+e) "2-1/2* (f*x+e) *cosh (f *x+e
)xsinh (f*x+e)-1/4*(f*xx+e) "2+1/4*cosh(f*x+e) ~2)-3/f72xd"2xc* (1/2* (f*x+e) ~2*cC
osh(f*x+e)*sinh(f*x+e)-1/6% (f*x+e) "3-1/2*%(f*x+e)*cosh(f*x+e) "2+1/4*cosh(f*x
+e)*sinh (f*xx+e)+1/4*f*x+1/4%e)+3/f72xd"2xcx (1/2* (f*x+e) "2*cosh(f*x+e) "2-1/2
* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)-1/4* (f*xx+e) "2+1/4*cosh(f*x+e) "2)-3/f73*d"3
*e" 2% (1/2* (f*xx+e) *cosh(f*x+e) *sinh (f*x+e)-1/4* (f*x+e) "2-1/4*cosh(f*x+e) "2)+
3/£73xd"3*%e” 2% (1/2* (f*x+e) *cosh (f*x+e) "2-1/4*cosh (f*x+e) *sinh (f*x+e)-1/4*f*
x-1/4*%e)+6/f72+%d"2%ex*xc* (1/2*% (f*x+e) *cosh (f*x+e) *sinh (f*x+e)-1/4*x (f*xx+e) ~2-1
/4*xcosh(fxx+e) "2)-6/f"2xd " 2*xexc* (1/2* (f*x+e) *cosh(f*x+e) "2-1/4xcosh(f*x+e)*
sinh(f*x+e)-1/4*xf*xx-1/4xe)-3/f*d*c™ 2% (1/2* (f*x+e)*cosh (f*x+e) *sinh (f*x+e)-1
/4% (f*xx+e) "2-1/4*xcosh(fxx+e) "2)+3/f*xd*xc”™ 2% (1/2* (f*x+e) *cosh (f*x+e) "2-1/4*co
sh(f*x+e)*sinh(f*x+e)-1/4xf*x-1/4%e)+d"3*e”3/f 3% (1/2*cosh (f*x+e) *sinh (f*x+
e)-1/2*f*x-1/2*%e)-1/2*xd"3%e~3/f"3*cosh(f*x+e) "2-3xd"2%e~2/f " 2*c* (1/2*cosh (f
*x+e) *sinh (f*xx+e)-1/2xfxx-1/2%e)+3/2*d"2xe~2/f " 2xc*cosh (f*x+e) ~2+3*xd*xe/f*c”
2% (1/2*cosh(f*x+e)*sinh (f*x+e)-1/2*%f*x-1/2*%e)-3/2*xd*e/f*c " 2*cosh(f*x+e) ~2-c
~3%(1/2*cosh(f*x+e)*sinh (f*x+e)-1/2*%f*x-1/2*%e)+1/2*xc"3*cosh (f*x+e) ~2)

maxima [A] time = 0.46, size = 183, normalized size = 1.08

1 (2(fx+e) J2fx2e)) 3 (2f2x2e(2@) +(2fx+ 1)e(_2fx))czde(‘2€) (4 Fox%e@9) +3 (222 +2 fx +1)c
=c + + +

4 af af 8af? 8af’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e)),x, algorithm="maxima"

[Out] 1/4*c™3*x(2x(fxx + e)/(a*xf) + e~ (-2xfxx — 2%e)/(a*xf)) + 3/8%x(2*xf~2xx"2%e” (2%
e) + (2*f*xx + 1)*e” (-2xf*x))*c”2*xd*e” (-2*e)/(axf~2) + 1/8*(4*f~3*xx"3*xe” (2*e

)+ 3k (2*%f72%x72 + 2xfxkx + 1)xe”(-2%f*x))*cxd"2xe” (-2*xe)/(a*xf~3) + 1/16*%(2x%
f74xx"4*xe” (2%xe) + (4*f73%x"3 + 6*f72%x72 + 6xfxx + 3)*e” (—2*f*x))*d"3*e” (-2

xe) /(axf~4)

mupad [B] time = 1.45, size = 223, normalized size = 1.32

4B fAx+62dfix+6PdfPx+4cd® AP +6cd? P2 +6cd? fPx+d fAxt+2d° 223 +3d3 f2x% +.
8a f4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + axcoth(e + f*x)),x)
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[Out] (3*d~3*f*xx + 4*c™3%f " 4dxx + 3*xd"3*f"2%xx"2 + 2%d"3*xf"3*x"3 + A" 3*xf"4*xx"4 + 6%
cxd"2*%f"3%x72 + 6kcT2%d*xfT4*x"2 + 4xcxdT2xfT4%x73 + 6kckdT2*%fT2%xx + 6%xcT2%d
*f~3%x) /(8%a*xf~4) - (3*%d~3 + 4*c™3*f~3 + 6xd"3*xf*x + 6xc”2+%d*f~2 + 6xd"3*f"

2%x72 + 4xd73*f"3%x73 + 6xckd"2xf + 12%ckdT2*xf7T3*%xT2 + 12%xckdT2xf7T2xx + 12%
c”2xd*xf~3*x) / (8*axf~4*(coth(e + f*x) + 1))

sympy [A] time = 1.74, size = 864, normalized size = 5.11

4¢3 f4x tanh (e+fx) 463 fx 4633 6c2d f*x? tanh (e+fx) 6c2df4x2 «
+ —_—
8af4tanh (e+fx)+8af4 8af4tanh (e+fx)+8af4 8af4tanh (e+fx)+8af4 8af4tanh (e+fx)+8af4 8af4tanh (e+fx)+8af4 8

27,2 3.4
3c4d. d
Sx+ % +ed?x3+ Tx

acoth (e)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)**3/(a+axcoth(f*x+e)),x)

[Out] Piecewise((4xc*x*3*xf**x4*x*tanh(e + f*xx)/(8*xa*xf**x4*xtanh(e + f*xx) + 8Sxaxf*x4)
+ 4xckx3xf*xxdxx/ (8kxaxfx*x4xtanh(e + f*xx) + 8kaxf*x*x4) + 4xc*xx3xf*x*x3/(8*a*xf*xx4
xtanh(e + f*x) + 8*xaxf**x4) + Gkcxk2kd*fxxdxxkxk2*xtanh(e + f*x)/(8xaxf*xxd*xtan
h(e + f*xx) + 8xaxf*x*xd) + Gxckx*xkdxf**xdxxxx2/(8xa*xf*r*xdxtanh(e + f*x) + 8*xaxf
*%4) - Gkckk2kd*xfx*x3xxxtanh(e + £*x)/(8*axf*x4dxtanh(e + f*x) + 8*xaxf**x4) +
Bxcxk2xdxfxx3xx/ (8*ka*xf*x*x4*xtanh(e + f*xx) + 8xaxf*x*x4) + 6Gxcx*2kxd*xf*xx2/ (8xaxfx*
x4xtanh(e + f*x) + Skaxf*x*4) + 4xckd*x2kxf*xdxx**x3xtanh(e + f*xx)/(8ka*xf*x*xd*t
anh(e + f*xx) + 8xaxf**xd) + dkckxd**2xf**x4*xx*xx3/(8xaxf**xdxtanh(e + f*x) + 8*a
*f*%x4) - Gkckd*x*x2xf*xx3xx**2xtanh(e + f*xx)/(8xaxfxx4xtanh(e + f*x) + 8xaxf*xx
4) + Gkckdx*x2*xf*xx3kxk*x2/ (8kakxf*x*x4d*xtanh(e + f*x) + 8xaxf*x*x4) — Gkxckdx*kxf*x*2
*x*xtanh(e + f*x)/(8xaxfx*x4+xtanh(e + f*x) + 8xaxfxx4) + Gxckd**2xF**x2*xx/ (8*a
*f+x4*xtanh(e + f*xx) + 8xaxf**x4) + Gkxckxd**2xf/(8xaxf**x4+xtanh(e + f*x) + 8*ax
f**x4) + dxx3xfxxdxx**4*tanh(e + f*x)/(8xaxfx*x4+xtanh(e + f*x) + 8Bxaxfxx4) +
dxx3xfkkdxx**x4/ (8*xaxfxx4d+xtanh(e + fxx) + 8Skxaxf**x4) - 2xd**3xf**3*kx*x*x3*xtanh (
e + f*x)/(8xaxf*xdxtanh(e + f*x) + 8kaxf**4) + 2xdx*x3*xL+*x3*xx*x*3/ (8xaxf*r*xdxt
anh(e + f*x) + 8*xaxf*x*x4) — 3*xd**x3*xf**x2kx**2xtanh(e + f*x)/(8*xa*f**4d*xtanh(e
+ fxx) + 8ka*xf*xx4) + 3kd*x*x3kf*x*xQkx**x2/(8xaxfx*x4dxtanh(e + f*xx) + 8Skaxf*xx4) -
3*xd*xx3xfxxktanh(e + f*x)/(8xaxfxxdxtanh(e + f*xx) + Sxaxfx*x4) + 3Ikd*x*x3*xf*xx/
(8xaxf**4*xtanh(e + f*xx) + 8xaxf**x4) + 3*xd**3/(8*axfrxdxtanh(e + f*x) + 8*ax
fxx4), Ne(f, 0)), ((ckx3%x + 3kckx*xkd*x**x2/2 + ckxdx*x2xx**3 + d*x*3xx*x*x4/4)/(
axcoth(e) + a), True))



80

2
317 [ g

a+a coth(e+fx)

Optimal. Leaf size=122

d(c + dx) (c + dx)? (c+dx)> (c+dx)3 d? d?x
"2f2(acoth(e + fx) + 4) 2f(acothe+ fx)+a)  4daf | 6ad  4f(acoth(e+ fx)+a) daf?

[Out] 1/4xd~2*x/a/f"2+1/4*(d*xx+c) 2/a/f+1/6x(d*x+c) 3/a/d-1/4xd~2/f"3/(a+a*xcoth(f
*x+e) ) -1/2xd* (dxx+c) /£72/ (a+axcoth(f*xx+e))-1/2%(d*x+c) ~"2/f/ (a+a*xcoth(f*x+e)

)

Rubi [A] time = 0.12, antiderivative size = 122, normalized size of antiderivative

= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 20,
number of rules _ ).150, Rules used = {3723, 3479, 8)

integrand size

d(c + dx) (c + dx)? (c+dx)> (c+dx)3 d? d?x
“2f2(acoth(e + fx) + @) 2f(acoth(e+ fx)+a)  4daf | 6ad  4f(acoth(e+ fx) +a) daf?

Antiderivative was successfully verified.
[In] Int[(c + d*x)"2/(a + a*Cothl[e + f*x]),x]

[Out] (d"2*x)/(4xaxf~2) + (c + d*x)"2/(4*xaxf) + (c + d*xx)~3/(6xa*xd) - d~2/(4*f 3%
(a + axCothl[e + f*x])) - (d*(c + d*x))/(2xf"2x(a + axCothl[e + f*x])) - (c +
dxx) "2/ (2xfx(a + ax*Cothle + f*x]))

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(ax(a +
bxTan[c + d*x]) n)/(2xb*d*n), x] + Dist[1/(2*a), Int[(a + bx*Tan[c + dx*xx])"(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a~2 + b~2, 0] && LtQ[n, 0]

Rule 3723

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + (Dist[(axd*m)/(2xbx*f)
, Int[(c + d*x)"(m - 1)/(a + b*Tanl[e + f*x]), x], x] - Simp[(a*x(c + d*x)"m)
/ (2xb*fx(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQla
"2 + b72, 0] && GtQ[m, O]

Rubi steps
(c + dx)? _ (c+dx)’ (c + dx)? d f #ﬁ;m X

fa+acoth(e+fx) r= 6ad 2f(a + acoth(e + fx)) " f
_(c+dx)? (c+dx) d(c + dx) (c + dx)?
T T 4af ' 6ad  2f2(a+acoth(e + fx) 2f(a+ acoth(e + fx) |
_(c+dx)? (c+dx)? d? d(c + dx) ~
~ daf * 6ad 4f3(a + acoth(e + fx)) - 2f2%(a+acoth(e+ fx)) 2f(a+

d?x  (c+dx)*> (c+dx)? d? d(c + dx)

T2 " 4af ' 6ad  4f3(a+acoth(e + fx) 2f%a+ acoth(e + fx))
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Mathematica [A] time = 0.28, size = 169, normalized size = 1.39

csch(e + fx)(sinh(fx) + cosh(fx)) (g f3x (3c2 + 3cdx + dzxz) (sinh(e) + cosh(e)) + (cosh(e) — sinh(e)) cosh

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2/(a + a*Cothle + f*x]),x]

[Out] (Cschle + f*x]*(Cosh[f*x] + Sinh[f*x])*((2*%c™2+%f72 + 2kckxd*xf*x(1 + 2xfxx) +
d"2x(1 + 2xf*xx + 2xf"2%x"2))*Cosh[2*f*x]*(Cosh[e] - Sinh[e]) + (4*f~3*xx*(3*
c”2 + 3*ckdxx + d"2*x"2)*(Cosh[e] + Sinh[e]))/3 + (2*%c™2%f~2 + 2*c*xd*f*(1 +
2xfxx) + d72+%(1 + 2*f*xx + 2xf~2%x72))*(-Cosh[e] + Sinh[e])*Sinh[2*f*x]))/(

8xa*xf~3x(1 + Cothl[e + fxx]))

fricas [A] time = 0.41, size = 192, normalized size = 1.57

(4d2F3 + 62 f2 + 6cdf + 6 (2cdf> +d2f2)x? + 3d% + 6 (262 + 2cdf? + d2f)x) cosh (fx + e) + (4 d2f
24 (af3cosh<fx+e) +af3s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/24*%((4*d~2*xf~3%x73 + 6*%c™2*f"2 + 6xcxd*xf + 6% (2*c*d*f~3 + d72xf"2)*x"2 +
3kdA72 + 6% (2xcT2xf73 + 2kckd*f72 + d72*xf)*x)*cosh(f*x + e) + (4*xd™2*xf~3%xx"3
- B6*%cT2*f72 — Bxckdxf + 6% (2*ckd*f"3 - d72xfT2)*x72 - 3*%d72 + 6% (2xc"2xf"3
- 2xckd*f72 - d72xf)*x)*sinh(f*x + e))/(axf~3*cosh(f*x + e) + a*xf " 3*sinh(f

*x + e))

giac [A] time = 0.12, size = 123, normalized size = 1.01

(4 d2f3x3e(2fx+ze) +12 cdf3xze(2fx+26) +12 c2f3xe(2fx+26) +6d2f2x% +12cdf?x + 62 f2 + 6d°fx + 6 cdf
24af3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e)),x, algorithm="giac")

[Out] 1/24%(4xd"2*f " 3%x"3%e”~ (2xf*x + 2%e) + 12%cxd*f~3*xx"2%e” (2xf*xx + 2%e) + 12%c
“2xfT3kxke” (2%fkx + 2%e) + 6xd72%fT2%x72 + 12%ckd*fT2%*x + 6xcT2%f"2 + 6%d”2
*f*xx + Gkckdxf + 3xd"2)xe” (-2%f*x - 2%e)/(axf~3)

maple [B] time = 0.39, size = 469, normalized size = 3.84

2
2 ( x+e)2 cosh( x+e) sinh(fx+e) ( x+€)3 (fx+e) (COShZ (fx+e)) cosh(fx+e) sinh(fx+e) fx e o (fx+e) (COShZ(fx"'E)) ( X+e) cosh( X+{,’) sinh(fa
d - - + + 4o d 5 - 5
2 6 2 4 4 4
— 72 + 72

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2/ (ata*xcoth(f*x+e)),x)

[Out] 1/a/f*(-1/f72xd"2*(1/2x(f*x+e) "2*cosh(f*x+e)*sinh(f*x+e)-1/6*(f*x+e) ~3-1/2%
(f*x+e)*cosh(f*x+e) "2+1/4xcosh(f*x+e)*sinh (f*x+e)+1/4xfxx+1/4*e)+1/f~2xd" 2%
(1/2% (f*x+e) "2*cosh(f*x+e) "2-1/2* (f*x+e) *cosh (f*x+e) *sinh (f*x+e)-1/4* (f*x+e
) "2+1/4*cosh(f*x+e) "2)+2/f"2xd " 2%e* (1/2* (f*x+e) *cosh (f*x+e) *sinh (f*x+e)-1/4
* (f*xx+e) "2-1/4*xcosh(fxx+e) ~2)-2/f"2xd " 2*xe*x (1/2* (f*x+e) *cosh (f*x+e) "2-1/4*co
sh(f*x+e)*sinh(f*x+e)-1/4*f*x-1/4%e)-2/f*d*c*x (1/2* (f*x+e) *cosh(f*x+e)*sinh(
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fxx+e)-1/4*(f*xx+e) " 2-1/4*cosh(f*x+e) ~2)+2/fxd*xc* (1/2% (f*xx+e) *cosh (f*x+e) "2~
1/4xcosh(f*x+e) *sinh (f*x+e)-1/4xfxx-1/4%e)-d"2*%e”2/f"2*x(1/2*xcosh (f*x+e) *sin
h(f*x+e)-1/2xf*x-1/2%e)+1/2*d"2xe”~2/f "2xcosh (f*x+e) ~2+2*d*e/f*xcx (1/2*xcosh (£
*x+e)*sinh (f¥x+e)-1/2xf*xx-1/2*%e)-d*e/f*cxcosh(f*x+e) "2-c~ 2% (1/2*cosh(f*x+e)
*ginh (f*x+e)-1/2xf*x-1/2%e)+1/2*%c”2*cosh(f*x+e)~2)

maxima [A] time = 0.41, size = 124, normalized size = 1.02

—2fx-2¢)) (2 2x2e@9) + (2 fx +1 2% o200 (4 5323629 43 (2 222 42 fx + 1)l
1, 2(fx+e) e

- + + +
1€ af af 4af? 24af3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)~2/(at+axcoth(f*x+e)),x, algorithm="maxima"

[Out] 1/4xc™2x(2x(fxx + e)/(axf) + e (-2xfxx - 2%xe)/(axf)) + 1/4%x(2*xf~2%xx"2%e” (2%
e) + (2%fxx + 1)*xe” (-2%fxx))*cxd*e™(-2xe)/(a*xf~2) + 1/24x(4*xf~3xx"3%e” (2*e)
+ 3k (2kf"2%x"2 + 2xfxx + 1)*e” (-2%fx*xx))*d~2xe~(-2%e)/ (a*xf~3)

mupad [B] time = 1.30, size = 186, normalized size = 1.52

e 2e2fx (3 d2+3 42 e28+2fx) fe—Ze—fo (6cd+6d2 X+6

e20-2fx (12C2xe26+2fx + 44233 e2et2fx £ 12 o d 52 e2€+2fx) o + 24
+

24 qa ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + a*coth(e + f*x)),x)

[Out] (exp(- 2*e - 2xf*x)*(12*%c ™ 2xx*xexp(2*xe + 2%f*x) + 4*d"2xx"3*exp(2xe + 2*f*x)
+ 12xc*xd*xx~2*%exp(2xe + 2xfx*x)))/(24*%a) + ((exp(- 2%e - 2*f*x)*(3*%d"2 + 3*d
“2%exp(2*%e + 2xfx*x)))/24 + (fxexp(- 2xe - 2xf*x)*(6kcxd + 6*%d"2%x + 6*ckdxe
xp(2%e + 2*f*x))) /24 + (£72%exp(- 2xe - 2*f*x)*(6%c™2 + 6*c™2%exp(2*e + 2*f

*X) + 6%d”2*%x"2 + 12xcxdx*x))/24)/(axf~3)

sympy [A] time = 1.25, size = 522, normalized size = 4.28

6c2f3x tanh (e+fx) 6c2f3x 6c2f2 6edf3x2 tanh (e+£x) 6cd £33
+ +
12af3 tanh (e+fx)+12af3  12af3tanh (e+fx)+12af3  12af3tanh (e+fx)+12af3 ~ 12af3tanh (e+fx)+12af3 = 12af3tanh (e+fx)+12a

2.3
x+edx+ Tx

acoth (e)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(ataxcoth(f*x+e)),x)

[Out] Piecewise((6*c**2xf**3xx*¥tanh(e + f*xx)/(12xa*xf**x3xtanh(e + f*xx) + 12xa*xf**3
)+ BxcHk*k2xfx3kx/ (12%axfx*x3xtanh (e + f*x) + 12*%a*xf**3) + Gxck*x2+xf**2/(12*a
*f+x3*%tanh(e + f*x) + 12xa*xf**x3) + Gkxckdxf**x3kx*x*x2xtanh(e + f£*x)/(12*%a*xf**3
*tanh(e + f*xx) + 12%a*xf*x3) + 6xckdxf**x3xx*xx2/(12*xa*f**3xtanh(e + f*xx) + 12
*a*xf**3) - Gkckdxf**x2xxxtanh(e + f*x)/(12*axf**3xtanh(e + f*x) + 12*a*xf**3)
+ BGxckdxfxx2xx/ (12*xa*xf**x3xtanh(e + f*xx) + 12xaxf**x3) + 6*xckxd*xf/(12%xa*xf**x3x%
tanh(e + fxx) + 12%a*xf**3) + 2kd**x2xf**x3xx**x3*xtanh(e + f*x)/(12*xa*xf**x3xtanh
(e + f*x) + 12%axf**3) + 2xd*x*x2*xf+*3*x**3/ (12*a*xf**x3xtanh(e + f*x) + 12*axf
*%3) - Skdxx2xfxx2xxkk2xtanh(e + f*x)/(12*axf**3xtanh(e + f*x) + 12*xaxf**3)
+ 3kdx*2xFx*xkx*k*2/ (12*xa*xf**x3xtanh (e + f*x) + 12*xa*xf**3) - 3*xd*x*2*xf*x*tanh
(e + f*x)/(12*%a*xf**3*xtanh(e + f*x) + 12*a*f**3) + Ixd*x*x2xfxx/(12*a*xf**3*tan
h(e + f*xx) + 12xa*xf**x3) + 3xd**2/(12*xaxf*x*x3*xtanh(e + f*x) + 12*xaxf*x*x3), Ne(
£, 0)), ((c**2*xx + cxdxx**2 + d**x2xx**3/3)/(axcoth(e) + a), True))
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318 [ —S gy

a+a coth(e+fx)

Optimal. Leaf size=74

c+dx (c + dx)? d dx
_2f(a coth(e + fx) + a) " dad 4f2(acoth(e + fx) + a) " 4af

[Out] 1/4xdxx/a/f+1/4*x(d*x+c)”~2/a/d-1/4*xd/f~2/(a+a*xcoth(f*x+e))+1/2x(-d*x-c)/f/(a
+axcoth(f*xx+e))

Rubi [A] time = 0.05, antiderivative size = 74, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 18,
number of rules _ ) 167, Rules used = {3723, 3479, 8}

integrand size

c+dx (c + dx)? d dx
“2f(acoth(e + fx) +a) | 4dad  4f%(acoth(e+ fx)+a)  daf

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + a*Coth[e + fx*x]),x]

[Out] (d*x)/(4*axf) + (c + d*x)~2/(4*xaxd) - d/(4xf"2x(a + axCothl[e + fxx])) - (c
+ d*xx)/(2xf*(a + axCoth[e + f*xx]))

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(ax(a +
b*xTan[c + d*x])"n)/(2xb*d*n), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*xx]) (
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, 0]

Rule 3723

Int[((c_.) + (A_)*x D))" (m_.)/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + (Dist[(axd*m)/(2*xbxf)
, Int[(c + d*x)"(m - 1)/(a + b*Tanle + f*x]), x], x] - Simp[(ax(c + d*x) "m)
/ (2xb*f*x(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQla
"2 + b72, 0] && GtQ[m, O]

Rubi steps
f c+dx dxz(c+dx)2_ c+dx +dfmdx
a + acoth(e + fx) 4ad 2f(a + acoth(e + fx)) 2f
(c +dx)? d c+dx d [1dx
T 4ad 4f2(a + acoth(e + fx)) - 2f(a + acoth(e + fx)) " daf
_dx (c+dx)? d c+dx

 daf " dad 4f2(a + acoth(e + fx)) - 2f(a + acoth(e + fx))

Mathematica [A] time = 0.29, size = 81, normalized size = 1.09

(2cf(2fx +1) +d (222 + 2fx +1)) coth(e + fx) + 2cf (2fx - 1) + d (2f2x? - 2fx — 1)
8af?(coth(e + fx) +1)
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Antiderivative was successfully verified.

[In] Integratel[(c + d*x)/(a + a*Cothle + fx*x]),x]
[Out] (2*%c*xfx(-1 + 2xf*xx) + dx(-1 - 2xf*xx + 2%f"2%x72) + (2*cxf*x(1 + 2xf*xx) + dx*(
1 + 2%fxx + 2%xf"2xx"2))*Cothl[e + fx*xx])/(8*axf"2x(1 + Cothl[e + fx*xx]))

fricas [A] time = 0.39, size = 101, normalized size = 1.36

(2df22 +2cf +2(2cf? + df)x +d) cosh (fx +e) + (2df2x? - 2cf +2(2cf? - df)x — d) sinh (fx + e)
S(afzcosh(fx +e) + afzsinh(fx+e))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/8%((2xd*xf~2%xx"2 + 2xc*xf + 2% (2*c*xf~2 + dxf)*x + d)*cosh(f*xx + e) + (2*dxf
“2%xx"2 - 2%cxf + 2% (2%cxf"2 - dxf)xx — d)*sinh(f*x + e))/(axf"2*cosh(f*x +

e) + axf 2xsinh(f*x + e))
giac [A] time = 0.13, size = 65, normalized size = 0.88
(Zd 2,202 fx+2¢) 4cf2xe(2fx+26) +2dfx+2cf + d)e(‘zfx‘ze)

8af?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+a*xcoth(f*x+e)),x, algorithm="giac")
[Out] 1/8%(2xd*f~2%x"2%e” (2xf*xx + 2%e) + 4dxcxf ™ 2xx*ke™ (2xf*xx + 2%e) + 2xd*xf*xx + 2%
cxf + d)*e” (-2%fx*xx - 2%e)/(axf~2)

time = 0.38, size = 175, normalized size = 2.36

maple [B]
2 2 2
fx+e) cosh(fx+e)sinh(fx+e) (fx+e cosh®(fx-+e) (fx+e)(cosh™(fx+e))  cosh frx+e)sinh(fxve) fr e cosh( frre) sinh( frte
JUEEENAEE )_(4)_( { ) (2 ) _cosn( Jsnblje) s s i o) o
7 i f " f |
af

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+axcoth(f*x+e)),x)

[Out] 1/a/f*x(-1/f*d*x(1/2*(f*x+e)*cosh(f*x+e)*sinh(f*x+e)-1/4*%(f*x+e) "2-1/4*cosh(f
xx+e) "2)+1/fxd* (1/2*% (fxx+e) *cosh(f*xx+e) "2-1/4xcosh(f*x+e) *sinh (f*x+e)-1/4x*f
xx—1/4xe)+d*e/f*x(1/2*xcosh(f*x+e)*sinh (f*x+e)-1/2xf*x-1/2%e)-1/2*d*e/f*xcosh(
fxx+e) "2-c*(1/2*cosh(f*x+e)*sinh(f*x+e)-1/2xf*x-1/2%e)+1/2*c*cosh(f*x+e) ~2)

maxima [A] time = 0.41, size = 72, normalized size = 0.97

1 [2 (fx + e) e(2fx26)] (2f2x26(25) + (fo + 1)5(‘2f’f))de(—2e)
+

8af?

—c +

4 af af

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*xcoth(f*x+e)),x, algorithm="maxima"
[Out] 1/4xcx(2*%(f*xx + e)/(axf) + e~ (-2xfxx - 2%e)/(axf)) + 1/8%x(2*xf " 2xx"2%e” (2*e)
+ (2%f*xx + 1)*e”(-2xf*x))*d*e” (-2%e)/(axf~2)
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mupad [B] time = 1.26, size = 76, normalized size = 1.03

a a+ucoth(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + axcoth(e + f*x)),x)

[Out] (x*(c/2 + d/(4x*f)) + (d*x~2)/4)/a - ((d/4 + (c*xf)/2)/f72 - x*(c/2 - d/(4xf)
) + xx(c/2 + d/(4x£)))/(a + axcoth(e + f*x))

sympy [A] time = 0.89, size = 250, normalized size = 3.38

2cf2xtanh (e+fx) chzx 2cf df?x? tanh (e+fx) df2x2

2

cx+ &%
2

acoth (e)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+a*coth(f*x+e)),x)

[Out] Piecewise((2xcxf**2*x*tanh(e + f*x)/(4xaxf**2xtanh(e + f*x) + 4dxaxfxx2) + 2
*ckf+x2xx/ (draxfx*x2xtanh (e + £*x) + 4dxaxf**x2) + 2xcxf/(4*a*xf**2*xtanh(e + fx*
X) + dxaxfxx2) + dxf*+*k2*kx*k*k2*xtanh(e + f*x)/(4*a*f*+*x2*xtanh(e + f*xx) + 4xaxf*
*2) + dkfRk2kx**2/ (4dxaxfx*x2+xtanh(e + f*x) + 4d*xaxf*x*x2) - d+xf*x*tanh(e + f*x)
/ (dxaxf*+*x2xtanh(e + f*x) + 4dxaxf**x2) + dxf*xx/(4dxaxf*+*x2xtanh(e + f*x) + 4*xax
f*xx2) + d/(4xaxf+x2xtanh(e + f*xx) + 4xaxf*x2), Ne(f, 0)), ((ckxx + d*x*x*x2/2)

/(a*coth(e) + a), True))

4af? tanh(e+fx)+4af2 4af? tanh(e+fx)+4af2 * 4af? tanh(e+fx)+4af2 * 4af? tanh(e+fx)+4af2 4af? tanh(e+fx)+4af2 o
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319 1

(c+dx)(a+a coth(e+fx))

Optimal. Leaf size=157

Chi (fo + z%f) sinh (Ze - %) Chi (fo + z%f) cosh (Ze - %) sinh (Ze - %) Shi (fo + %) cosh (Ze -
2ad - 2ad - 2ad "

[Out] -1/2%Chi (2*c*xf/d+2*f*x)*cosh(-2*%e+2*c*xf/d)/a/d+1/2*x1n(d*x+c)/a/d+1/2*cosh(-
2%e+2xc*f/d) *Shi (2%cxf/d+2xf*x) /a/d-1/2*Chi (2xc*xf/d+2*f*x) *sinh (-2*e+2*cxf/
d)/a/d+1/2%Shi (2*c*xf/d+2*f*x) *sinh (-2*e+2*c*xf/d)/a/d

Rubi [A] time = 0.25, antiderivative size = 157, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 20,

number of rules _ ).200, Rules used = {3726, 3303, 3298, 3301}

integrand size

. 2cf\ . 2cf . 2cf 2cf . 2cf . 2cf
Chi (fo + 7) sinh (Ze - 7) _Ch1 (fo + 7) cosh (Ze - 7) _smh (Ze - 7) Shi (2xf + 7) +cosh (26 -
2ad 2ad 2ad

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)*(a + a*xCoth[e + f*x])),x]

[Out] -(Cosh[2*e - (2*cxf)/d]*CoshIntegral [(2xc*f)/d + 2*xf*xx])/(2xa*xd) + Loglc +
dxx]/(2%a*d) + (CoshIntegral[(2xcx*f)/d + 2*xfxx]*Sinh[2%e - (2xcx*f)/d])/(2*a

xd) + (Cosh[2xe - (2xcx*f)/d]*SinhIntegral [(2xcx*f)/d + 2*f*xx])/(2*axd) - (Si
nh[2%xe - (2xc*f)/d]*SinhIntegral [(2xc*f)/d + 2*fxx])/(2*%axd)

Rule 3298

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral[(c*f*fz)/d + f*xfz*x])/d, x] /; FreeQl{c, d, e, f
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*fxfz)/d + fxfz*x]/d, x] /; FreeQl{c, d, e, f, fz
}, x] && EqQldx(e - Pi/2) - cxf*xfzxI, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, 4, e, f}, x] &&
NeQ[d*e - c*xf, 0]

Rule 3726

Int[1/(((c_.) + (d_)*(x_))*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)])), x_Symb
0ol] :> Simp[Loglc + d*x]/(2xaxd), x] + (Dist[1/(2%a), Int[Cos[2*e + 2xfx*x]/
(c + d*x), x], x] + Dist[1/(2%b), Int[Sin[2*e + 2*fxx]/(c + d*x), x], x]) /
; FreeQ[{a, b, ¢, 4, e, f}, x] & EqQ[a"2 + b~2, 0]

Rubi steps
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. sin(Z(ze+ )+21fx) cos(2(ze+ )+21fx)
1 log(c+dx)+ldex+dex
(c + dx)(a + acoth(e + fx)) 2ad 2a 2a

2cf COSh( +2f x) sin
logle+dx) cosh(Ze— T)f—c+dx dx . cosh( )f_

B 2ad 2a 2a
~ cosh (26~ 2 cni (% +2f2) logerdn) Chi (4 + 2fx) sin

- 2ad 2ad 2ad

Mathematica [A] time = 0.27, size = 122, normalized size = 0.78

csch(e + fx)(sinh(fx) + cosh(fx)) (Ch (M) ( nh (e - %) _cosh (e - %)) + Shi (@) (cosh (e
2ad(coth(e + fx) +1)

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)*(a + a*Coth[e + f*x])),x]

[Out] (Cschle + f*x]*(Cosh[f*x] + Sinh[f*x])*(Logl[f*(c + d*x)]*(Cosh[e] + Sinhl[e]
) + CoshIntegral[(2xf*(c + d*x))/d]*(-Cosh[e - (2xcxf)/d] + Sinh[e - (2xcxf
)/d]) + (Coshl[e - (2xcxf)/d] - Sinh[e - (2%c*f)/d])*SinhIntegral [(2xf*(c +

d*x))/d]))/(2xa*xd*(1 + Cothle + fxx]))
fricas [A] time = 0.40, size = 75, normalized size = 0.48

Ei (_M)h (_M) +Ei (_M)smh (_M) ~log (dx +0)

d d d d

2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e)),x, algorithm="fricas")

[Out] -1/2*(Ei(-2x(d*f*x + c*f)/d)*cosh(-2*x(d*e - c*f)/d) + Ei(-2x(d*xf*x + cxf)/d
)*sinh(-2x(d*e - c*f)/d) - log(d*x + c))/(axd)

giac [A] time = 0.14, size = 50, normalized size = 0.32

(Ei( (dfx+Cf))( ) e(z")log(dx+c)) —2e)

2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(at+axcoth(f*x+e)),x, algorithm="giac")
[Out] -1/2%(Ei(-2*(d*f*x + c*xf)/d)*e” (2xcxf/d) - e~ (2*e)*log(d*x + c))*e” (-2*e)/(
axd)

maple [A] time = 1.02, size = 61, normalized size = 0.39
2cf —2de 2cf-2de
ln(dx+C) El(l 2fx+2 e+ i )
+
2da 2ad

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(d*x+c)/(ata*xcoth(f*x+e)),x)
[Out] 1/2*1n(d*x+c)/d/a+1/2/a/dxexp (2% (c*xf-dxe)/d)*Ei(1,2+f*x+2%e+2* (cxf-d*e)/d)

maxima [A] time = 0.57, size = 48, normalized size = 0.31

(_26+%)E 2 (dx+c)f
¢ 1( d )+log(dx+c)

2 ad 2 ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(at+a*coth(f*x+e)),x, algorithm="maxima"
[Out] 1/2%e”(-2%e + 2*xcxf/d)*exp_integral_e(1l, 2x(d*x + c)*f/d)/(axd) + 1/2xlog(d

xx + c)/(axd)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

1
f(a+acoth(e+fx)) (c+dx) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*x))*(c + d*x)),x)

[Out] int(1/((a + axcoth(e + fx*xx))*(c + d*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f ccoth (e+fx)+c+dx coth (e+fx)+dx

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(at+axcoth(f*x+e)),x)
[Out] Integral(l/(c*coth(e + fxx) + c + d*x*xcoth(e + f*x) + d*x), x)/a
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3.20 | 1

(c+dx)?(a+a coth(e+fx))
Optimal. Leaf size=159
fChi (ZXf + %) sinh (2e — ﬂ) fChi (fo + z%f) cosh (26 - z%f) f sinh (Ze - %) Shi (fo n %) f

d
+ + ——
ad? ad? ad?

[Out] f*Chi(2*xc*f/d+2*f*x)*cosh(-2%e+2*cxf/d)/a/d"2-1/d/(d*x+c)/(a+a*xcoth(f*x+e))
-fxcosh(-2*e+2*c*xf/d)*Shi (2xc*xf/d+2*f*xx) /a/d"2+f*Chi (2*%c*f/d+2*f*x)*sinh (-2
xe+2xcxf/d) /a/d"2-f*Shi (2xc*xf/d+2*xf*x) *sinh (-2*e+2*xc*xf/d) /a/d"2

Rubi [A] time = 0.21, antiderivative size = 159, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 20,

number of rules _ ). 200, Rules used = {3724, 3303, 3298, 3301}

integrand size

fChi (ZXf + %) sinh (2@ — %) fChi (ZXf + %) cosh (26 - %) fsinh (2@ - %) Shi (2xf + %) f
- + +

ad? ad? ad? -

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)~2*(a + a*Coth[e + f*x])),x]

[Out] (fxCosh[2*e - (2*cxf)/d]*CoshIntegral [(2*c*xf)/d + 2xf*x])/(a*xd”2) - 1/(d*x(c
+ d*x)*(a + axCoth[e + f*x])) - (f*CoshIntegral[(2xc*f)/d + 2*xf*x]*Sinh[2*

e - (2xcxf)/d])/(axd”2) - (f*Cosh[2*e - (2*c*f)/d]*SinhIntegral [(2*c*f)/d +
2xf*xx])/(axd~2) + (fxSinh[2%e - (2%c*f)/d]*SinhIntegral [(2*%c*f)/d + 2%f*x]

)/ (axd~2)

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral[(c*f*fz)/d + f*xfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - c*xfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(c*fxfz)/d + fxfz*x]/d, x] /; FreeQl{c, 4, e, f, fz
}, x] && EqQd*(e - Pi/2) - cxf*xfzxI, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(cxf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3724

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tanle + f*x]))~(-1), x] + (-Dist[f/(axd)
, Int[Sin[2%e + 2%f*xx]/(c + d*x), x], x] + Dist[f/(b*d), Int[Cos[2xe + 2xfx*
x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a”2 + b~2, 0]

Rubi steps
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, L , (zf) f sm zi:dx+21fx) Jx ) f f cos(Z(i:——s
(¢ + dx)?(a + acoth(e + fx)) *= _d(c + dx)(a + a coth(e + fx)) ad ad
B 1 (fcosh (Ze— 2%[)) de
_d(c + dx)(a + acoth(e + fx)) " ad -
 feosh (Ze - Z%)Chi(% N 2fx) . fCh
Bl ad? ~ d(c + dx)(a + a coth(e + fx)) -

Mathematica [A] time = 0.81, size = 206, normalized size = 1.30

csch(e + fx) (sinh (C; ) + cosh ( )) (2 f(c+dx)Chi (2f C+dx)) (smh (e _f (C;dx)) - cosh (e i (C+dx))) +2f(c

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)"2x(a + a*Cothl[e + f*x])),x]

[Out] -1/2*(Cschl[e + f#*x]*(Cosh[(c*f)/d] + Sinh[(c*f)/d])*(d*(Coshl[e + fx(-(c/d)
+ x)] - Cosh[e + f*(c/d + x)] + Sinh[e + f*(-(c/d) + x)] + Sinh[e + f*(c/d

+ x)]) + 2xf*x(c + d*x)*CoshIntegral [(2xfx(c + dx*x))/d]*(-Cosh[e - (fx(c + d
xx))/d] + Sinh[e - (f*(c + d*x))/d]) + 2xf*x(c + d*x)*(Cosh[e - (f*x(c + d*x)

)/d] - Sinh[e - (f*(c + d*x))/d])*SinhIntegral [(2xf*(c + d*x))/d]))/(a*xd™2x%

(c + d*x)*(1 + Cothl[e + f*x]))

fricas [A] time = 0.40, size = 216, normalized size = 1.36

(dfx +cf)E ( 2{dferes ))cosh (fx+e) cosh( 2lteref )) (4fx + f)E ( (dfx+cf))cosh( c+e)sinh (_&
(ad®x + acd?) cosh (fx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)”2/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] ((dxf*x + cxf)*Ei(-2*(d*f*x + c*f)/d)*cosh(f*x + e)*cosh(-2x(d*xe - cx*f)/d)
+ (dxf*xx + cxf)*Ei(-2+%(d*f*x + c*f)/d)*cosh(f*x + e)*sinh(-2*x(d*xe - cxf)/d)

+ ((d*f*x + c*f)*Ei(-2x(d*f*x + c*f)/d)*cosh(-2x(d*e - c*f)/d) + (dxf*x +
cxf)*Ei (-2% (dxf*xx + c*f)/d)*sinh(-2%(d*xe - c*f)/d) - d)*sinh(f*x + e))/((ax
d"3*x + axc*d”"2)*cosh(f*x + e) + (a*xd™3*x + axcxd™2)*sinh(f*x + e))

giac [B] time = 0.18, size = 347, normalized size = 2.18

X+C)\ =——f— Cf+de Z(Cf_de) X+ Cf+de E
2(dx+c)(%;_f—£)f2}31( G d)]e( 4 )_Zcf3E1( O d))e(

dx+c d d
dx+c) —

((dx + c)ad4(— .

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(at+a*coth(f*x+e)),x, algorithm="giac")

[Out] 1/2%x(2*(d*x + c)*(c*xf/(d*x + c) - f — d*xe/(d*x + c))*f"2xEi(2*x((d*x + c)*(c
xf/(d*x + ¢c) - £ - dxe/(d*x + c)) - c*xf + dxe)/d)*xe” (2x(c*xf - dxe)/d) - 2x%c
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*f"3*%E1 (2% ((d*x + c)*(c*xf/(d*x + ¢c) - f - d*xe/(d*x + c)) - c*f + d*xe)/d)*e”
(2% (c*xf - d*xe)/d) + 2xd*xf~2*xEi (2*%((d*x + c)*(cxf/(d*x + ¢) - £ - d*xe/(d*x +
c)) — cxf + dxe)/d)*e” (2x(c*f - d*e)/d + 1) - d*f"2xe” (2x(d*x + c)*(cxf/(d
*x + ¢c) - f - dxe/(d*x + ¢))/d) + d*f~2)*d"2/(((d*x + c)*a*d”4*(c*xf/(d*x +
c) - f - dxe/(d*x + c)) - axcxd™4xf + axd"5xe)*f)

maple [A] time = 1.05, size = 91, normalized size = 0.57

2cf-2de

1 N fe—fo—Ze fe 4 Ei(1,2fx+2e+
2da(dx +c)  2ad (dfx + cf) ad?

2cf-2de
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c) 2/ (ata*coth(f*x+e)),x)

[Out] -1/2/d/a/(dxx+c)+1/2*f/a*xexp(-2*xf*x-2xe) /d/ (d*f*x+c*xf)-f/a/d"2*exp (2% (c*xf-d
xe) /d)*Ei (1, 2*%f*x+2%e+2* (cxf-d*e)/d)

maxima [A] time = 0.80, size = 56, normalized size = 0.35

2e+2d 2 (dx+o)f
d
1 e( )E2 ( 7 )

+
2 (adzx + acd) 2(dx + c)ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c) 2/ (a+a*coth(f*x+e)),x, algorithm="maxima")

[Out] -1/2/(a*d”2*x + a*xc*xd) + 1/2xe”(-2%e + 2*cxf/d)*exp_integral e(2, 2*(d*x +
c)xf/d)/((d*x + c)*axd)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

1

f(a+acoth(e+fx)) (c+dx)2 o

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*xx))*(c + d*x)~2),x)
[Out] int(1/((a + a*coth(e + f*x))*(c + d*x)"2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f c2 coth (e+fx)+c2+2cdx coth (e+fx)+2cdx+d%x2 coth (e+ fx)+d2x2

a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(ata*xcoth(f*x+e)) ,x)

[Out] Integral(l/(c**2*coth(e + f*x) + c**2 + 2*ckd*xxcoth(e + f*x) + 2kcxdxx + d
*ok2kxkk2kcoth(e + f*x) + dx*2*x*%2), x)/a
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3.21 1

(c+dx)3(a+a coth(e+fx))

Optimal. Leaf size=211

£Chi(2xf + 2 ) sinin (20 - 2/ ) 72Chi(2xf + ) cosh (26 - ) f2sinh (20~ %) s (207 + 2) p2

ad3 ad? ad3 A

[Out] -1/2*%f/a/d~2/(d*x+c)-f " 2*%Chi(2*c*xf/d+2*xf*x)*cosh(-2*e+2*xc*xf/d)/a/d~3-1/2/4/
(d*x+c) "2/ (at+a*coth(f*x+e) )+f/d"2/ (d*x+c) / (a+a*coth(f*x+e) ) +f"2*cosh (-2*e+2
xc*f/d) *Shi (2xc*xf/d+2xfxx) /a/d"3-f~2*Chi (2xc*f/d+2*f*x) *sinh (-2*e+2*xc*xf/d) /
a/d~3+f"2*Shi (2xc*xf/d+2xfxx)*sinh (-2*e+2*c*f/d) /a/d"3

Rubi [A] time = 0.30, antiderivative size = 211, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 5, integrand size = 20,

number of rules _ ) 250, Rules used = {3725, 3724, 3303, 3298, 3301}

integrand size

f2Chi (fo + —) sinh (26 ch) f2Chi (fo + —) cosh (26’ - —f) f?sinh (Ze —~ —f)Sh (fo + ) f2

ad> ad3 ad>

Antiderivative was successfully verified.
[In] Int[1/((c + d*x) " 3x(a + axCothl[e + fx*x])),x]

[Out] -f/(2xa*xd"2x(c + d*x)) - (£72*Cosh[2*e - (2*c*f)/d]*CoshIntegral [(2*c*f)/d
+ 2xf*xx])/(axd”3) - 1/(2xdx(c + d*x)"2x(a + a*Coth[e + f*xx])) + £/(d"2x(c +
d*x)*(a + axCoth[e + f*x])) + (f"2*CoshIntegral[(2%c*f)/d + 2*xf*x]*Sinh[2%

e - (2xcxf)/d])/(axd™3) + (£72xCosh[2xe - (2%c*f)/d]*SinhIntegral [(2*c*f)/d

+ 2*%f*x])/(axd"3) - (£72xSinh[2%e - (2xc*f)/d]*SinhIntegral [(2xc*xf)/d + 2%
fxx])/(axd”3)

Rule 3298

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral[(c*f*fz)/d + f*xfz*x])/d, x] /; FreeQl{c, d, e, f
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*fxfz)/d + fxfz*x]/d, x] /; FreeQl{c, 4, e, f, fz
}, x] && EqQldx(e - Pi/2) - cxf*xfzxI, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*f)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, 4, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3724

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + f*x]))~(-1), x] + (-Dist[£f/(axd)
, Int[Sin[2*%e + 2*f*x]/(c + d*x), x], x] + Dist[f/(b*d), Int[Cos[2xe + 2xf*
x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[a~"2 + b~2, 0]

Rule 3725
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Int[((c_.) + (d_)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sym
bol] :> Simp[(f*x(c + d*x)"(m + 2))/(b*d"2%(m + 1)*(m + 2)), x] + (Dist[(2*Db
*f)/(a*d*(m + 1)), Int[(c + d*x)"(m + 1)/(a + bxTan[e + f*x]), x], x] + Sim
pl(c + d*x)"(m + 1)/(d*(m + 1)*(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, ¢
, d, e, £}, x] & EqQ[a”2 + b~2, 0] && LtQ[m, -1] && NeQ[m, -2]

Rubi steps
1
f 1 dx = — f B 1 3 f f (c+dx)%(a+a coth(e-
(c +dx)3(a+acoth(e+ fx)) ~  2ad?(c+dx) 2d(c+ dx)?(a+ acoth(e + fx)) d
_ . f ~ 1 N f
2ad?(c +dx)  2d(c + dx)*(a + acoth(e + fx))  d*(c +dx)(a+aco
___f _ 1 N f
2ad%(c + dx)  2d(c + dx)*(a + acoth(e + fx))  d?(c +dx)(a+aco
B f f?cosh (26— %)Chi(% +2fx) :
 2ad?(c + dx) ad? 2d(c + dx)?(a +

Mathematica [A] time = 1.12, size = 265, normalized size = 1.26

csch(e + fx) (sinh (%) + cosh (%)) (4 f2(c + dx)*Chi (zf (C;dx)) (cosh (e i (C;dx)) —sinh (e S (C;dx))) +

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)~3*(a + a*Cothl[e + fxx])),x]

[Out] -1/4*(Cschle + f*xx]*(Cosh[(c*f)/d] + Sinh[(c*f)/d])*(d*x(d*Cosh[e + f*x(-(c/d
) + x)] + (-4 + 2*c*xf + 2xd*xfxx)*Coshl[e + f*x(c/d + x)] + d*Sinh[e + f*x(-(c/

d) + x)] + d*Sinh[e + f*x(c/d + x)] - 2*cxf*Sinh[e + f*(c/d + x)] - 2xd*xf*xxx*
Sinh[e + fx(c/d + x)]) + 4%xf~2x(c + d*x) 2*CoshIntegral [(2xfx(c + d*x))/d]*
(Coshl[e - (f*x(c + d*x))/d] - Sinh[e - (fx(c + d*x))/dl) + 4*f~2x(c + d*xx)~2
x(-Cosh[e - (fx(c + d*x))/d] + Sinh[e - (f*(c + d*x))/d])*SinhIntegral [(2xf

*(c + d*x))/d]))/(axd”3*(c + d*x)"2*(1 + Cothl[e + f*x]))

fricas [A] time = 0.40, size = 342, normalized size = 1.62

de—c f)

2 (d2f2x2 +2cdf?x + czfz)Ei (—M) cosh (fx + e) sinh (—2( y ) + (dzfx +edf +2 (d2f2x2 +2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c) 3/ (ata*coth(f*x+e)),x, algorithm="fricas")

[Out] -1/2%(2x(d"2*xf72%x72 + 2*ckd*f~2*%x + ¢"2*xf72)*Ei (-2 (d*f*x + c*f)/d)*cosh(f
*x + e)*sinh(-2x(d*xe - c*f)/d) + (d"2*xf*x + cxd*xf + 2% (d"2*%f"2*x"2 + 2*kc*xdx*

£f72%x + c”2xf72)*Ei (-2*% (d*f*x + c*f)/d)*cosh(-2*(d*e - c*f)/d))*cosh(f*x +

e) — (d72*xfxx + cxd*f — 2% (d"2*xf72*x"2 + 2xc*kd*f72%x + ¢ 2*¢f72)*Ei (-2% (d*xfx*

x + c*xf)/d)*cosh(-2x(d*¥e - c*xf)/d) - 2x(d"2*f"2%x"2 + 2¥cxd*xf~2*x + c~2%xf~2
Y*Ei(-2% (d*f*x + c*f)/d)*sinh(-2*x(d*e - c*f)/d) - d"2)*sinh(f*x + e))/((axd
“B*xx72 4+ 2kaxckd"4*xx + axc”2+%d"3)*cosh(f*x + e) + (a*d"5*x"2 + 2*akxcxd"4*xx

+ axc”2xd"3)*sinh(f*x + e))
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giac[A] time = 0.13, size = 179, normalized size = 0.85

4d2f2x2Ei( (dfx+cf)) (ZCf)+8cdf2xE ( M)e(%)+4c2f2]ﬁ( (dfx+cf)) (ZCf)+2d2fxe( 2fx)

4 (ad5xze(2 ) + 2 acd*xe?e) + ac2d3e e))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c) 3/ (ataxcoth(f*x+e)),x, algorithm="giac")

[Out] -1/4*%(4xd"2*xf"2%x"2+Ei (-2 (d*f*x + c*xf)/d)*e” (2%c*f/d) + 8*xcxdxf~2xx*Ei (-2%
(dxf*x + c*f)/d)*xe” (2xc*xf/d) + 4*c™2+%f72+Ei (-2*x(d*f*x + c*xf)/d)*e” (2*c*f/d)

+ 2kd7 2k fkxke” (—2xfxx) + 2kckdkfre” (-2xf*xx) - d72%e” (-2*f*x) + d"2%xe” (2*e)

)/ (axd~5*xx"2*e” (2%e) + 2¥axckd 4d*xx*xe”(2%e) + axc™2+xd"3*xe”(2*e))

maple [A] time = 1.06, size = 210, normalized size = 1.00

1 fSe—fo—Zex fSe—fo—ZeC f2 -2fx—2e

' 4da (dx + c)2_2ad (dzfzx2 +2cd f2x + czfz)_Za d? (d2f2x2 +2cd f2x + szz) 4ad (d2f2x2 + 2cd f2x + 2 f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c) 3/ (a+a*coth(f*x+e)) ,x)

[Out] -1/4/d/a/(d*x+c) ~2-1/2xf73/a*xexp (-2xf*x-2%e) /d/ (d"2+f " 2%x~2+2*c*d*f " 2xx+c~2
*£72) xx-1/2*%f"3/axexp (-2*f*x-2%e) /d"2/ (A" 2% ~2*x"2+2xc*xd*f ~2%x+c”2%f"2) *c+1
/4*x£72/axexp (—2*%f*xx-2%e) /d/ (A" 2*%f " 2%x"2+2%kcxd*f " 2*x+c"2*%f72) +£72/a/d " 3*exp (

2% (cxf-dxe) /d) *Ei (1, 2*%fxx+2%e+2% (cxf-d*e)/d)

time = 1.08, size = 68, normalized size = 0.32

2cf
-2 et—- 2 (dx+c)f
1 e( )E3 d

4 (ad3x2 + 2 acd?x + aczd) 2 (dx + c)%ad

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~3/(ata*coth(f*x+e)),x, algorithm="maxima")

[Out] -1/4/(a*d”3%x72 + 2%axc*d™2*x + a*xc™2*d) + 1/2%xe”(-2%e + 2xc*f/d)*exp_integ
ral e(3, 2*x(dxx + c)*f/d)/((d*x + c) 2xa*xd)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

1

f (a+acoth(e+ fx)) (c+dx)’ "

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*x))*(c + d*x)~3),x)
[Out] int(1/((a + axcoth(e + f*x))*(c + d*x)~3), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
+3c2dx+3cd2x2 coth (e+ x)+3cd2x2+d3x3 coth (e+ f x)+d3x3

f 3 coth (e+ f x) +c3+3c2dx coth (e+ f x)

a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(d*x+c)**3/(ata*xcoth(f*x+e)) ,x)

[Out] Integral(l/(c**3*coth(e + f*x) + c**3 + 3*ck*2xd*x*kcoth(e + f*x) + 3kck*2*d
*¥x + 3xckd*x*2xxk*k2kcoth(e + f*xx) + Jkckxd**x2kx*x*x2 + d*x*x3xx**x3*xcoth(e + f*x)

+ d*x3*xx*x*x3), x)/a



96

3
322 [ &My

(a+a coth(e+fx))?

Optimal. Leaf size=230

3d%(c + dx)e 44> 3d%(c + dx)e 22/ 3d(c + dx)?e™* 4% 3d(c + dx)?e 272X (c + dx)Pe Y (0 + dx

+ +
12842 f3 8a?f3 64a2 f2 8a? f? 16a2f

[Out] -3/512xd"3*exp(-4xf*x-4*e)/a~2/f74+3/16*%d"3xexp (-2*xf*x-2%e)/a~2/f74-3/128%d
~2%exp (—4*f*xx-4*e)* (dxx+c) /a~2/f73+3/8*%d"2*exp (-2*f*x-2%e) * (d*x+c) /a~2/f73-
3/64xd*exp (—4*xf*xx-4*e)* (d*xx+c) ~2/a~2/£72+3/8*d*exp (-2*f*x-2%e) * (d*x+c) ~2/a”
2/£72-1/16%exp (-4xf*x-4*e) * (d*x+c) ~3/a"2/f+1/4*exp (-2xf*x-2%e) * (d*x+c) ~3/a”
2/f+1/16x%(d*x+c)~4/a"2/d

Rubi [A] time = 0.27, antiderivative size = 230, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 3, integrand size = 20,

number of rules _ ) 150, Rules used = {3729, 2176, 2194}

integrand size

4

_3d2(c +dx)e 4 3d2(c + dx)e 22X Bd(c+ dx)2e~4e=4f 3d(c + dx)2e 2e-2fx (et dx)3e~4=4% (¢ + dx

+ +
12842 f3 8a?f3 64a2 f2 8a? f? 16a2f

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + axCothl[e + fx*x])~2,x]

[Out] (-3*d"3*E~(-4xe - 4%fx*x))/(512*a~2*xf~4) + (3%d"3*E~(-2*e - 2xf*xx))/(16*a~2%
£f74) - (3*%d"2*E~(-4*e - 4*f*x)*(c + d*x))/(128*a~2+%f~3) + (3*xd"2*E~(-2%e -
2%f*xx)*(c + d*x))/(8*xa~2+%f~3) - (3*d*E~(-4*e - 4xfxx)*(c + d*x)~2)/(64*xa~2x

£72) + (B*d*E~(-2xe - 2*f*x)*(c + d*x)"2)/(8*%a"2+%f"2) - (E~(-4*e — 4xfx*x)*(

c + dxx)"3)/(16%a"2xf) + (E~(-2%e - 2xfxx)*(c + d*x)~3)/(4*a"2xf) + (c + dx

x) "4/ (16*xa~2*d)

Rule 2176

Int [((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m
_.), x_Symbol] :> Simp[((c + d*x) m*(bxF~(gx(e + f*x))) n)/(f*gxn*Log[F]),
x] - Dist[(d*m)/(fxg*n*Logl[F]), Int[(c + d*x)"(m - 1)*(b*F~(g*x(e + f*x))) n
, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2+*m
] && '$UseGamma === True

Rule 2194

Int [((F_)~((c_)*((a_.) + (b_)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x))) "n/(b*c*n*xLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl]

Rule 3729

Int[((c_.) + (d_)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + E~((2xax(e + f*x))
/b)/(2*%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a"2 + b~2
, 0] && ILtQ[n, O]

Rubi steps

4



97

(c + dx)? (c+dx)® e 4 X +dx)® e 22*(c + dx)?
(a + acoth(e + fx))? r= f ( a2 4a2 - 242 ) ax
c+dn)t  [ete i c+dxPde  [e2 MY+ dx) dx
= Tea2d 4a? - 2a2
el dx) e+ dn)?  (c+dx)t (3d) [e V(e +dx)?d
T Y Y; led 16a2f
3de 44X (c + dx)?  3de 27 2fX(c +dx)> et X +dx)® e+
- 64a2 f? " 8a? f? - 16a2f " 4a®f
B3Pt e+ dx)  3d2e X (c+dx)  Bde M X(c+dx)?  3de
ST s 823 T ez 8a2
| Bt 3PPer22x 34 Yo+ dx)  3d%e2/¥(c+dx) 3de
TTsl2a2ft T 16a?fr | 12825 823 B

Mathematica [A] time = 1.12, size = 420, normalized size = 1.83

csch?(e + fx)(sinh(fx) + cosh(fx))? ( fix (403 + 6¢%dx + ded?x® + d3x3) (sinh(2e) + cosh(2¢)) + %(sinh(%

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + a*Coth[e + f*x])~2,x]

[Out] (Cschl[e + fxx] 2*x(Cosh[f*x] + Sinh[f*x]) 2% ((4*c™3*%f"3 + 6*c™2xd*f"2x(1 + 2
*f*x) + Gkckd™2xFx (1 + 2xf*x + 2¢f72%x72) + d73*%(3 + 6+f*x + 6xf72%xx72 + 4%
£73*x73) ) *Cosh[2xf*xx] + ((32*%c™3*f"3 + 24xc™2xd*f72+ (1 + 4*f*x) + 12*%cxd™2x*

fx(1 + 4xfxx + 8xf72%x72) + d73*%(3 + 12*xf*xx + 24%f~2%x"2 + 32*xf"3*x"3))*Cos
h[4xf*x]*(-Cosh[2*e] + Sinh[2xe]))/32 + £ 4*xx(4*c™3 + 6*xc™2xd*x + 4d*xc*xd” 2%

x"2 + d73%x"3)*(Cosh[2*e] + Sinh[2*e]) - (4*c™3%f"3 + 6*xc™2xd*f~2x (1 + 2xf*

X) + 6xcxd"2xf* (1 + 2kf*kx + 2%xF72%x72) + d73%(3 + 6*kf*kx + 6xf72%x72 + 4%f~3
*x73))*Sinh [2*f*x] + ((32%c™3*f73 + 24*xc™2xd*xf~2x (1 + 4*f*x) + 12*cxd™2xf*(

1 + 4xfxx + 8xf72%x72) + d73*(3 + 12xf*x + 24*f " 2*x"2 + 32*xf~3%x~3))*(Cosh[

2xe] - Sinh[2*e])*Sinh[4*fxx])/32))/(16*a~2*xf~4x(1 + Cothl[e + f*x])~2)

fricas [B] time = 0.40, size = 571, normalized size = 2.48

1283333 + 128 3 f3 + 192 2df2 + 192 cd?f + 96 +192 (2cd2 3 + df2)x2 + (32d° fAxt — 323 £3 - 24,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/512%(128%d"3*f"3%x"3 + 128%c~3*f~3 + 192%c™2*xd*f~2 + 192*cxd~2*f + 96*d~3
+ 192% (2%xc*d"2%f"3 + A73*f72)*xx"2 + (32%d"3*xf"4*xx"4 - 32%c"3*f"3 - 24xc”2%
d*f~2 — 12%cxd"2xf + 32%(4*ckd™2*xf"4 - d73*xf73)*x"3 - 3*d"3 + 24*x(8xc”2*d*f
"4 - Axckd"2%f73 - d73*fT2)*kxT2 + 4% (32%c”3xf74 — 24%c”2xd*f73 - 12*%xcxd"2*f
"2 - 3*%d73*f)*x)*cosh(f*x + e)72 + 2% (32*xd"3*xf"4xx~4 + 32%c”3*f"3 + 24*xc”2x%
d*xf~2 + 12%c*d"2xf + 32% (4dkcxd"2*f~4 + d73*%f73)*x"3 + 3*%d"3 + 24*(8xc”2xd*f
"4+ Axckd"2xf73 + d73kFT2)*xx72 + 4% (32%c”3*%f74 + 24xc”2x%d*f"3 + 12%cxd”2*f
“2 + 3%d73*f)*x)*cosh(f*x + e)*sinh(f*x + e) + (32*%d"3*f"4*x"4 - 32*c~3*f"3
- 24xc”2xd*f"2 — 12%ckxd"2*f + 32k (4dxcxd"2xf"4 - d73%f"3)*x"3 - 3xd"3 + 24x%
(8*%c™2xd*f~"4 — 4xcxd"2*f"3 - d73*%f72)*x"2 + 4% (32%xc”3*f"4 - 24*xcT2*d*xf"3 -
12%xcxd"2*xf72 - 3*%d"3*f)*x)*sinh(f*x + e)72 + 192%(2*c ™ 2*d*f~3 + 2xc*xd~2*f"2
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+ d73xf)*x)/(a"2xf"4*cosh(f*x + e)~2 + 2%xa~2xf 4xcosh(f*x + e)*sinh(f*x +
e) + a"2xf 4xsinh(f*x + e)~2)

giac [A] time = 0.14, size = 383, normalized size = 1.67

(32 B pacteS7+4e) 4 108 2 prd3p(S7+4e) 4 197 2 pax2p(4f4e) 4 108 B 135362 1¥42¢) _ 3 33 ¢313 4 128 3F

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))”2,x, algorithm="giac")

[Out] 1/512*%(32*d"3*f~4*x"4*e” (4*f*x + 4*e) + 128xc*xd™2+f "4*x"3*e” (4*xf*x + 4*xe) +
192%c™2xd*f "4xx"2%e” (4*xf*xx + 4*e) + 128%d"3*f " 3xx"3xe” (2*f*xx + 2%e) - 32%xd

“3*fT3%x73 + 128*%cT3*fT4xx*e” (4xfkx + 4*e) + 384xckdT2xfT3*kxT2xe” (2xf¥kx + 2

*@) — 96*ckd"2xFT3%xT2 + 384*cT2+d*f " 3kxke” (2xfxx + 2%e) + 192kd73kFT2xxT2%

e” (2+f*x + 2%e) — 96*c™2xd*f73*x - 24*%d73*fT2xx72 + 128%c”3*%f"3*ke” (2xf*xx +

2%e) + 384*xckxd"2xf " 2xxxe” (2%f*xx + 2ke) - 32%c"3*xf73 - 48*ckd"2xf"2*xx + 192x%
cT2xd*xf " 2%e” (2kfkx + 2%e) + 192%d"3kf*xke” (2kf*xx + 2%e) — 24%c72+d*f72 - 12

*Q73xf*xx + 192%ckxd"2*f*xe” (2xf*xx + 2%e) - 12xc*d”™2xf + 96%d"3*xe” (2*xf*x + 2%*e

) - 3*%d"3)*xe” (—4xf*xx - 4dxe)/(a~2xf"4)

maple [B] time = 0.60, size = 1979, normalized size = 8.60

Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3/(at+taxcoth(f*x+e))”~2,x)

[Out] 1/a"2/f*x(-1/2*xc”3*sinh(f*x+e) "4+2*xc~3*(1/4*cosh(f*x+e) "3*sinh(f*x+e)-1/8*co
sh(f*x+e)*sinh (f*x+e)-1/8*fxx-1/8%e)+3/f " 3*d"3*ex* (1/2* (f*x+e) "2*xcosh(f*x+e)
*sinh (f*x+e)-1/6*%(f*x+e) ~3-1/2* (f*x+e) *cosh(f*x+e) "2+1/4*cosh(f*x+e) *sinh (f
*x+e)+1/4xfxx+1/4xe) -3/ 2%d"2*c* (1/2*% (f*x+e) “2xcosh (f*x+e) *sinh (f*x+e)-1/6
* (f*xx+e) "3-1/2*x (f*x+e)*cosh (f*x+e) "2+1/4*xcosh(f*x+e)*sinh (f*x+e)+1/4xf*xx+1/
4xe)-3/f"3*%d"3*e" 2% (1/2* (f*x+e) *cosh(f*x+e) *sinh (f*x+e)-1/4*x (f*x+e) "2-1/4%c
osh(f*x+e)"2)-1/f"3*%d"3* (1/2* (f*x+e) "3*cosh(f*x+e)*sinh (f*x+e)-1/8*(f*x+e)”
4-3/4% (fxx+e) "2*cosh(f*x+e) "2+3/4* (f*x+e) *cosh (f*x+e) *sinh (f*x+e)+3/8* (f*x+
e) "2-3/8*cosh(f*x+e) ~2)-3/f*d*c”2* (1/2* (f*x+e)*cosh (f*x+e) *sinh (f*x+e)-1/4x%
(f*x+e) "2-1/4*cosh(f*x+e) ~2)+d~3*e~3/f"3*(1/2*cosh (f*x+e)*sinh (f*x+e)-1/2*f
*x-1/2%e)-2/f73*d" 3% (1/4x (f*x+e) "3*sinh (f*x+e) “4-3/16* (f*x+e) "2*cosh(f*x+e)
*ginh (f*x+e) "3+9/32* (fxx+e) "2*cosh (f*x+e) *sinh (f*xx+e)-3/32* (f*x+e) ~3+3/32%(
f*x+e)*sinh (f*x+e) ~4-3/128*sinh (f*x+e) "3*xcosh (f*x+e)+45/256*cosh(f*x+e)*sin
h(f*x+e)+27/256*f*x+27/256*%e-9/32* (f*x+e) *cosh (f*x+e) ~2)+2/f"3xd"3x (1/4* (£*
x+e) "3*sinh (f*x+e) *cosh (f*x+e) "3-1/8* (f*x+e) “3*cosh(f*x+e) *sinh (f*x+e)-1/32
* (f*xx+e) "4-3/16*x (f*x+e) "2*cosh (f*x+e) "4+3/32*x (f*x+e) *sinh (f*x+e) *cosh (f*x+e
) "3-3/64* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)-3/128*% (f*x+e) "2-3/128*cosh(f*x+e)”
4+3/128*cosh (f*x+e) "2+3/16*% (f*xx+e) "2*xcosh (f*x+e) "2)-c " 3*(1/2*cosh(f*x+e) *si
nh(f*x+e)-1/2*f*x-1/2*%e)+6/f"2+%d"2xe*xc* (1/2* (f*xx+e) *cosh (f*x+e) *sinh (f*x+e)
-1/4% (f*x+e) "2-1/4*xcosh(f*x+e) ~2)-3*d"2*e”2/f " 2xcx (1/2*cosh (f*x+e) *sinh (f*x
+e)-1/2*xf*xx-1/2*xe)+3*d*e/f*c”2*%(1/2*cosh(f*x+e)*sinh (f*x+e)-1/2*xf*xx-1/2xe)+
1/2/f73*%d"3*e"3*sinh (f*x+e) "4+6/f~3*d"3*xe~ 2% (1/4* (f*x+e) *sinh (f*x+e) *cosh (f
*x+e) "3-1/8* (f*x+e)*cosh(f*x+e) *sinh (f*x+e)-1/16* (f*x+e) "2-1/16*cosh(f*x+e)
~4+1/16*cosh(f*x+e) "2)+6/f " 2%c*d"2* (1/4* (f*x+e) "2*xsinh (f*x+e) *cosh(f*x+e) 3
-1/8* (f*x+e) "2*cosh(f*x+e)*sinh (f*x+e)-1/24* (f*x+e) ~3-1/8* (f*x+e) *cosh (f*xx+
e) "4+1/32*cosh(f*x+e) “3xsinh (f*x+e)-1/64*cosh(f*x+e)*sinh (f*x+e)-1/64*xf*xx—-1
/64%e+1/8* (f*xx+e)*cosh(f*x+e) "2)+6/f*c™2xd* (1/4* (f*x+e) *sinh (f*x+e)*cosh(f*
x+e) "3-1/8x (f*x+e) *cosh(f*x+e) *sinh (f*x+e)-1/16* (f*x+e) "2-1/16*cosh (f*x+e)”
4+1/16*cosh(f*x+e) "2)+6/f"3*d " 3*ex (1/4* (f*x+e) “2*sinh (f*x+e) "4-1/8* (f*x+e)*
cosh(f*x+e)*sinh(f*x+e) “3+3/16% (f*x+e) *cosh(f*x+e)*sinh (f*x+e)-3/32* (f*x+e)
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~2+1/32*sinh (f*x+e) ~4-3/32*cosh (f*x+e) "2)-6/f"3*xd"3*e~ 2% (1/4* (f*x+e) *sinh (f
*x+e) "4-1/16*sinh (f*x+e) "3*cosh (f*x+e)+3/32*cosh (f*x+e) *sinh (f*x+e)-3/32xf*
x-3/32%e)-6/f"2%c*d" 2% (1/4* (f*x+e) “2xsinh (f*x+e) ~4-1/8* (f*x+e)*cosh (f*x+e) *
sinh(f*x+e) "3+3/16* (f*x+e)*cosh(f*x+e)*sinh (f*x+e)-3/32* (f*x+e) "2+1/32*sinh
(f*x+e) ~4-3/32*cosh(f*x+e) ~2)-6/f*c™2+d* (1/4* (f*x+e) *sinh (f*x+e) "4-1/16%*sin
h(f*x+e) "3*xcosh (f*x+e)+3/32*cosh(f*x+e)*sinh (f*x+e)-3/32*xf*x-3/32*e)-6/f 3%
d"3*e*x(1/4* (f*x+e) "2*sinh (f*x+e) *cosh(f*x+e) ~3-1/8* (f*x+e) "2*cosh(f*x+e) *si
nh(f*x+e)-1/24% (f*x+e) "3-1/8* (f*x+e)*cosh (f*x+e) "4+1/32*cosh (f*x+e) “3*sinh(
f*x+e)-1/64*xcosh(f*x+e)*sinh (f*x+e)-1/64*xf*xx-1/64%e+1/8* (f*x+e)*cosh(f*x+e)
~2)-2/f73*d"3*e”"3*(1/4*cosh(f*x+e) "3*sinh (f*x+e)-1/8*cosh(f*x+e)*sinh (f*x+e
)-1/8%f*x-1/8%e)+6/f " 2xcxd"2xe~ 2% (1/4*cosh(f*x+e) "3*sinh (f*x+e)-1/8*cosh(fx*
x+e)*sinh (f*x+e)-1/8*f*x-1/8%e)-6/f*xc~2*d*e* (1/4*cosh(f*x+e) "3*xsinh (f*x+e)-
1/8*cosh(f*x+e)*sinh (f*x+e)-1/8xf*xx-1/8%e)-3/2/f " 2*c*xd~2*xe"2xsinh (f*x+e) "4+
3/2/f*xc”2xd*xexsinh (f*x+e) ~4+12/f " 2*xcxd"2xex (1/4* (f*x+e) *sinh (f*x+e) ~4-1/16%
sinh(f*x+e) "3*cosh(f*x+e)+3/32*cosh(f*x+e)*sinh (f*x+e)-3/32*f*x-3/32*%e)-12/
f72xckd"2*xex (1/4* (f*x+e) *sinh (f*x+e) *cosh (f*x+e) ~3-1/8* (f*x+e) *cosh (f*x+e) *
sinh(f*x+e)-1/16*x(f*x+e) "2-1/16*cosh(f*x+e) "4+1/16*cosh(f*x+e)~2))

maxima [A] time = 0.82, size = 297, normalized size = 1.29

| [4(frre) el _ s 3(8 f2c2e) 4 8 (2 fxe2) 4+ o29)o2FY) _ (4 fx+1)e(_4fx))

— + +
16| a2f a2 f 64 a2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*xcoth(f*x+e))”2,x, algorithm="maxima"

[Out] 1/16*%c™3*x(4x(fxx + e)/(a™2*f) + (4dxe” (-2xfxx - 2%e) - e  (-4x*xf*xx — 4xe))/(a”
2+%f)) + 3/64*x(8*xf"2xx"2xe” (4*e) + 8% (2kf*xx*ke” (2%e) + e~ (2%e))*e” (-2*xf*x) -

(4*f*xx + 1)*e” (—4*xfxx))*c™2*xd*e” (-4x*e)/(a"2*xf~2) + 1/128*%(32*f " 3xx"3*e” (4*e

)+ 48x (2*¢f72xx"2*%e” (2%e) + 2*xfxx¥xe” (2%xe) + e~ (2%e) ) *xe” (—2%f*x) - 3k (8xf 2%

X"2 + 4xfxx + 1)*e” (—4*xf*xx))*cxd"2xe” (-4%*e)/(a"2*%f73) + 1/512%(32xf~4*x"4*e
“(4xe) + 32x(4*xf~3xx"3xe” (2%e) + 6xf72xx"2*xe” (2xe) + Bxf*x*e”(2%e) + 3*xe”(2
xe))ke” (—2xf*xx) — (32*%f"3%x73 + 24*f72*xx72 + 12xfxx + 3)*e” (—4*xf*x))*d"3*e”
(-4xe)/(a~2%f"4)

mupad [B] time = 1.33, size = 266, normalized size = 1.16

4B B +62df2+6cd f+3d45 dBx® 3dx (2czf2+2cdf+d2) 3d? x? (d+2cf)
+ + +
1642 f4 4a% f 8a? f3 8a? 2

e2e-2fx —¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)"3/(a + axcoth(e + f*x))~2,x)

[Out] exp(- 2xe - 2*f*xx)*((3*%d~3 + 4*c™3*xf73 + 6xc™2+d*f~2 + 6xc*xd~2*f)/(16%a~2x*f
~4) + (d73%x73)/(4*xa”2*f) + (3xd*x*(d"2 + 2%c™2+xf"2 + 2kc*xd*f))/(8%xa”~2*f"3)

+ (3xd72*xx72*(d + 2%c*xf))/(8*a~2*f72)) - exp(- 4*e - 4xf*x)*((3+%d"3 + 32*c
“3*f73 + 24xcT2xd*f72 + 12%ckd”2xf)/(512%a"2+xf"4) + (d73%x73)/(16*a"2xf) +
(3*d*x*(d72 + 8*c™2*xf7"2 + 4xcxd*f))/(128*%a"2*f~3) + (3*d"2*x"2+(d + 4*c*f))
/(64%a"2%f72)) + (c™3*x)/(4*a"2) + (d73*x74)/(16*a~2) + (3*c™2*xd*x"2)/(8*a”

2) + (cxd~2*x~3)/(4%a~2)

sympy [A] time = 2.90, size = 2193, normalized size = 9.53

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(ata*xcoth(f*x+e))**2,x)
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[Out] Piecewise((32xc**3*f**4*x*tanh(e + f*xx)**x2/(128*a*x*2*xf**xd*xtanh(e + f*xx)**2
+ 266*xax*x2xfxxdxtanh (e + f*x) + 128*ax*x2xfxx4) + 64*ck*3kf*rkdkxrxtanh(e + f*
x)/ (128*%a*x*2*xfxx4*xtanh (e + f*x)**2 + 256xa*x*2xfx*x4*xtanh(e + f*x) + 128*a*x*2
*fxkd) + 32xck*3xfxxdkx/ (128*%ax*x2xf*xxdxtanh(e + f*xx)**2 + 256*%ax*x2xf*xx4*tan
h(e + f*xx) + 128*a*x*2*f**4) + 96*xcx*x3xfxx3xtanh(e + f*x)/(128*ax*2xfxx4*tan
h(e + f*xx)**x2 + 256*a*x*2xf*xkdxtanh(e + f*x) + 128*ka*x*2kxf*x*x4) + G4*c*k*3xf**3
/ (128*a*x*2xfx*kd*xtanh(e + f*x)**2 + 256*xax*x2xfxxdxtanh(e + f*x) + 128*a*x*x2*f
*%4) + 48kcx*xkdxfx*xdxxxx2xtanh (e + f*x)**2/(128*a*x*2*xfx*x4*xtanh(e + f*x)**2
+ 266%ax*2xf**xdxtanh(e + f*x) + 128*a*x*2xf*xx4) + 96*ck*x2xd*f*r*x4*xx*k*x2xtanh (
e + f*x)/(128*%ax*x2xfxx4xtanh(e + f*x)**2 + 256xax*x2xf**4*xtanh(e + f*x) + 12
Skaxk2kFkkd) + A8kcH*2kd*xf**x4*kxk*x2/ (128*ax*x2xfx*x4+xtanh (e + f*x)**2 + 256%ax
*2xfx*x4*xtanh(e + f*xx) + 128*a*x*2*f**x4) - 120*c*x*x2xd*f**3*x*tanh(e + f*xx)**2
/ (128xa*x*2xf*x*x4d*xtanh(e + f£*x)**2 + 256*a*x*x2xf+*xdxtanh(e + f*x) + 128*a*x*2*f
*%4) + 48xcx*x2kdxf**3kxxtanh(e + f*xx)/(128*a*x*2xfx*x4*xtanh(e + f*x)**x2 + 256
saxx2xfrkdktanh(e + f*xx) + 128ka*x*2*kf**x4) + 7T2xck*x2xd*L+*3*x/ (128*%a*x*2xf*x*x4
stanh(e + £*xx)**2 + 256xa*x*2+xf**x4*xtanh(e + f*xx) + 128*a*x*2*xf**x4) + 120*c**2
*d*xf*+*x2*%tanh(e + f*xx)/(128*a*x*x2*xf**4d*xtanh(e + f*xx)**2 + 256*a**x2xf**xd*xtanh (
e + f*x) + 128*%a**x2xfxx4) + 96*c**2kdxf**x2/ (128*a*x*x2xf**x4+xtanh (e + f*x)**2
+ 256*ax*x2xf+xdxtanh(e + f*xx) + 128*a*x*2*xfx%x4) + 32kckd*x*2*xf*x*x4*x**x3xtanh (e
+ £*x)**2/ (128*ax*x2xf*x*x4+xtanh (e + £*x)**2 + 256xax*x2xf**x4*xtanh(e + f*x) +
128*ax*x2xf*xx4) + 64*xckdr*2xFrkdxxx*x3xtanh(e + f£*x)/(128*%a*x*2xf*xx4dxtanh(e +
fxx)**2 + 256*%axx2xf**x4+xtanh(e + f*xx) + 128*ax*x2%xf**x4) + 32kckdkk2kFrkdrxr*
3/ (128*a*x*2xfxx4dxtanh (e + f*x)**2 + 256*%ax*x2xfxx4+xtanh(e + f*x) + 128*a**2x
fxxd) - 120%ckd**x2+xf**x3xxxk2xtanh (e + f*x)**x2/(128*ax*x2xf+*xdxtanh(e + f*x)x*
*2 + 256*axx2*xfxkxdxtanh(e + f*xx) + 128kax*2xf**x4) + 48*kckxd**2xf**xJkx*x*x2*tan
h(e + f*xx)/(128*a**x2*xf**4*xtanh(e + f*xx)**x2 + 256*a**2*xf*x*kxdxtanh(e + fxx) +
128*ax*x2xf*%x4) + T2kckAkk2xFr*kIkx**x2/ (128*a*x*x2*xf*+*4d*xtanh(e + f*xx)**x2 + 256%
ax*¥2+f*xdxtanh(e + fxx) + 128*a*x*2kf**x4) — 108kckd**2+xf**2*x*tanh(e + f*xx)x*
*2/ (128*ax*x2xf*x*xdxtanh (e + f*x)**2 + 256*%ax*x2*xf**x4dxtanh(e + f*xx) + 128*a*x*2
*fxkd) + 24xckd**x2xf*+x2xx*xtanh(e + f*xx)/(128*ax*2xf**kxdxtanh(e + f*xx)**x2 + 2
56*a*x*2*xfxkdxtanh(e + fxx) + 128*a*x*2kf*x*x4) + 84dxckd**2+xf**x2*xx/ (128*ax*x2xf*
*4xtanh (e + £*x)**x2 + 256%a*x*x2+xf**d*xtanh(e + f*xx) + 128*xa*x*2*xf**x4) + 108*cx*
dx*2xfxtanh(e + fxx)/(128*a**2*xf*x*xd*xtanh(e + fxx)**x2 + 256*a*x*x2*xf*x*xdxtanh (e
+ f*xx) + 128*ax*x2xf**x4) + 96xckxd**2xf/(128*a*x*2xf**x4d*xtanh(e + f*x)**x2 + 25
Braxx2xfrxdxtanh(e + f*xx) + 128xa**x2xf**4) + Sxd**x3*f*rkdxx**dxtanh(e + f*x)
*%2/ (128*ax*2xfxxdxtanh (e + f£*x)**2 + 256*%axx2xfxx4+xtanh(e + f*x) + 128*axx
2+%f*x*4) + 16xd**3xfrxdxxxx4+xtanh(e + £*xx)/(128*ax*x2xfxx4+xtanh(e + f*xx)**2 +
256*kaxk2xfrkdxtanh(e + f*x) + 128*%axk2xf*x*x4) + Skd**3*f**kdkxkkd/ (128*a**2x
fxxdxtanh(e + f*xx)**2 + 256*%ax*x2*xf*xx4*xtanh(e + fxx) + 128*ax*x2*xf**x4) - 40*d
*x3xfxx3kx*k*x3*xtanh (e + f*x)**2/(128*ax*x2xfxx4*xtanh(e + f*x)**2 + 256%a*x*2*f
**x4xtanh(e + £*xx) + 128xa**2+xf**4) + 16xd**x3xf*x*x3xx**x3xtanh(e + f*x)/(128*a
*x2xfx*x4*xtanh (e + f*xx)*x2 + 256*a*x*2kf*xkdxtanh(e + f*x) + 128*a*x*x2xf**x4) +
24+d*x %3k kk3kxk*3/ (128*a*x*2*xfxx4*xtanh (e + f*x)**x2 + 256*a*x*x2*xf**kd*xtanh(e +
f*xx) + 128*%ax*x2xfx*4) — B4Axd*kk3xFr*xkx*k*x2xtanh (e + f£*x)**x2/(128*a**x2xf**x4*t
anh(e + f*x)**2 + 256*ax*x2*xf*xx4dxtanh(e + f*xx) + 128*a*x*2xf**x4) + 12xd**3*xfx*
*2xxxx2*%tanh (e + f*x)/(128*ax*x2xf*xdxtanh(e + f*xx)**2 + 256*a*x*x2*xf*x*x4dxtanh (
e + f*x) + 128*%ax*x2xfxx4) + 42xd**k3*kFkx2kx*x*2/ (128*a*x*x2xf**+4*xtanh(e + f*xx)x*
*2 + 2B6*kaxk2xfxxdxtanh(e + f*x) + 128*a*x*2xfxx4) — 51+d**3*xf*x*tanh(e + fx*
x)**2/ (128*a*x*2+xf+*x4*xtanh (e + f*x)**x2 + 256*a*x*x2*xf**xd*xtanh(e + f*xx) + 128*a
*k2xfx%x4) + 6xd**x3xf*xxtanh(e + f*xx)/(128*%ax*x2*xfxx4+xtanh(e + f*x)**2 + 256%
axk2xfxxdxtanh(e + f£*x) + 128*a*x*x2xf*xx4) + 45xd**x3xf*x/ (128*a*x*x2*f**x4dxtanh (
e + T*x)**2 + 256*xaxx2xf**x4xtanh(e + £*xx) + 128*ax*x2+xf*x4) + 51xd**3*xtanh(e
+ £*xx)/(128*ax*x2xfxx4+xtanh (e + f*x)**2 + 256xa*x*x2+xf**x4*xtanh(e + f*x) + 128
*axk2xfkkd) + 48xd*x*x3/(128*a*x*2*xf**xd*xtanh(e + f*xx)**x2 + 256*a**x2xf**xd*xtanh (
e + f*xx) + 128xax*x2xf**x4), Ne(f, 0)), ((cx*3*kx + 3I*kcx*x2kd*x**2/2 + ckd**2*x
*x3 + d**3*x*x4/4)/(a*xcoth(e) + a)**2, True))
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2
323 [y

(a+a coth(e+fx))?

Optimal. Leaf size=170

d(c + dx)e~4e4f* +le(c +dx)e 272% (¢ + dx)Pe A et dx)?e2072f* et dx)®  dPede4fx +dze‘2€‘2f
32a%f? 4a? f2 1642 f 4a?f 12a2d  128a%f3 8a?f3

[Out] -1/128%d"2*exp(-4*f*x-4*e)/a~2/f73+1/8*d " 2xexp (-2*xf*x-2%e) /a~2/£73-1/32xd*e
xp (—4xf*x-4xe) * (d*x+c)/a~2/f72+1/4*d*exp (-2*xf*x-2%e) *x (d*xx+c) /a~2/f72-1/16%*e

xp (—4xf*x-4xe) * (d*x+c) ~2/a"2/f+1/4*exp (-2xf*x-2%e) * (d*x+c) "2/a”~2/f+1/12x (d*
x+c)~3/a"2/d

Rubi [A] time = 0.19, antiderivative size = 170, normalized size of antiderivative

= 1.00, number of steps used = 8, number of rules used = 3, integrand size = 20,
number of rules _ ),150, Rules used = {3729, 2176, 2194}

integrand size

d(c + dx)e 4e4/x +d(c +dx)e 272X (¢ 4 dx)2ede4fx . (c + dx)2e2e-2fx . (c +dx)® d2ede4fx +d26‘26‘2f
32a%f? 402 f2 1642 f 4a°f 12a%2d  128a2f3 = 8a?%f3

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + axCothl[e + fx*x])~2,x]

[Out] -(d"2*E~(-4xe - 4xfxx))/(128%a~2%f"3) + (d"2*%E~(-2%e - 2%fx*xx))/(8%a~2*xf"3)
- (d*E~ (-4xe - 4xf*xx)*(c + d*x))/(32%¥a"2*xf"2) + (d*E~(-2*e - 2xf*x)*(c + dx
x))/(4*xa~2+%f"2) - (E~(-4*e - 4*f*x)*(c + d*x)~2)/(16*xa"2*xf) + (E~(-2%e - 2%
fxx)*(c + d*xx)~2)/(4*a~2+f) + (c + d*xx)~3/(12*xa~2x*d)

Rule 2176

Int [((b_)*(F_)~((g_.)*((e_.) + (£_)*x(x_))))"(n_.)*x((c_.) + (d_.)*(x_)) " (m
_.), x_Symbol] :> Simp[((c + d*x) m*x(b*F~(gx(e + f*x))) n)/(f*g*n*Log[F]),
x] - Dist[(d*m)/(fxg*n*Logl[F]), Int[(c + d*x)"(m - 1)*(b*F~(g*x(e + f*x))) n
, x]1, x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2+*m
] && '$UseGamma === True

Rule 2194

Int [((F)~((c_d*x((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x)) ) n/(b*xc*nxLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl]

Rule 3729

Int[((c_.) + (d_D*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x) m, (1/(2xa) + E~((2*ax(e + fxx))
/b)/(2*%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a"2 + b~2
, 0] && ILtQ[n, 0]

Rubi steps
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(c + dx)? (c+dx)? e 4 X +dx)? e 22*(c + dx)?
dx = f n - dx

(a + acoth(e + fx))? r= 4a2 4a? 242
_ (c+dx)? f e~ 441X (¢ + dx)? dx f e 2¢72f%(¢ + dx)? dx
T 12024 12 } 202
et dx)? e+ d)?  (c+dx)?  d[e X (c+dx)dx  d |
—~ + + + - —
16a2f 4a®f 12a%d 8a? f
de~4=4*(c + dx) s de 22fX(c + dx) e ¥(c + dx)? s e 2e72fX(c 4 dx)?2
3242 f2 442 f2 16a2f 402 f
J2e~4e—4fx  J2,-2e-2fx de—4e—4fx(c + dx) de—2€—2fx(c + dx) e—4e—4fx(c +d
T T8 s a2 a2 leaf

Mathematica [A] time = 1.04, size = 207, normalized size = 1.22

csch’(e + fx) ((24c2f2(4fx +1) +12cdf (8f222 + 4fx +1) + d? (32f3x° + 24f2x? + 12fx + 3)) sinh(2(e + fx

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2/(a + a*Cothl[e + f*x])~2,x]

[Out] (Cschle + f*xx] " 2%(48*(2%c™2*%f"2 + 2kxckxd*xf*x(1 + 2+f*x) + d72%x(1 + 2xfxx + 2%
£f72%x72)) + (24*c™2*%f72x (-1 + 4*f*xx) + 12%xckd*f*x (-1 - 4xf*x + 8xf~2*xx"2) +
d"2x (-3 - 12%f*xx - 24*xf~2%x"2 + 32*xf~3%x73))*Cosh[2*(e + f*x)] + (24xc™2*f~
2% (1 + 4*f*xx) + 12xcxd*xf* (1 + 4*f*x + 8*xf™2%xx72) + d72+(3 + 12*f*xx + 24*%f~2
*x72 + 32*%f73*x73))*Sinh[2*(e + f*x)]))/(384*a"2*xf~3*x(1 + Cothl[e + f*x])~2)

fricas [B] time = 0.42, size = 359, normalized size = 2.11

96 d?f2x% + 96 2 2 + 96 cdf + (32d2f3x® - 242 f2 ~12cdf + 24 (4cdf® — P f2)x? - 342 +12 (8 2 f° — 4 cdf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*xcoth(f*x+e))”2,x, algorithm="fricas")

[Out] 1/384*(96xd~2*xf"2%x72 + 96*c™2*f"2 + 96*xcxd*xf + (32%d"2*f7"3*x"3 — 24*c~2%f~
2 - 12%ckd*f + 24x(4dxcxd*f~3 - d72*%f72)*x"2 — 3*%d"2 + 12+ (8*c”2*f"3 - 4dx*xcxd

*f72 - d72*xf)*x)*cosh(f*x + e)72 + 2% (32*d"2+f " 3*x"3 + 24*c™2*xf~2 + 12*c*xdx*

f + 24%(4dxc*xd*f~3 + d72xf72)*x"2 + 3%d"2 + 12*%(8*c™2*f~3 + 4xcxd*f~2 + 472%
f)*x)*cosh(f*x + e)*sinh(f*x + e) + (32xd"2*f " 3%x"3 - 24*c”2xf"2 — 12*cxd*xf

+ 24 (4kckd*f~3 — d72*%f72)*x72 - 3*kd72 + 12%(8*cT2%f73 - 4kckd*fT2 - d72%f
Yxx)*sinh (f*x + )72 + 48*%d"2 + 96* (2*c*kd*f~2 + d~2xf)*x)/(a"2*f " 3*cosh(f*x

+ e)72 + 2xa"2xf " 3*cosh(f*x + e)*sinh(f*x + e) + a~2*f " 3*sinh(f*x + e)~2)

giac [A] time = 0.14, size = 227, normalized size = 1.34

(32 dzf39c3e(4fx+él 9 + 96 cd fPa2el*/*+4) 1 96 czf"D’xe(Llfx+4 9 + 96 dzfzxze(2 frs2e) oy d? f2x? +192 cdfzxe(zf:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))”2,x, algorithm="giac")

[Out] 1/384%(32%d"2*%xf " 3%x"3%e” (4*f*xx + 4%e) + 96xckd*xf " 3*xx"2%e” (4*xf*x + 4*e) + 96
*CT2kE T 3kxkeT (Akfxx + 4kxe) + 96%d72*xfT2%x"2%e” (2xfkx + 2%e) - 24%d72*f " 2%xx”
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2 + 192%cxd*f"2kx*e” (2%fxx + 2%e) — 48xckxd*f"2%x + 96%cT2*xf " 2%e” (2xf*xx + 2%
e) + 96%d"2kfxxke” (2xf*xx + 2%e) - 24*%c™2%xf"2 - 12%d72%f*xx + 96xckdxf*xe” (2xf
*X + 2%e) — 12kckd*xf + 48%d"2*%e” (2xfxx + 2%e) - 3xd"2)*xe” (—4xfxx - 4xe)/(a”
2%f£~3)

maple [B] time = 0.58, size = 955, normalized size = 5.62

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~2/(at+a*xcoth(f*x+e))”~2,x)

[Out] 1/a"2/fx(2/f72xd"2* (1/4* (f*x+e) "2*sinh (f*x+e) *cosh (f*x+e) "3-1/8x (fxx+e) ~2%*cC
osh(f*x+e)*sinh(f*x+e)-1/24* (f*x+e) "3-1/8* (f*x+e)*cosh (f*x+e) "4+1/32*cosh(f
*x+e) "3*sinh (f*x+e)-1/64*cosh(f*x+e) *sinh(f*x+e)-1/64*f*x-1/64*e+1/8* (f*x+e
Yxcosh(f*x+e) "2)-2/f72xd"2x (1/4* (f¥x+e) "2*sinh (f*x+e) ~4-1/8* (f*x+e) *cosh(f*
x+e)*sinh (fxx+e) "3+3/16* (f*x+e) *cosh (f*x+e) *sinh (f*x+e)-3/32*% (f*xx+e) ~2+1/32
*ginh (f*x+e) "4-3/32*xcosh (f*x+e) ~2)-1/f72xd"2* (1/2x (f*x+e) "2*cosh(f*x+e) *sin
h(f*x+e)-1/6* (f*x+e) "3-1/2*(f*x+e)*cosh(f*x+e) "2+1/4*cosh(f*x+e)*sinh (f*x+e
)+1/4xf*xx+1/4%e) -4/~ 2%d"2xe* (1/4* (fxx+e) *sinh (f*x+e) *cosh (f*x+e) "3-1/8* (f*
x+e)*cosh(f*x+e)*sinh (f*x+e)-1/16*% (f*x+e) "2-1/16*cosh(f*x+e) "4+1/16*cosh(f*
x+e) "2)+4/£72%d"2%ex* (1/4* (f*x+e) *sinh (f*x+e) "4-1/16*sinh (f*x+e) “3*cosh (f*x+
e)+3/32*cosh(f*x+e)*sinh (f*x+e)-3/32*f*x-3/32*%e) +2/f72xd " 2*e* (1/2* (f*x+e) *C
osh(f*x+e)*sinh(f*x+e)-1/4* (f*x+e) "2-1/4*xcosh(f*x+e) "2)+4/f*xd*xc*x (1/4* (f*x+e
)Yxsinh (f*x+e)*cosh(f*x+e) "3-1/8* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)-1/16* (f*x+e
)"2-1/16*cosh(f*x+e) "4+1/16*cosh (f*x+e) "2)-4/f*xd*xcx (1/4* (f*x+e) *sinh (f*x+e)
~4-1/16*sinh (f*x+e) "3*cosh(f*x+e)+3/32*xcosh (f*x+e)*sinh (f*x+e)-3/32*xf*x-3/3
2%e)-2/f*d*xc*x (1/2* (fxx+e)*cosh(f*x+e) *sinh (f*x+e)-1/4* (f*x+e) "2-1/4*xcosh(f*
x+e) "2)+2xd"2*e”2/f72x (1/4*cosh (f*x+e) "3*sinh (f*x+e)-1/8*cosh(f*x+e)*sinh (f
*x+e)-1/8*f*x-1/8*%e)-1/2%d"2%e"2/f " 2*sinh (f*x+e) “4-d"2%e"2/f"2*x(1/2*cosh (f*
x+e)*sinh (fxx+e)-1/2*f*x-1/2*%e)-4d*xd*xe/f*c* (1/4*cosh(f*x+e) "3*xsinh (f*x+e)-1/
8xcosh(f*x+e)*sinh (f*x+e)-1/8xf*x-1/8%e)+d*e/f*c*sinh (f*x+e) "4+2xd*e/f*xc* (1
/2*cosh(f*x+e)*sinh (fxx+e)-1/2*f*x-1/2%e) +2xc"2x(1/4*cosh(f*x+e) "3*sinh (f*x
+e)-1/8*cosh(f*x+e) *sinh (f*x+e)-1/8xf*x-1/8%e)-1/2*%c”2xsinh (f*x+e) ~4-c~2*x (1
/2*cosh(f*x+e)*sinh (f*x+e)-1/2xf*x-1/2%e))

maxima [A] time = 0.66, size = 191, normalized size = 1.12
1[4 (fx +e) gp(-2fx-2e) _ (-4 fr-4e) (8f2xze(4€) +8(2 fxel®) + e(Ze))e(—fo) —(4fx+ 1)6(_4fx))cc
+

— +
16| @2f 2 f 3222

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))”2,x, algorithm="maxima")

[Out] 1/16%c™2x(4x(f*xx + e)/(a~2*f) + (4xe”(-2xf*xx - 2%e) - e~ (-4xf*xx - 4xe))/(a”
2+%f)) + 1/32*%(8*xf"2xx"2xe”~ (4*e) + 8 (2xf*xx*e”™ (2xe) + e~ (2xe))*e” (-2*xf*x) -
(Axfxx + 1)*e” (—4*xf*xx))*cxd*xe™ (-4*e)/(a™2*%f"2) + 1/384*(32*xf"3*x"3*e” (4*e)

+ 48% (2*f~2%x"2*xe” (2*e) + 2*xfxx*xe” (2%xe) + e~ (2*e))*e” (—2%f*x) - 3k (8xf " 2*x~

2 + 4xfxx + 1)xe” (-4*xfx*x))*xd"2%e” (-4*e)/(a”~2*xf"3)

mupad [B] time = 1.28, size = 164, normalized size = 0.96

pea (282 H2cdf+ P P dx(d+20f)) e_48_4fx(8c2f2+4cdf+d2 2y dx
e —

+ + + +
8 a2 f3 4a% f 4q? f? 12842 f3 16a% f 3
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + axcoth(e + f*x))~2,x)
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[Out] exp(- 2%e - 2*xfxx)*x((d"2 + 2xc™2*xf72 + 2*c*xd*f)/(8*a~2+f73) + (d"2*x"~2) /(4%
a~2xf) + (d*x*x(d + 2xcxf))/(4*a~2*£72)) - exp(- 4xe - 4xfxx)*((d"2 + 8*xc™2x

£72 + 4dxcxd*f)/(128*%a”2*%£73) + (d72*x72)/(16xa~2xf) + (dxxx(d + 4*cx*f))/(32
*a"2xf72)) + (c72*x)/(4%a~2) + (d72%x73)/(12*a"2) + (c*xd*x~2)/(4*xa"2)

sympy [A] time = 2.01, size = 1353, normalized size = 7.96

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(ata*xcoth(f*x+e))**2,x)

[Out] Piecewise((24xc**2*xf+*3*x*tanh(e + f*xx)**x2/(96%a*x*2*xf**3*xtanh(e + f*xx)**x2 +
192%a*x*x2xf+*3xtanh(e + f*x) + 96*kax*x2*xf**x3) + 48kc*k*2xf**3*xx*xtanh(e + f*x)
/ (96*a*x*2*xf*x*x3xtanh(e + F*x)**2 + 192*a*x*x2xf**x3xtanh(e + f£*x) + 96ka*x*kxkf*x*
3) + 24xcx*x2xfxx3xx/ (96*a*x*2*xf*x*k3*xtanh(e + f*xx)**2 + 192*a*x*2*xf**3*xtanh(e +
f*x) + 96*%ax*x2xf**x3) + T2xck*x2*xf**2kxtanh(e + f*xx)/(96*a*x*2+xf**3*tanh(e + f
*x)¥%2 4+ 192*%a*x*x2xfxx3xtanh (e + f*x) + 96*kax*x2xf**x3) + 48*kck*2kf**x2/ (96*ka*x*
2%f**x3xtanh(e + f*xx)**2 + 192*xa*x*2*xf*x3*xtanh(e + f*x) + 96*a*x*x2xf**3) + 24x%
cxdxf**3*xx*x*x2*xtanh (e + f*xx)*x2/(96*a*x*x2*xf**3*xtanh(e + f*xx)**x2 + 192ka**2*f*
*3xtanh(e + f*x) + 96xax*x2+xf**x3) + 48*kckd*xf**x3xx*xx2xtanh(e + f*x)/(96*xa*x*x2x%
fxk3*xtanh(e + fxx)**2 + 192*a*x*x2xf**x3xtanh(e + f*x) + 96*kax*x2xf**x3) + 24*c*
Axf*k3kx**x2/ (96*a*x*x2+xf+x3*xtanh (e + F*xx)**x2 + 192+a**2*xf**x3*xtanh(e + f*xx) +
96*axx2*xf**x3) — B60xckdxf**x2*xx*xtanh(e + f*x)**x2/(96xa*x*x2xf**3*xtanh(e + f*x)*
*2 + 192*axx2*f**x3xtanh(e + f*xx) + 96xa*x*x2xf**3) + 24*xckxd*f**2xx*tanh(e + f
*x) /(96 a*x*2xfx*x3xtanh(e + f*x)**2 + 192*xax*2xf*x3xtanh(e + f*x) + 96*ka*x*x2x
f*%3) + 36xckxdxf*xx2xx/(96*a*x*2*xf*x*k3*xtanh(e + f*xx)**2 + 192*a*x*x2*xf**3*xtanh (e
+ f*x) + 96*ax*x2xf**x3) + 60*ckd*frxtanh(e + f*x)/(96*a**2*xf**x3*xtanh(e + f*x
Yxx2 + 192%a*x*k2xf*xk3ktanh(e + f*x) + 96*ka*xk2xf**x3) + 48kxckd*f/(96* a*x*2xf**3
xtanh(e + f*xx)**2 + 192xa*x*2+xf**3*tanh(e + f*xx) + 96xa*x*2*xf**3) + Skdk*x2xfx*
*3*xx*x*3*xtanh (e + f*xx)*x2/(96*a*x*2*xf**3*xtanh(e + f*xx)**2 + 192*a**2*xf**x3*xtan
h(e + f*xx) + 96*a*x*2*xf**3) + 16xd**x2xf*x3xx**x3xtanh(e + £*xx)/(96*ax*x2xf**3*
tanh(e + fxx)**2 + 192*a*x*x2*xf**3xtanh(e + f*x) + 96 axk2kf**3) + Sxdx*x2*f**
3kxk*k3/ (96*ax*x2xfx*x3xtanh (e + f*xx)**2 + 192xa**2+xf**x3*xtanh(e + f*x) + 96*a*
*2xF*x3) — 30*d**2xf*+x2xx*k*2xtanh (e + f*x)*x2/(96*a*x*2xf**x3*xtanh(e + f*x)x*x*
2 + 192%ax*x2xf**x3xtanh(e + f*xx) + 96*a*x*2xf**x3) + 12*xd**x2*f**x2xx**2*xtanh (e
+ £*xx)/(96*xax*x2xfx*x3xtanh (e + f*xx)**2 + 192xa*x*2+xf**x3*xtanh(e + f*x) + 96*a*
*2kfk*k3) + 18kdx*k2kf*xxkxx*%x2/ (96*a*xx2xfx*3xtanh(e + f*xx)**x2 + 192%a*x*x2kf**x3
xtanh(e + f*x) + 96*%ax*x2xf**x3) — 27*d**2xf*rx*ktanh(e + f*x)**x2/(96* a*x*x2xf**3
*tanh(e + f*x)**2 + 192*a*x*2*xf**x3*xtanh(e + f*x) + 96*ax*x2*xf**3) + Gkd*x*2kfx*
x*tanh(e + f*x)/(96*ax*x2xf**3+xtanh(e + f*x)**2 + 192%a*xx2xf**3*xtanh(e + f*x
)+ 96*a*x*2xf**3) + 21kd*x*x2xf*xx/(96*a*x*2xf*+*3*xtanh(e + f*xx)**x2 + 192%a*x*2*f
**x3xtanh(e + £*x) + 96xax*x2*xf**x3) + 27*xd**2*xtanh(e + f*x)/(96*a**2*xf**x3*xtan
h(e + f*xx)*x2 + 192*a**2*xf**x3*xtanh(e + fxx) + 96*a*x*2kf**3) + 24xd**x2/(96%*a
#k2xfx*x3xtanh (e + £*x)**x2 + 192%xa*x*x2xf+*3xtanh(e + f*x) + 96*xax*x2*xf*x3), Ne
(f, 0)), ((c**2*x + ckxdxx**2 + d*x*x2*x**3/3)/(axcoth(e) + a)*x2, True))
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324 [ _ gy

(a+a coth(e+fx))?

Optimal. Leaf size=133

c+dx x(c + dx) 3d 3dx  dx? c+dx

4f (a2 coth(e + fx) + az) 402 16f2 (a2 coth(e + fx) + az) +16a2f_@_4f(a coth(e + fx) +a)®

[Out] 3/16*d*xx/a”~2/f-1/8*d*xx"2/a"2+1/4xx*x(d*x+c)/a"2-1/16%d/f"2/(a+a*xcoth(f*x+e))
“2+1/4x (-d*x-c)/f/(a+taxcoth(f*xx+e) ) ~2-3/16*d/f"2/(a"2+a"2*coth(f*x+e))+1/4%
(-d*x-c)/f/(a"2+a"2*xcoth(f*x+e))

Rubi [A] time = 0.13, antiderivative size = 133, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 3, integrand size = 18,

number of rules _ ) 167, Rules used = {3479, 8, 3730}

integrand size

c+dx +x(c + dx) 3d s 3dx  dx? c+dx
4f (a2 coth(e + fx) + az) 402 162 (a2 coth(e + fx) + az) 16a’f 8a* 4f(acoth(e+ fx)+a)*

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + a*Cothl[e + fx*xx])~2,x]

[Out] (3*xd*x)/(16xa~2*xf) - (d*x~2)/(8*a"2) + (xx(c + d*xx))/(4*xa~2) - d/(16xf~2*(a
+ axCothle + f*x])~2) - (c + d*x)/(4xfx(a + ax*Cothle + f*xx])~"2) - (3xd)/(1
6xf"2x(a"2 + a"2xCothle + f*x])) - (c + d*xx)/(4xfx(a”2 + a~2*Cothl[e + f*x])

)

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(ax(a +
b*xTan[c + d*x])"n)/(2xb*d*n), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*xx]) (
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 + b~2, 0] && LtQ[n, 0]

Rule 3730

Int[(Cc_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tanl[(e_.) + (f_.)*x(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])"n, x]}, Dist[(c + dxx)
“m, u, x] - Dist[d*m, Int[Dist[(c + d*x)~(m - 1), u, xJ, x], x]1] /; FreeQ[{
a, b, ¢, d, e, £}, x] & EqQ[a"2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

Rubi steps
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c+dx p x(c + dx) c+dx c+dx f X
X = — — — _
(a + acoth(e + fx))? 442 Af(a+acoth(e+ fx)?  4f (a2 + a2 coth(e + fx)) 402 4
_ A x(c+dx) c+dx c+dx +df@

8a2 " 442 4f(a+ acoth(e + fx))? - 4f (az + a2 coth(e + fx))

dx? . x(c + dx) d ~ c +dx ~
8a? 4q2 16f2(a + acoth(e + fx))> 4f(a + acoth(e + fx))? 852 (l

_dx _d_x2+x(c+dx)_ d _ c +dx B
 8a2f 8a2 42 16f2%(a + acoth(e + fx))?> 4f(a+ acoth(e + fx))?
3dx  dx®*  x(c + dx) d c +dx

- 16a2f 82 " 402 16f2(a + a coth(e + fx))? - 4f(a+ acoth(e + fx))? |

Mathematica [A] time = 0.56, size = 114, normalized size = 0.86

csch®(e + fx) ((4cf(4fx +1) +d (8f222 + 4fx +1)) sinh(2(e + fx)) + (4cf(4fx —1) +d (822 — 4fx - 1)) cc
64a? f2(coth(e + fx) +1)2

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)/(a + axCothl[e + f*x])~2,x]

[Out] (Cschle + f*x] 2%(8%(d + 2%cxf + 2xd*f*xx) + (4dxcxf*x(-1 + 4*fxx) + dx(-1 - 4
*xfxx + 8xf"2%x"2))*Cosh[2*x(e + f*xx)] + (4kckxfx(1 + 4xf*xx) + dx(1 + 4xf*xx +
8xf~2%x72) )*Sinh[2*%(e + f*x)]))/(64*xa~2xf~2%(1 + Cothl[e + f*x])~2)

fricas [A] time = 0.39, size = 190, normalized size = 1.43
16dfx + (8df2x2 —4cf +4 (4cf? —df )x —d) cosh (fx+e) +2(8df22 +dcf +4 (4cf2 +df)x +d) cosh |
64 (a2f2 cosh (fx + 6)2 +2a%f? cosh (fx + e) sinh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/64*(16xdxfxx + (8*d*f~2%x"2 - 4xc*xf + 4x(4xcxf~2 - d*xf)*x - d)*cosh(f*x +
e) 72 + 2x(8xd*xf~2xx72 + 4kckf + 4k (4dxckxf"2 + dxf)*xx + d)*cosh(f*x + e)*sin
h(f*x + e) + (8*d*f~2%x"2 - 4d*xcxf + 4x(4*c*xf™2 - d*f)*x — d)*sinh(f*x + e)”

2 + 16%c*f + 8*d)/(a"2*xf " 2*xcosh(f*x + e)”2 + 2*a~2xf " 2*xcosh(f*x + e)*sinh(f

*X + e) + a"2+%f " 2xsinh(f*x + e)~2)

giac [A] time = 0.13, size = 109, normalized size = 0.82

(8 e +40) 16 2ol 4e) | 164 £xel@72) g gpx 1 16cfel2F20) _gcf 1 8 eI rv2e) d)e(_4f x
64 af?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*xcoth(f*x+e))~2,x, algorithm="giac")

[Out] 1/64*(8xd*xf~2*x"2*xe” (4xf*xx + 4*e) + 16*%c*xf 2xx*xe” (4dxf*xx + 4*e) + 16*xd*f*x*xe
“(2xfkx + 2%e) - 4xdxfixx + 16%ckfxe” (2*xfxx + 2%e) - 4dkcxkxf + 8xdkxe” (2xf*xx +
2%e) — d)*xe” (-4xfxx - 4xe)/(a"2xf"2)
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maple [B] time = 0.51, size = 354, normalized size = 2.66

(fx+e) sinh(fx+e) (cosh3 (fx+e)) (fx+€) Cosh(fx+e) sinh(fx+e) (fx+€)2 (cosh4 (fx+e)) (cosh2 (fx+e)) (fx+e) (sinh4 (fx+e)) (sinh3 (fx+e)) cosh|
2d 4 - 8 T16 16 * 16 2d 4 - 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(ataxcoth(f*x+e)) 2,x)

[Out] 1/a"2/f*(2/f*xd*(1/4* (f*xx+e)*sinh(f*x+e)*cosh(f*xx+e) "3-1/8* (f*x+e)*cosh (f*x+
e)*sinh (f*x+e)-1/16*(fxx+e) "2-1/16*cosh(f*x+e) “4+1/16%cosh(f*x+e) ~2)-2/f*dx*

(1/4%* (f*x+e) *sinh (f*x+e) “4-1/16%*sinh (f*x+e) "3*cosh (f*x+e)+3/32*cosh (f*x+e) *

sinh (f*x+e)-3/32xf*x-3/32%e)-1/f*d* (1/2* (f*x+e) *cosh(f*x+e) *sinh(f*x+e)-1/4

* (f*xx+e) "2-1/4*cosh(f*x+e) ~2)-2*d*e/f*(1/4*cosh(f*x+e) "3*sinh (f*x+e)-1/8*co
sh(f*x+e)*sinh (f*x+e)-1/8xf*x-1/8%e)+1/2xd*e/f*sinh (f*x+e) “4+dxe/f*(1/2*cos
h(f*x+e)*sinh (f*x+e)-1/2*f*x~-1/2*%e)+2xc* (1/4*cosh(f*x+e) “3*sinh (f*x+e)-1/8%
cosh(f*x+e)*sinh (f*x+e)-1/8*f*x-1/8*e)-1/2*c*xsinh (f*x+e) “4-c*x(1/2*cosh(f*x+

e) *sinh (f*x+e)-1/2xfxx-1/2%e))

maxima [A] time = 0.53, size = 107, normalized size = 0.80

1 (4 (fx + e) g pl-2fx-2¢) _ (-4fx-4e) (8f2x2e(4€) +8 (2fxe(26) " e(ze))e(—fo) _ (4fx 4 1)6(—4fx))de(
16 ¢ azf + a2f ]+ 64 a2f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/16*%c*x(4x(f*xx + e)/(a~2xf) + (4d*e” (-2*f*xx — 2%e) - e~ (-4xf*xx - 4xe))/(a~2x%
£)) + 1/64%(8*xf"2%xx"2%e” (4*xe) + 8x(2xfxx*xe” (2%e) + e~ (2%xe))*xe” (-2xfxx) - (4
*fxx + 1)*e” (-4*xfxx))*dxe” (-4xe)/(a~2xf"2)

mupad [B] time = 1.22, size = 88, normalized size = 0.66

o221 (d+2cf dx )_ dedfr (d+4cf dx ) dx?  cx

+ + + +
8a2 f2  4a%f 6442 f2 1642 f) 8a?> 4a?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*xx)/(a + a*coth(e + f*x))~2,x)

[Out] exp(- 2%e - 2*xfxx)*x((d + 2%cxf)/(8%a~2xf72) + (dxx)/(4*a”2xf)) - exp(- 4xe
- 4xfxx)*((d + 4xcxf)/(64*%a~2%£72) + (d*x)/(16xa”2+f)) + (d*x"2)/(8%a"2) +
(c*x)/(4*a”2)

sympy [A] time = 1.60, size = 700, normalized size = 5.26

def?x tanh? (e+fx) 8cf2x tanh (e+fx) 4cf2x
1642 f2 tanh? (e+fx)+32u2f2 tanh (e+fx)+16a2f2 1642 f2 tanh? (e+fx)+32u2f2 tanh (e+fx)+16a2f2 1642 f2 tanh? (e+fx) +3242 2 tai

L2
X+
(acoth (e)+a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ataxcoth(f*x+e))**2,x)

[Out] Piecewise((4*xcxf*xx2xxxtanh(e + f*x)**2/(16xa*xx2xfx*2xtanh(e + f*x)**x2 + 32x%
axx2xfx*x2xtanh (e + £*xx) + 16%ax*x2xf**x2) + 8Skcxf*xxkxxtanh(e + £*x)/(16%a*x*2
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*f+x2+xtanh(e + f*xx)**x2 + 32ka*x*x2*xf**x2xtanh(e + f*xx) + 16*a*x*2*xf**x2) + 4dxcxf
*x2xx/ (16%ax*x2xFxx2xtanh (e + f£*x)**2 + 32*xax*x2xfxx2xtanh(e + f*x) + 16*%a*x*2
*f**x2) + 12xckfrtanh(e + f£*x)/(16*ax*x2xf*x*x2xtanh(e + f*xx)**2 + 32kax*x2*f*x*2
xtanh(e + fxx) + 16%ax*x2xf**x2) + 8xcxf/(16xa*x*2xf**x2xtanh(e + f*x)**x2 + 32x%
axx2+xf*x*x2xtanh(e + f*xx) + 16*a*x*2*xf**x2) + 2xdxf**x2xx**2+xtanh(e + £*xx)**x2/(1
Brax*x2*xf*xx2xtanh(e + f*xx)**x2 + 32ka*x*x2kf*x*x2xtanh(e + f*x) + 16*a*x*x2xf**x2) +
4xdxfrx2xxxx2xtanh (e + f£*x)/(16*ax*x2xfxx2xtanh(e + f£*xx)**2 + 32kax*x2*f+*2x
tanh(e + f*x) + 16*%ax*x2*xf**x2) + 2kxd*xf**x2xx**2/ (16*ax*x2xf*+x*x2xtanh(e + f*x)**
2 + 32xaxk2xf+*x2xtanh(e + f*xx) + 16*%ax*x2xf*x2) - Bxd*f*rxxtanh(e + f*xx)**2/(
16xax*x2xfxx2xtanh (e + £*x)**2 + 32xaxx2xf**x2xtanh(e + £*xx) + 16*axx2xf*%2)

+ 2xdxfxx*xtanh(e + f*x)/(16*ax*x2xf**x2xtanh(e + f£*x)**2 + 32*ka**x2xf*x*x2xtanh (
e + f*x) + 16*%ax*x2xf*xx2) + 3*xd*f*x/(16*a*x*x2xfx*x2xtanh (e + f*x)**x2 + 32ka*x*2
*fxx2xtanh(e + f*xx) + 16xa*x*x2xf**2) + 5*xdxtanh(e + f*x)/(16*ax*x2*xf**x2xtanh (
e + Fxx)**2 + 32*xa*x*x2xf*xx2+xtanh(e + f*x) + 16*ax*x2+xf**x2) + 4xd/(16*ax*x2xf*x*
2xtanh(e + £*xx)**2 + 32xa*x*x2*xf**x2+xtanh(e + f*x) + 16xax*x2*xf*x2), Ne(f, 0)),
((c*x + d*x**x2/2)/(axcoth(e) + a)*x2, True))



109

3.25 [ 1 dx

(c+dx)(a+a coth(e+fx))?

Optimal. Leaf size=297

Chi (fo + z%f) sinh (Ze - %) Chi (4xf + %) sinh (46 - %) Chi (fo + z%f) cosh (Ze - %) Chi (4:

+
2a%d 4a2d 2a%d

[Out] 1/4*Chi(4*c*xf/d+4*f*x)*cosh(-4*xe+d*xcxf/d)/a~2/d-1/2*Chi (2*xc*f/d+2*xf*x)*cosh
(-2%e+2xcxf/d)/a~2/d+1/4*x1n(d*x+c) /a~2/d+1/2*xcosh (-2*e+2*xc*f/d) *Shi (2xc*f/d
+2*%f*x) /a~2/d-1/4*cosh(-4*e+4*c*xf/d) *Shi (dxc*xf/d+4*f*x) /a”~2/d+1/4*Chi (4*c*f
/d+4*f*x) *sinh (-4*xe+d*xcxf/d) /a~2/d-1/4*Shi (dxcxf/d+4*f*x) *sinh (-4*e+d*xc*xf/d
)/a~2/d-1/2*Chi (2*xc*f/d+2xf*x) *sinh (-2*e+2*c*f/d) /a~2/d+1/2*Shi (2*c*f/d+2*f

*x) *sinh (-2xe+2*xcxf/d) /a~2/d

Rubi [A] time = 0.70, antiderivative size = 297, normalized size of antiderivative
= 1.00, number of steps used = 21, number of rules used = 5, integrand size = 20,

number of rules _ ).250, Rules used = {3728, 3303, 3298, 3301, 3312}

integrand size

. 2cf\ . 2cf . dcf\ . 4cf . 2cf 2cf A
Chi (2xf + 7) sinh (Ze - 7)_Ch1 (4xf + 7) sinh (48 - 7)_Ch1 (fo + 7) cosh (Ze - 7) Chi (4,

+
2a2d 4a2d 2a2d

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)*(a + axCothl[e + fx*x])~2),x]

[Out] -(Cosh[2*e - (2*cxf)/d]*CoshIntegral [(2xc*f)/d + 2xf*xx])/(2xa~2*d) + (Coshl[
4xe - (4xcxf)/d]*CoshIntegral [(4*cx*f)/d + 4xf*x])/(4*a~2xd) + Loglc + d*x]/
(4*xa~2*d) - (CoshIntegral[(4*c*f)/d + 4xf*x]*Sinh[4*e - (4xcxf)/d])/(4*xa~2x*

d) + (CoshIntegral [(2xcx*f)/d + 2*fxx]*Sinh[2xe - (2xcxf)/d])/(2%a"2xd) + (C
osh[2*e - (2%cxf)/d]*SinhIntegral [(2%c*f)/d + 2xfx*x])/(2%a"2xd) - (Sinh[2xe

- (2xcx*f)/d]*SinhIntegral [(2xcxf)/d + 2*f*x])/(2*a~2*d) - (Cosh[4*e - (4x*c
xf)/d]*SinhIntegral [(4xc*f)/d + 4*xfxx])/(4xa~2*d) + (Sinh[4xe - (4*cxf)/d]*
SinhIntegral [(4*xcx*f)/d + 4*fxx])/(4*a~2%d)

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*xf*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, f
, Tz}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(cxf*fz)/d + f*xfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] && EqQ[d*(e - Pi/2) - c*xfxfz*xI, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - c*xf)/d], Int[Sin[(cxf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
)/d], Int[Cos[(cxf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3312

Int[((c_.) + (d_)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQl{c, 4, e, f
, m}, x] && IGtQ[n, 1] &% ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))



110

Rule 3728

Int[((c_.) + (d_)*(x_))"(m )*x((a_) + (b_.)*tan[(e_.) + (f_)*(x_)]1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2xe + 2xfx*x]/(
2%a) + Sin[2%e + 2*xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Rubi steps

1 gy — 1 cosh(2e + 2fx) coshz(Ze +2fx) sinh(2e + 2fx)
(c +dx)(a+ acoth(e + fa)2 * ™ f 2 +d0) | 22c+d0) | A+ dr) | 2a(c+dv)

cosh? (2e+2fx) sinh2(2e+2 fx) sinh(4e+4fx)
_ log(c + dx) f—c+dx dx [ ———dx f—d

c+dx _ +dx _
4a2d 442 442 4q2
1 _ cosh(4e+4fx) 1 cosh(4e+4fx)
_ log(c + dx) ~ f (2(c+dx) 2(c+dx) ) dx f (2(c+dx) + 2(c+dx) ) dx

4a2d 442 4a2
h(2e - 24\ Chi ch 2 Chi 4 h
cos ( 6—7) +2fx log(c +dx) i(X 4 fx|sin (

2a%d 4a2d 4a2d

2 K .
cosh(z Cf) Chi ( of +2fx) . log(c +dx) Ch1(%f +4fx) smh(
2a%d 402d 402d

cosh(z Cf) Chi ( +2fx) . log(c + dx) Chl( +4fx) smh(
2a%d 4a%d 4a%d

Mathematica [A] time = 0.47, size = 199, normalized size = 0.67

(cosh (Ze - ﬂ) —sinh (Ze 2f )) (Ch (4f (C+dx)) (cosh (26 - ﬂ) —sinh (Ze - %)) — 2Chi (zf (C;dx)) + sinh

d d d

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)*(a + a*xCoth[e + f*x])~2),x]

[Out] ((Cosh[2*e - (2*xcxf)/d] - Sinh[2*e - (2xcx*f)/d])*(-2*CoshIntegral [(2*f*(c +
d*x))/d] + Cosh[2*e - (2%cx*f)/d]*Loglf*(c + d*x)] + CoshIntegral[(4*fx*(c +
d*x))/d]*(Cosh[2xe - (2%c*f)/d] - Sinh[2%e - (2*c*f)/d]) + Loglf*(c + dxx)
1*Sinh[2xe - (2*c*f)/d] + 2*SinhIntegral [(2*f*(c + dxx))/d] - Cosh[2xe - (2
xc*f)/d]*SinhIntegral [(4xf*(c + d*x))/d] + Sinh[2*e - (2%c*f)/d]*SinhIntegr
al[(4xf*(c + d*x))/d]))/(4*a~2xd)

fricas [A] time = 0.41, size = 137, normalized size = 0.46

2 (—M) cosh (—@) _Ei (—M) cosh (—4(d2_cf)) +2Ei (—M) sinh (—z(d‘;_cf)) _Ei

4 a2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)) 2,x, algorithm="fricas")

[Out] -1/4*%(2*Ei(-2*%(d*xf*x + c*f)/d)*cosh(-2*(d*xe - c*xf)/d) - Ei(-4x(d*xf*xx + cx*f)
/d) *xcosh(-4x(d*e - cx*f)/d) + 2*xEi(-2x(d*f*xx + c*f)/d)*sinh(-2*x(d*e - cx*f)/d
) — Ei(-4x(d*f*x + c*f)/d)*sinh(-4*(d*e - c*f)/d) - log(d*x + c))/(a~2*d)
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giac[A] time = 0.16, size = 78, normalized size = 0.26

4cf 2cf
(Ei (—M) e(T) —2Fi (—M) e(TJrze) + 49 log (dx + c) [e49)

4a%d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] 1/4*(Ei(-4*x(dxf*x + cxf)/d)*e” (4xcxf/d) - 2*Ei(-2x(d*xf*xx + c*xf)/d)*e” (2*cx*xf
/d + 2xe) + e~ (4xe)*log(d*x + c))*e” (-4xe)/(a"2xd)

time = 1.11, size = 106, normalized size = 0.36

maple [A]
fefAde . 4cf—-4de 2cf-2de . 2cf-2de
In(dx+c) € d E1(1,4fx+4e+ y )+e d E1(1,2fx+2e+ y )
4d a? 4a2d 242d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(a+a*coth(f*x+e)) 2,x)
[Out] 1/4*1n(d*x+c)/d/a"2-1/4/a"~2/d*xexp(4*(cxf-d*xe)/d)*Ei(1,4xf*x+4xe+4* (cxf-d*e)
/d)+1/2/a~2/d*exp (2% (cxf-dx*e) /d) *Ei (1, 2%f*x+2*e+2* (cxf-dx*e) /d)

maxima [A] time = 1.14, size = 81, normalized size = 0.27

_ges2d 4 (dx+o)f 2e+2d 2 (dx+c)f
e( d )El ( y ) e( d )El ( 4 ) N log (dx + C)

+
4a2d 2a%d 4 a%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)) 2,x, algorithm="maxima")

[Out] -1/4x%e”(-4*e + 4*cxf/d)*exp_integral e(1l, 4*x(d*x + c)*f/d)/(a"2*d) + 1/2%e”
(-2xe + 2xc*f/d)*exp_integral e(l, 2x(d*x + c)*f/d)/(a"2xd) + 1/4*log(d*x +

c)/(a~2xd)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f L > dx
(a+acoth(e+fx)) (c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*xx)) 2x(c + d*x)),x)
[Out] int(1/((a + a*coth(e + f*x))~2*(c + d*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f ccoth? (e+fx)+2c coth e+fx +c+dx coth? e+fx)+2dx coth (e+fx)+dx
f
az

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e))**2,x)
[Out] Integral(1l/(c*coth(e + f*x)*x2 + 2%ckcoth(e + f*x) + c + dxx*coth(e + fx*x)*

*2 + 2xdxx*xcoth(e + f*xx) + d*xx), x)/a*x*x2
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3.26 [ 1 dx

(c+dx)?(a+a coth(e+ fx))?

Optimal. Leaf size=420

fChi (4x fr %) sinh (4e - 4%) FChi (fo 4 %) sinh (Ze - %) fChi (fo n 2%) cosh (2e - %f) fChi
—_ + —

a2d? a2d? a2d?

[Out] -1/4/a"2/d/(d*x+c)-f*Chi (4*xc*xf/d+4*xf*x)*cosh(-4*e+d*c*xf/d)/a~2/d"2+f*Chi (2%
cxf /d+2+f*x) *cosh(-2*xe+2*xcxf/d) /a~2/d"2+1/2*cosh (2xf*x+2*e) /a~2/d/ (d*x+c) -1
/4*cosh (2xf*xx+2*e) ~2/a~2/d/ (d*x+c) -f*xcosh(—2*e+2xc*f/d) *Shi (2*xc*xf/d+2xf*x) /
a~2/d"2+f*cosh(-4*xe+4*xcxf/d) *Shi (d*xcxf/d+4*xf*x) /a~2/d"2-f*Chi (d*c*f/d+4*f*x
)*sinh(-4*e+dxcxf/d)/a~2/d"2+f*Shi (d*xcxf/d+4*xf*x) *sinh (-4*xe+d*xcxf/d) /a~2/d"
2+f*Chi (2*xc*f/d+2*xf*x) *sinh (-2%e+2*c*f/d) /a~2/d"2-f*Shi (2*c*f/d+2*f*x) *sinh
(—2%e+2%cxf/d) /a~2/d"2-1/2xsinh (2*%f*x+2%e) /a~2/d/ (d*x+c)-1/4*sinh (2*f*x+2*e
)"2/a"2/d/ (dxx+c)+1/4*sinh (4xf*xx+4*e) /a~2/d/ (d*x+c)

Rubi [A] time = 0.73, antiderivative size = 420, normalized size of antiderivative
= 1.00, number of steps used = 24, number of rules used = 7, integrand size = 20,

number of rules _ ), 350, Rules used = {3728, 3297, 3303, 3298, 3301, 3313, 12}

integrand size

fChi (4xf n %) sinh (4e - 47f) FChi (fo n %) sinh (Ze - %) fChi (fo n %f) cosh (2e - %) FChi
- + -
a%d? a%d? a%d?

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)~2*(a + a*Cothl[e + f*x])~2),x]

[Out] -1/(4*a”2*d*(c + d*x)) + Cosh[2%e + 2xfx*x]/(2*%a"2*d*(c + d*x)) - Cosh[2*e +
2xfxx] "2/ (4%a~2*xd*x(c + d*x)) + (f*Cosh[2xe - (2xc*f)/d]*CoshIntegral [(2*c*
f)/d + 2xfxx])/(a~2*d"2) - (f*Cosh[4*e - (4x*cxf)/d]*CoshIntegral [(4xc*f)/d
+ 4xf*xx])/(a"2xd"2) + (fxCoshIntegral[(4xc*f)/d + 4xfxx]*Sinh[4*e - (4xcx*f)
/d])/(a~2%d"2) - (f*CoshIntegral[(2xcxf)/d + 2*f*x]*Sinh[2*e - (2*xcxf)/d])/
(a™2*d”2) - Sinh[2%e + 2kf*x]/(2%a"2*%d*(c + d*x)) - Sinh[2%e + 2%f*x]~2/(4x
a"2*d*(c + d*x)) + Sinh[4*e + 4xfx*x]/(4*a"2+d*(c + d*x)) - (f*Cosh[2*e - (2
xc*f)/d]*SinhIntegral [(2xc*f)/d + 2*xfxx])/(a"2%d"2) + (f*Sinh[2%e - (2x%cx*f)
/d]*SinhIntegral [(2%c*f)/d + 2xf*x])/(a~2*d"2) + (f*Cosh[4*e - (4*cxf)/d]*S
inhIntegral [(4xc*f)/d + 4*xfxx])/(a”2+%d"2) - (f*Sinh[4*e - (4*c*f)/d]*SinhIn
tegral [(4xc*f)/d + 4xfxx])/(a"2*d"2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 3297

Int[((c_.) + (d_)*(x_))"(m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*x(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x) " (m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral[(cxf*fz)/d + f*fz*x])/d, x] /; FreeQl{c, d, e, f
, Tz}, x] && EqQ[d*e - c*xfxfzxI, 0]

Rule 3301
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Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*fz)/d + fxfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] && EqQd*(e - Pi/2) - cxf*fzxI, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3313

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> Si

mp[((c + d*x)"(m + 1)*Sin[e + f*x]™n)/(d*(m + 1)), x] - Dist[(f*n)/(d*x(m +
1)), Int[ExpandTrigReduce[(c + d*x)~(m + 1), Cosle + f*x]*Sin[e + f*x] (n -
1), x1, x], x] /; FreeQl{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3728

Int[((c_.) + (d_D*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)“m, (1/(2*%a) + Cos[2xe + 2xfxx]/(
2%a) + Sin[2%e + 2xfxx]/(2%b)) " (-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&& EqQ[a”2 + b~2, 0] &% ILtQ[m, O] && ILtQ[n, O]

Rubi steps
f 1 p f 1 cosh(2e + 2fx) cosh2(2e +2fx) sinh(2e+2
x = -
(c + dx)?(a + a coth(e + fx))? 4a(c +dx)®>  2a%(c + dx)? 4a%(c + dx)? 2a%(c + dx
cosh?(2e+2fx) sinh?(2e+2£x) sinh(4e+4x)
_ 1 N f (c+dx)2 f (c+dx)2 _ f (c+dx)2
4a2d(c + dx) 442 442 402

_ 1 , cosh(2e +2fx) cosh®(2e +2fx)  sinh(2e + 2fx
© 4a2d(c+dx)  2a%d(c + dx) 4a?d(c + dx) 2a%d(c + dx)

_ 1 N cosh(2e +2fx) _ coshz(Ze +2fx) ~ sinh(2e + 2fx
© 4a2d(c+dx)  2a2d(c + dx) 4a2d(c + dx) 2a2d(c + dx)

h (2 - 2
_ 1 N cosh(2e + 2fx) cosh?(2e + 2£x) N f cos ( e—°
T APdCrdn) | 2@dcrdn) A+ d)

h(2e - 2
_ 1 N cosh(2e +2fx) cosh?(2e + 2 fx) N f cos ( e— -
 4a2d(c + dx) 2a2d(c + dx) 4a2d(c + dx)

Mathematica [A] time = 1.48, size = 442, normalized size = 1.05

(sinh (2 (x = 5) + ) - cosh (2 (x - 5) + ¢))) (4 (e + d)Chi (L52] (cosh (2¢ - Z422) — sin 2

Antiderivative was successfully verified.
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[In] Integrate[1/((c + d*x)~2*(a + a*Cothl[e + fxx])~2),x]

[Out] ((-Cosh[2*(e + fx(-(c/d) + x))] + Sinh[2x(e + f*x(-(c/d) + x))]1)*(-2*d*Cosh[
(2xcxf)/d] + d*Cosh[2*(e + f*x(-(c/d) + x))] + d*Cosh[2*x(e + f*x(c/d + x))] +
2xd*Sinh [(2xc*f) /d] - 4xf*x(c + d*x)*CoshIntegral [(2xf*(c + d*x))/d]*(Cosh[
2%f*x] + Sinh[2%f*x]) + d*Sinh[2*%(e + f*(-(c/d) + x))] - d*Sinh[2%(e + fx*(c
/d + x))] + 4xf*x(c + d*x)*CoshIntegral [(4xfx(c + dxx))/d]l*(Cosh[2*e - (2*fx*
(c + d*x))/d] - Sinh[2*%e - (2%fx(c + d*x))/d]) + 4*xckxf*Cosh[2+f*x]*SinhInte
gral [(2xf*x(c + d*x))/d] + 4*xd*xfxxxCosh[2*f*x]*SinhIntegral [(2xfx(c + d*x))/
d] + 4xcxfxSinh[2*f*x]*SinhIntegral [(2xf*(c + d*x))/d] + 4xd*f*x*Sinh[2%f*x
1*SinhIntegral [(2*f*(c + d*x))/d] - 4*c*f*xCosh[2*e - (2xfx(c + dxx))/d]*Sin
hIntegral [(4xf*x(c + d*x))/d] - 4xd*f*x*Cosh[2xe - (2xf*(c + d*x))/d]*SinhIn
tegral [(4xfx(c + dxx))/d] + 4*xcxfxSinh[2%e - (2*f*(c + d*x))/d]*SinhIntegra
1[(4xfx(c + d*x))/d] + 4xd*f*x*xSinh[2%e - (2xfx(c + d*x))/d]*SinhIntegral [(
4xfx(c + d*x))/d]))/(4*a”2+d"2*(c + d*x))

fricas [A] time = 0.41, size = 615, normalized size = 1.46

4 (dfx+cf)

2 (dfx+cf) )—2(dfx+cf)Ei (_T) cosh (fx +e)2 sinh(

2(dfx+cf)Ei(— : )cosh( x+e)2smh(_

2 (de—c f )
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)”~2/(ataxcoth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/2*x(2*x(d*xf*xx + c*f)*Ei(-2*%(d*f*x + c*xf)/d)*cosh(f*x + e) 2*sinh(-2*(d*e -
cxf)/d) - 2*%(d*f*x + c*xf)*Ei(-4x(d*f*x + c*f)/d)*cosh(f*x + e) 2*sinh(-4*(d
xe — cxf)/d) + (2x(d*f*x + c*f)*Ei(-2%(d*f*x + c*f)/d)*cosh(-2x(d*e - cx*f)/
d) - 2%(d*xf*x + c*xf)*Ei(-4*x(d*xf*x + c*f)/d)*cosh(-4*(d*xe - c*xf)/d) - d)*cos
h(f*x + e)72 + (2+%(d*f*x + c*f)*Ei(-2x(d*f*x + c*f)/d)*cosh(-2*x(dxe - c*f)/
d) - 2x(dxfxx + c*xf)*Ei(-4*(d*f*x + c*xf)/d)*cosh(-4*(d*e - c*xf)/d) + 2x(dx*f
*x + c*f)*Ei(-2x(d*xf*x + c*f)/d)*sinh(-2*x(d*e — c*xf)/d) - 2*%(d*f*x + c*f)*E
i(-4*x(d*f*x + c*f)/d)*sinh(-4*(d*xe - c*xf)/d) - d)*sinh(f*x + e)”2 + 4x((d*f
*x + c*f)*Ei(-2x(dxfxx + c*f)/d)*cosh(f*x + e)*sinh(-2*(d*e - c*f)/d) - (dx
fxx + cxf)*Ei(-4x(dxf*x + c*xf)/d)*cosh(f*x + e)*sinh(-4*(d*e - cxf)/d) + ((
dxf*xx + c*xf)*Ei(-2*x(d*f*x + c*f)/d)*cosh(-2x(dxe - c*f)/d) - (dxf*x + c*xf)x*
Ei(-4*x(d*xf*x + c*f)/d)*cosh(-4*x(d*xe - c*f)/d))*cosh(f*x + e))*sinh(f*x + e)
+ d)/((a"2*%d"3*x + a~2*xc*d"2)*cosh(f*x + e)72 + 2%¥(a”"2*xd"3*x + a~2*xc*xd~2)*
cosh(f*x + e)*sinh(f*x + e) + (a”2*d"3*x + a~2*c*d~2)*sinh(f*x + e)~2)

giac [A] time = 0.21, size = 633, normalized size = 1.51

4(dx+c)(%c—f—

%)szi (4 ((dx+c)(%‘;_%)—cf+de) J 6(4(Cj;—df)) 4 Cf3Ei (4 ((dx+c)(%—§—%)-cf+de) e(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+a*xcoth(f*x+e))”~2,x, algorithm="giac")

[Out] -1/4*x(4*(d*x + c)*x(c*f/(d*x + c) - f - d*xe/(d*x + c))*f"2+%Ei(4*x((d*x + c)*(
cxf/(d*x + ¢c) - f - dxe/(d*x + c)) - c*xf + dxe)/d)*e” (4x(cxf - dxe)/d) - 4x
cxf"3*Ei (4x((d*x + c)*(cxf/(d*x + ¢c) — f - d*xe/(d*x + c)) - cxf + dxe)/d)*e
“(4x(c*xf - dxe)/d) - 4x(d*x + c)*(c*xf/(d*x + ¢) - f - d*e/(d*x + c))*f"2*Ei
(2% ((d*x + c)*(cxf/(d*x + ¢) - f - d*e/(d*x + c)) - c*xf + dxe)/d)*e” (2% (c*f
- d*xe)/d) + 4*cxf 3*Ei(2%((d*x + c)*(c*f/(d*x + ¢c) - f - d*e/(d*x + c)) -
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cxf + dxe)/d)*e” (2x(c*xf — dxe)/d) + 4*d*f~2*Ei(4*x((d*x + c)*(c*xf/(d*x + c)
- f - dxe/(d*x + c)) - c*xf + d*xe)/d)*e” (4*x(cxf - dxe)/d + 1) - 4*xd*xf~2*xEi(2
*((d*xx + c)*x(c*f/(d*x + ¢c) - f - d*xe/(d*x + c)) - c*f + dxe)/d)*e” (2x(c*f -
dxe)/d + 1) - d*f"2%xe” (4*x(d*x + c)*(cxf/(d*x + ¢c) - f - dxe/(d*x + ¢))/d)
+ 2kd*f72xe” (2% (d*x + c)*(c*xf/(d*x + ¢) - f - dxe/(d*x + ¢))/d) - d*xf~2)*d~
2/(((d*x + c)*a"2xd"4x(c*xf/(d*x + ¢c) - f - d*xe/(d*x + c)) - a"2*xc*xd"4*xf + a
~2%d"5*e) *f)

maple [A] time = 1.17, size = 164, normalized size = 0.39

4cf-4de

1 fe—4fx—4e +fe d Ei (1,4:fx+4€+ .\
4a%d (dx +¢) 4a2d (dfx + cf) a%d? 202d (dfx + cf) a%d?

_ 2cf-2de
4q4@) o2 fe_T_E%Lfo

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c) "2/ (a+a*coth(f*x+e))”~2,x)

[Out] -1/4/a"2/d/(d*x+c)-1/4xf/a"2xexp(-4xf*x-4xe)/d/ (dxfxx+cxf)+f/a~2/d 2xexp (4%
(cxf-dxe) /d) *Ei (1,4xf*x+4*e+dx (cxf-dxe) /d)+1/2xf/a~2%exp (-2*f*x-2%e) /d/ (d*f
xx+c*xf)-f/a~2/d"2xexp (2% (cxf-d*e) /d) *Ei (1, 2*xf*x+2%e+2x (c*f-d*e) /d)

maxima [A] time = 2.16, size = 100, normalized size = 0.24

4cf 2cf
—det+—= 4 (dx+c) —2e+== 2 (dx+c)
1 e( d )Ez( J;Cf) e( d )Ez( Zcf)

4 (azdzx + azcd) 4 (dx + c)a?d 2 (dx + c)a®d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ataxcoth(f*x+e))~2,x, algorithm="maxima"

[Out] -1/4/(a"2*%d"2*x + a~2xc*d) - 1/4xe”(-4xe + 4xc*xf/d)*exp_integral _e(2, 4x(d*
x + ¢c)*f/d)/((d*x + c)*a~2+d) + 1/2*e”(-2*e + 2*c*f/d)*exp_integral e(2, 2%
(d*x + c)*f/d)/((d*x + c)*a”~2xd)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f ! 5 dx
(a + acoth(e +fx)) (c+ zzlx)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*xx)) 2x(c + d*x)"2),x)
[Out] int(1/((a + a*coth(e + f*x)) " 2x(c + d*x)"2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f ¢ coth? (e+fx)+2c2 coth (e+fx)+c2+2cdx coth? (e+fx)+4cdx coth (e+ fx)+2cdx+d2x2 coth? (e+fx)+2d2x2 coth (e+ fx)+d2x2

az
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(ataxcoth(f*x+e))**2,x)

[Out] Integral(l/(c**2*coth(e + f*x)**2 + 2kcx*2xcoth(e + f*x) + c**2 + 2kckxdxx*c
oth(e + f*x)**2 + 4dxckxdxx*coth(e + f*x) + 2kckxd*x + dx*x2*x**2*coth(e + f*x)
*%2 4+ 2kdx*2kx*kx2kxcoth(e + f*xx) + d*xx2*xx*x*x2), x)/a*x*2
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3
327 [ Sy

(a+a coth(e+fx))3

Optimal. Leaf size=336

d?(c + dx)e 0c=0fX  942(c + dx)e~4e-4f* . 9d2(c + dx)e 22/~ +d(c + dx)2e7¢=0f* 9 (c + dx)2e 4e4fx . 9d(c +d
288a3f3 25643 f3 32a3f3 9643 2 12843 2 32

[Out] 1/1728%d"3*exp(-6*f*x-6%e)/a~3/f74-9/1024*d"3*exp (-4*f*x-4xe)/a~3/f74+9/64x%
d~3*exp (-2*f*x-2%e) /a~3/f74+1/288*d " 2*exp (-6*f*x-6%*e) * (d*x+c) /a~3/£73-9/256

xd " 2xexp (—4*xfxx-4*e) x (dxx+c) /a~3/£73+9/32*%d"2*exp (-2*f*x-2%e) * (d*x+c) /a~3/f
~3+1/96*d*exp (-6*f*x-6xe) * (d*x+c) ~2/a~3/£72-9/128*d*exp (-4*f*x-4*e) *x (d*x+c)
~2/a”3/£72+9/32*d*exp (-2xf*x-2%e) * (d*x+c) "2/a”3/f"2+1/48*exp (-6*f*x—-6%*e) * (d

*xx+c) "3/a”3/f-3/32*%exp (-4xfxx-4*e) * (dxx+c) ~3/a"3/f+3/16*xexp (-2xf*x-2*e) * (d*
x+c)~3/a~3/f+1/32x (d*x+c)~4/a"3/d

Rubi [A] time = 0.37, antiderivative size = 336, normalized size of antiderivative

= 1.00, number of steps used = 14, number of rules used = 3, integrand size = 20,
number of rules _ 150, Rules used = {3729, 2176, 2194}

integrand size

d?(c + dx)e 0c70fX  9d2(c + dx)e~4e—4f* . 9d2(c + dx)e~272f* +d(c + dx)2e7%¢=6f* 9 (c + dx)2e 44 x . 9d(c +d
28843 f3 25643 f3 3243 f3 9643 f2 12843 2 32

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + a*Coth[e + f*x])~3,x]

[Out] (d73*E~(-6*xe - 6%f*x))/(1728*%a"3*f~4) - (9*d~3*E~(-4*e - 4x*xfx*xx))/(1024*a~3*
£74) + (9*d"3*E~(-2%e - 2*f*x))/(64*a"3*xf~4) + (d"2+«E~(-6*e - 6xf*x)*(c + d
*x))/(288%a~3*%f~3) - (9*%d"2*E~ (-4*e - 4xfxx)*(c + d*x))/(256*a~3*xf~3) + (9%
d"2+E7(-2*%e - 2xfxx)*(c + d*x))/(32*%a"3*%f73) + (d*E~(-6xe - 6*xf*x)*(c + d*x
)72)/(96%a~3*%f72) - (9*d*E”(-4xe - 4xf*xx)*x(c + d*x)~2)/(128*a~3*xf"2) + (9*d
*E7(-2%e - 2*xf*xx)*(c + dxx)72)/(32*%a"3*f"2) + (E~(-6xe - 6*xf*x)*(c + d*x)~3

)/ (48%a~3*f) - (3*E~(-4*e — 4xf*x)*(c + d*x)~3)/(32*xa"3*f) + (3*E~(-2%e - 2
*f*xx)*(c + d*x)7"3)/(16*a~3*f) + (c + d*x)~4/(32*xa~3*d)

Rule 2176

Int [((b_)*(F_)~((g_.)*x((e_.) + (£_)*(xx_))))"(a_)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[((c + dx*x) m*(b*F~(gx(e + fx*x))) n)/(fxg*n*Log[F]),
x] - Dist[(d*m)/(fxg*n*Logl[F]), Int[(c + d*x)"(m - 1)*(b*F~(g*x(e + f*x)))"n
, x], x] /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m
] && !'$UseGamma === True

Rule 2194

Int[((F)~((c_d)*x((a_.) + (b_)*(x))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x))) "n/(b*c*n*xLogl[F]), x] /; FreeQ[{F, a, b, c, n}, xl]

Rule 3729

Int[((c_.) + (d_)*(x_))"(m_)*x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2xa) + E~((2*a*x(e + f*x))
/b)/(2xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, 0]

Rubi steps
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(c + dx)? o (f(c+dx? et (e dx)d et X (c+dx)® 3em% 2 X(c + dx)® i
(a +acoth(e + fx))® f ( 8a® 843 " 843 - 843 /
c+dt [ +dx)’dx 3 [ete M (c+dx)pPdx 3 [e Mo+

N 8a° " 823 ) 8a°
e St dn Be AN (c+dx)® 3e 22N (c+dx)?  (c+dv)t dfe

B a8a3f 32a3f 16a3f 32a%d

_ de % (e dx)? 9de™ (e + dx)? 9de2 (e + dx)? e %O X(c + ¢

ST 9elfz | asafr L a0 48df
A2 (e dx) 9P+ dx) 9422 ¥ (e +dx)  deTSO(c +
T 288a3f2 256433 32433 963 2
dBe6e-6fx  gfB8p—4e-4fx g 3,-2e-2fx d26—6e—6fx(c + dx) 9d26—4e—4fx(c +

T A7285fF | 1024a3f% | edddfi | 28835 256a3f3

Mathematica [A] time = 2.48, size = 615, normalized size = 1.83

csch’(e + fx) (345603 Fixsinh(3(e + fx)) + 7776c% £3 sinh(e + fx) — 576¢ 3 sinh(3(e + fx)) + 5184c%d f*x

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + a*Coth[e + f*x])~3,x]

[Out] (Cschle + f*xx] " 3*%(81*(32%c™3*f"3 + 24*c™2xd*xf"2%(3 + 4*fxx) + 12%c*xd™2*xf*x(7

+ 12*f*x + 8*xf72xx72) + d73*%(45 + 84xfxx + 72xf72%x"2 + 32*f~3*x~3))*Cosh[
e + f*x] + 16%(36xc™3*xf 3% (1 + 6*f*x) + 18*c™2xd*xf~ 2% (1 + 6*f*x + 18%f~2*xx™
2) + 6*xckd"2xf* (1 + 6xfxx + 18+%f 2%x"2 + 36*f~3*x"3) + d73*%(1 + 6xf*x + 18%
£f72%x72 + 36*xf"3%x"3 + 54*f"4*x"4))*Cosh[3*x(e + f*x)] + 4131*d"3*Sinh[e + £
*x] + 8748*cxd"2xf*Sinh[e + f*x] + 9720*%c”2xd*xf~2xSinh[e + f*x] + 7776*%c” 3%
f~3*Sinh[e + f*x] + 8748+d"3*f*x*Sinh[e + fxx] + 19440*c*d"2*f " 2*x*Sinh[e +

f*x] + 23328*c”2xd*f " 3*x*Sinh[e + f*x] + 9720*%d"3*f 2*x~2+Sinh[e + f*x] +
23328*c*kd"2*xf"3*x"2*Sinh[e + f*x] + 7776xd"3*f"3*x"3*Sinh[e + f*x] - 16*d"3
*3inh [3*(e + f*x)] - 96*c*d"2*f*Sinh[3*(e + f*x)] - 288*c”2*d*f~2*Sinh[3* (e

+ £*x)] - 576xc”3*xf~3%3inh[3*(e + f*x)] - 96*d~3xf*x*Sinh[3*(e + f*x)] - 5
T6xcxd™2xf ~2*x*Sinh [3* (e + f*xx)] - 1728*c™2*d*f " 3*x*Sinh[3*(e + fx*xx)] + 345
6*%c”3*%f "4*xx*Sinh [3*x(e + f*x)] - 288*d"3*f"2*xx"2*Sinh[3*(e + f*x)] - 1728*cx*
d"2*xf"3*x"2*Sinh [3*% (e + f*x)] + 5184*c”2xd*f~4*xx~2+%Sinh[3*(e + f*x)] - 576%
d"3*f"3*x"3*Sinh [3*% (e + f*x)] + 3456*%c*xd~2*xf~4*x~3*Sinh[3*(e + f*x)] + 864*
d"3*xf"4*x"4*Sinh[3*(e + f*x)]))/(27648*%a~3*xf"4*x(1 + Cothl[e + f*x])~3)

+ o+ +

fricas [B] time = 0.40, size = 844, normalized size = 2.51

16 (542 f4x* + 36 O f° + 18 c2df? + 6 cd?f +36 (6 cd2 f* + d> f2)x + d® + 18 (18 2df* + 6 cd2 £ + d° 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/27648%(16%(54*xd"3*xf " 4*x"4 + 36%c~3*xf"3 + 18*c™2*xd*f~2 + 6*cxd"2*xf + 36*(6

*cxd"2+¢f74 + d73*f73)*xx"3 + d73 + 18*%(18*cT2xd*f"4 + 6xc*xd"2+%f"3 + d73*f72)
*xX72 + 6*%(36%cT3*f74 + 18%cT2*d*f"3 + 6kckd"2xf72 + d73xf)*x)*cosh(f*x + e)
3 + 48%(54xd"3*f"4*x"4 + 36*%c”3*%f"3 + 18%cT2*d*f"2 + 6xckxd”"2xf + 36 (6*cxd
“2%f74 + d73%f73)*%x”3 + d73 + 18%(18%c”2xd*f"4 + 6xckd"2%f"3 + d73*xf"2)*x"2
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+ 6%(36%c”3*f"4 + 18*c”2%d*f"3 + 6kckd"2*xf"2 + d73*f)*x)*cosh(f*x + e)*sin
h(f*x + e)72 + 16%(54*d"3*f"4*x"4 — 36%c~3*%f"3 - 18*c™2*d*f~2 — 6xc*xd™2*f +
36% (6*xckd™2%f"4 - d73*xf"3)*x"3 - d73 + 18*(18*c™2%d*f~4 - 6xcxd"2*f~3 - d~
*FT2)*xT2 + 6% (36%c”3%f74 - 18*%cT2xd*f"3 - 6*c*kd"2*f72 - d73*f)*x)*sinh(f*
X + e)73 + 81%x(32%d"3*xf"3*x"3 + 32%c"3*f"3 + 72xc"2xd*f"2 + 84*ckxd"2xf + 45
*d73 + 24x(4xcxd"2*%f73 + 3%dA"3*fT2)*xx"2 + 12%(8xcT2*d*f"3 + 12%c*d"2xf"2 +

7T*d"3*xf) *x)*cosh(f*x + e) + 3*(2592*d"3*f " 3*xx~3 + 2592%c”3*f~3 + 3240*c~2*d
*f72 + 2916*xckd”™2*xf + 1377+d"3 + 648*%(12xc*xd™2*xf~3 + 5xd"3*f~2)*x"2 + 16%(5
Axd~3*f"4%x"4 - 36*%c”3*%f73 - 18*%cT2*d*f"2 - 6xckxd”"2xf + 36x(6*cxd"2*%f"4 - d
“3*%f73)*x73 - d73 + 18%(18*cT2*d*f"4 - 6xcxd"2xf73 - d73*fT2)*x"2 + 6% (36%c
“3*%f74 - 18*%cT2xd*f"3 - 6%cxd"2*xf72 - d73*f)*x)*cosh(f*x + e)72 + 324*x(24x*c
~2%d*f"3 + 20*%ckd"2*xf"2 + 9%d"3*f)*x)*sinh(f*x + e))/(a"3*f "4*cosh(f*x + e)
~3 + 3%a"3xf"4*xcosh(f*x + e) " 2*xsinh(f*x + e) + 3*a~3*f 4dxcosh(f*x + e)*sinh
(f*x + e)72 + a”"3*xf"4*sinh(f*x + e)~3)

giac [A] time = 0.15, size = 573, normalized size = 1.71

(864 B fdel6/7+60) | 3456 02 pa3pl676¢) | 5184 24 £4x26(6/746¢) 4 5184 3 13x3pl4¥+4) _ 2502 43 £3:3(2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] 1/27648%(864%d"3*f 4*x"4xe” (6xf*xx + 6xe) + 3456*%c*xd™2*f 4*xx"3*xe” (6*f*x + 6%
e) + 5184xc™2xd*xf 4xx"2xe” (6*%f*x + 6%e) + 5184*xd"3*xf " 3*x"3*e” (4*xf*x + 4x*e)
- 2592*d73*f"3*x"3*%e” (2xf*x + 2%e) + B576xd"3*xf"3%x"3 + 3456%c”3*kf "4xx*ke” (6%
f*x + 6%e) + 15552%c*d™2+f " 3*x"2*%e” (4xf*xx + 4%e) — T776*xckd™2*xf " 3xx"2xe”™ (2%
fxx + 2%e) + 1728xc*xd"2+¢f73*x72 + 15552*%c”™2xd*f " 3*x*e” (4*f*x + 4*e) + 7776%
d73*xf"2xx"2%e” (Axf*x + 4%e) — TT76xc™2kd*xf " 3*kx*ke™ (2xf*x + 2%e) - 1944*d~3*f
T2kxT2%e” (2xf*x + 2%e) + 1728*%cT2kd*xf73*x + 288*d"3*f"2*xx72 + 5184*c”3*f 3%
e~ (4*f*x + 4xe) + 15552xc*xd™2+f " 2*x*e” (4*xf*xx + 4*xe) — 2592%c~3*f " 3*e” (2*xf*x
+ 2%e) - 3888*xckxd"2xf " 2xx*xe” (2*kf*kx + 2%e) + B76xc”3%f73 + B576*kckdT2xfT2*x
+ TT776xc™2xd*xf"2xe”™ (4*f*x + 4*e) + 7776xd"3xf*x*e” (4*f*x + 4*e) — 1944xc”™2%
dxf~2%e” (2xf*x + 2%e) - 972*xd"3*f*x*e” (2xf*xx + 2%e) + 288*c”2xd*f~2 + 96*d~
3kf*kx + TT76xcxd™2%f*e” (4*xf*x + 4dke) — 972xcxd™2+f*e” (2*xf*x + 2*xe) + 96xc*d
~2xf + 3888*%d"3*xe” (4xfxx + 4xe) - 243*%d"3*xe” (2xfxx + 2%e) + 16*d"3)*e” (-6%f
*x — 6%e)/(a~3xf"4)

maple [B] time = 0.71, size = 3691, normalized size = 10.99

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3/ (ataxcoth(f*x+e)) 3,x)

[Out] 1/a"3/f*x(1/£f73*%d"3*(1/4* (f*x+e) "3*cosh(f*x+e)*sinh (f*x+e) "3-3/8* (f*x+e) ~3*cC
osh(f*x+e)*sinh (f*x+e)+3/32x (f*x+e) ~4-3/16* (f*x+e) “2xsinh (f*x+e) ~4+3/32* (f*
x+e)*cosh (f*x+e) *sinh (f*x+e) "3-45/64x (f*x+e) *cosh (f*x+e) *sinh (fxx+e)-27/128
* (f*x+e) "2-3/128*sinh (f*xx+e) “4+45/128*cosh (f*x+e) “2+9/16%* (f*x+e) "2*cosh (f*x
+e) "2)+4/f73%d" 3% (1/6%* (f*x+e) "3*sinh (f*x+e) “2xcosh (f*x+e) "4-1/12*x (f*x+e) ~3%
cosh(f*x+e) ~4-1/12*%(f*x+e) "2xsinh (f*x+e) *cosh(f*x+e) "5+1/12* (f*x+e) ~2*sinh(
f*xx+e) *cosh(f*x+e) ~3+1/8* (f*x+e) "2*cosh(f*x+e) *sinh (f*x+e)+1/24* (f*xx+e) ~3+1
/36* (f*¥x+e)*cosh(f*x+e) “6-1/216*cosh(f*x+e) “5*sinh(f*x+e)+1/216*cosh(f*x+e)
~“3xsinh (f*x+e)+5/72*cosh (f*x+e) *sinh (fxx+e)+5/72*xfxx+5/72%e-1/24* (f*x+e) *co
sh(f*x+e) "4-1/8*(f*x+e)*cosh(f*x+e) "2)-4/f"3*d"3*(1/6* (f*x+e) ~“3*sinh (f*x+e)
~3*cosh(f*x+e) "3-1/8x (f*x+e) "3*sinh (f*x+e)*cosh(f*x+e) "3+1/16* (f*x+e) “3*cos
h(f*x+e)*sinh (f*x+e)+1/64* (f*xx+e) ~4-1/12% (f*x+e) "2*sinh (f*x+e) "2*xcosh (f*x+e
) "4+13/96%* (f*x+e) "2*xcosh (f*x+e) “4+1/36* (f*x+e) *sinh (f*xx+e)*cosh (f*x+e) "5-43
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/576* (f*x+e) *sinh (f*x+e)*cosh (f*x+e) "3-7/384x* (f*x+e) *cosh (f*x+e) *sinh (f*x+e
)-T/768* (f*x+e) "2-1/216*cosh(f*x+e) ~6+43/2304*cosh(f*x+e) ~4+7/768*cosh (f*x+
e) "2-3/32* (f*xx+e) "2xcosh (f*x+e) "2)+4*c~ 3% (1/6*sinh (f*x+e) "2*cosh(f*x+e) ~4-1
/12%cosh(f*x+e) ~4)-4xc~ 3% (1/6*sinh (f*x+e) "3*cosh(f*x+e) ~3-1/8*cosh(f*x+e)~3
*ginh (f*x+e)+1/16*cosh(f*x+e)*sinh (f*x+e)+1/16xf*x+1/16%e)+c 3% ((1/4*sinh(f
*x+e) "3-3/8*sinh (f*x+e) ) *cosh (f*x+e)+3/8*f*x+3/8*%e)-3/4*c~3*sinh (f*x+e) "4-3
/E£73%d"3* (1/4* (f*x+e) "3*sinh (f*x+e) "4-3/16* (f*x+e) "2*cosh (f*x+e) *sinh (f*x+e
) "3+9/32% (f*x+e) "2*cosh (f*x+e) *sinh (f*x+e)-3/32* (f*x+e) ~3+3/32* (f*x+e) *sinh
(f*x+e) ~4-3/128*sinh (f*x+e) “3*cosh (f*x+e)+45/256*cosh (f*x+e) *sinh (f*x+e)+27
/256*f*x+27/256*xe-9/32x (f*x+e) *cosh (f*x+e) "2)+24/f72+%d"2*c*e* (1/6* (f*xx+e) *s
inh(f*x+e) "3*cosh(f*x+e) ~3-1/8* (f*x+e) *sinh (f*x+e)*cosh (f*x+e) "3+1/16* (f*xx+
e) *cosh(f*x+e)*sinh (f*x+e)+1/32* (f*x+e) "2-1/36*sinh (f*x+e) "2*cosh (f*x+e) "4+
13/288*cosh (f*x+e) "4-1/32*cosh(f*x+e) "2)+3%d"2%e~2/f " 2*xc* ((1/4*sinh (f*x+e)”
3-3/8*sinh (f*x+e) ) *cosh(f*x+e)+3/8*f*x+3/8xe)-3*d*e/f*c”~2*%((1/4*sinh (f*x+e)
~3-3/8*sinh(f*x+e) ) *cosh (f*x+e)+3/8*f*x+3/8*%e)-24/f72%d"2*c*xe*x (1/6* (f*x+e) *
sinh (f*x+e) "2*cosh(f*x+e) ~4-1/12* (f*x+e)*cosh(f*x+e) “4-1/36*cosh(f*x+e) “5*g
inh(f*x+e)+1/36*cosh(f*x+e) "3*sinh (f*x+e)+1/24*cosh(f*x+e)*sinh (f*x+e)+1/24
*fxx+1/24%e)+12*xd"2*%e”2/f " 2xc*x (1/6*sinh (f*x+e) "2*cosh(f*x+e) “4-1/12*cosh (f*
x+e) "4)-12*d*xe/f*c”2x (1/6*sinh (f*x+e) "2*xcosh(f*x+e) “4-1/12*cosh(f*x+e) "4)-6
/T72%d"2*ckex (1/4* (fxx+e)*cosh (f*x+e) *sinh (f*x+e) ~3-3/8* (f*x+e) *cosh (f*x+e)
*ginh (f*x+e)+3/16* (f*x+e) "2-1/16*sinh (f*x+e) “4+3/16*cosh(f*x+e) "2)-12*d"2*e
~2/f72%c*(1/6*sinh (f*x+e) "3*cosh(f*x+e) "3-1/8*cosh(f*x+e) "3*sinh(f*x+e)+1/1
6xcosh(f*x+e)*sinh(f*x+e)+1/16xf*x+1/16%e)+12*xd*e/fxc”2*(1/6*sinh (f*x+e) ~3*
cosh(f*x+e) "3-1/8*cosh(f*x+e) “3*sinh(f*x+e)+1/16*cosh(f*x+e)*sinh(f*x+e)+1/
16*xf*x+1/16%e)+3/4/f73*xd"3*e " 3*sinh (f*x+e) "4+9/f"3*d " 3*ex (1/4* (f*x+e) “2*sin
h(f*x+e) ~4-1/8* (f*x+e) *cosh(f*x+e)*sinh (f*x+e) "3+3/16* (f*x+e) *cosh (f*x+e) *s
inh (f*x+e)-3/32*%(f*x+e) "2+1/32*sinh (f*x+e) "4-3/32*cosh(f*x+e) ~2)-9/f"3*d 3%
e” 2% (1/4* (f*x+e)*sinh (f*x+e) "4-1/16*sinh (f*x+e) “3*cosh (f*x+e)+3/32*cosh(f*x
+e) *sinh (f*x+e)-3/32%f*x-3/32%e) -9/f " 2xcxd~ 2% (1/4* (f*x+e) "2*sinh (f*x+e) “4-1
/8% (f*x+e) *cosh(f*x+e) *sinh (f*x+e) "3+3/16* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)-3
/32% (f*x+e) "2+1/32*sinh (f*x+e) "4-3/32*cosh (f*x+e) ~2)-9/f*c™2*d* (1/4* (f*x+e)
*gsinh (f*x+e) "4-1/16*sinh (f*x+e) "3*cosh(f*x+e)+3/32*cosh (f*x+e) *sinh (f*x+e)-
3/32xf*xx-3/32%e)-9/4/f " 2%c*d"2xe” 2*sinh (f*x+e) "4+9/4/fxc”2*xd*e*sinh (f*x+e)~
4+18/f"2xcxd"2%e* (1/4* (f*x+e) *sinh (fxx+e) “4-1/16*sinh (f*x+e) “3xcosh (f*x+e)+
3/32xcosh(f*x+e)*sinh (f*x+e)-3/32*xf*x-3/32xe) -4*d~3*%e~3/f"3*(1/6*sinh (f*x+e
) "2xcosh(f*x+e) "4-1/12*xcosh(fxx+e) "4)+3/f"3*d"3*e”" 2% (1/4* (f*x+e) *cosh (f*x+e
)xsinh (f*x+e) "3-3/8* (f*x+e)*cosh(f*x+e) *sinh (f*x+e)+3/16* (f*x+e) "2-1/16%*sin
h(f*x+e) ~4+3/16*cosh(f*x+e) "2)+3/f"2xd"2xc* (1/4* (f*x+e) "2*cosh(f*x+e)*sinh(
f*x+e) "3-3/8*x (f*x+e) "2*¥cosh(f*x+e) *sinh (fxx+e)+1/8* (f*x+e) "3-1/8* (f*x+e)*si
nh(f*x+e) “4+1/32*sinh (f*x+e) “3*cosh(f*x+e)-15/64*cosh(f*x+e)*sinh (f*x+e)-9/
64*f*x-9/64*e+3/8* (f*xx+e)*cosh(f*x+e) "2)-d"3*e~3/f73*((1/4*sinh (f*x+e) ~3-3/
8*sinh (f*x+e) ) *cosh (f*x+e)+3/8*f*x+3/8*e)+12/f*d*c™ 2% (1/6* (f*x+e) *sinh (f*x+
e) "2*cosh(f*x+e) ~4-1/12x (f*x+e) *cosh(f*x+e) "4-1/36*cosh (f*x+e) "5*xsinh (f*x+e
)+1/36*cosh(f*x+e) "3*sinh(f*x+e)+1/24*cosh(f*x+e)*sinh (f*x+e)+1/24*f*x+1/24
*xe)-12/f73*d"3*xe*x (1/6*% (f*x+e) "2*sinh (f*x+e) “2*xcosh (f*x+e) "4-1/12x (f*xx+e) "2%
cosh(f*x+e) "4-1/18*%(f*x+e)*sinh (f*x+e) *cosh(f*x+e) “5+1/18* (f*x+e) *sinh (f*xx+
e) *cosh(f*x+e) "3+1/12x (f*x+e) *cosh (f*x+e) *sinh (f*x+e)+1/24* (f*x+e) "2+1/108%
cosh(f*x+e) "6-1/72*cosh(f*x+e) ~4-1/24*cosh(f*x+e) ~2)-12/Ff*xd*c™ 2% (1/6* (f*x+e
)xsinh (f*x+e) "3*cosh(f*x+e) ~3-1/8* (f*x+e) *sinh (f*x+e)*cosh(f*x+e) "3+1/16*(f
*x+e) *cosh(f*x+e)*sinh (fxx+e)+1/32* (f*x+e) "2-1/36*sinh (f*x+e) "2*cosh(f*x+e)
~4+13/288*cosh(f*x+e) "4-1/32*cosh(f*x+e) "2)+4*d"3*e~3/f"3*(1/6*sinh (f*x+e)”
3*cosh(f*x+e) ~3-1/8*cosh(f*x+e) "3*sinh(f*x+e)+1/16*cosh(f*x+e)*sinh (f*x+e)+
1/16*f*x+1/16%e)-3/f73*xd"3*ex* (1/4* (f*x+e) "2*xcosh (f*x+e)*sinh (f*x+e) ~3-3/8%*(
f*x+e) "2*cosh(f*x+e)*sinh (f*x+e)+1/8*% (f*x+e) "3-1/8* (f*x+e) *sinh (f*x+e) ~4+1/
32*sinh (f*x+e) “3xcosh (f*x+e)-15/64*cosh(f*x+e)*sinh (f*x+e)-9/64*xf*xx-9/64*xe+
3/8x (fxx+e) *cosh (f*x+e) "2)+3/fxd*xc™2* (1/4* (f*xx+e) *cosh (f*x+e) *sinh (f*x+e) 3
-3/8* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)+3/16*x (f*x+e) "2-1/16*sinh (f*x+e) ~4+3/16
*cosh(f*x+e) "2)+12/f73*xd"3*e* (1/6* (f*x+e) "2*sinh (f*x+e) “3*cosh(f*x+e) ~3-1/8
* (f*x+e) "2*xsinh (f*x+e) *cosh (f*x+e) "3+1/16*% (f*x+e) "2xcosh (f*x+e) *sinh (f*x+e)
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+1/48* (f*x+e) ~3-1/18* (f*x+e) *sinh (f*x+e) "2xcosh (f*x+e) "4+13/144* (f*x+e) *cos
h(f*x+e) ~4+1/108*cosh(f*x+e) "5*sinh (f*x+e)-43/1728*cosh(f*x+e) ~3*sinh (f*x+e
)-7/1152%cosh(f*x+e)*sinh (f*x+e)-7/1152*%f*x-7/1152*e-1/16%* (f*x+e) *cosh (f*x+
e) "2)-12/f73*d"3*e"2x (1/6%* (f*x+e) *sinh (f*x+e) “3*xcosh (f*x+e) "3-1/8*% (f*x+e) *s
inh(f*x+e)*cosh(f*x+e) "3+1/16* (f*x+e) *cosh(f*x+e) *sinh (f*x+e)+1/32* (f*x+e)”
2-1/36*sinh (f*x+e) "2*xcosh (f*x+e) "4+13/288*cosh(f*x+e) ~4-1/32*cosh(f*x+e) ~2)
-12/£72*%d"2*xc* (1/6* (f*x+e) "2*sinh (f*x+e) "3*cosh(f*x+e) ~3-1/8* (f*x+e) "2*sinh
(f*x+e)*cosh(f*x+e) "3+1/16x (f*xx+e) "2*cosh(f*x+e)*sinh (fxx+e)+1/48* (f*x+e)~3
-1/18* (f*x+e) *sinh (f*x+e) "2*cosh (f*x+e) "4+13/144* (fxx+e)*cosh(f*x+e) "4+1/10
8*cosh(f*x+e) “5xsinh (f*x+e)-43/1728*cosh(f*x+e) ~3*sinh (f*x+e)-7/1152*cosh(f
*xx+e)*sinh (f*x+e)-7/1152%f*xx~7/1152%e-1/16* (f*x+e) *cosh(f*x+e) ~2)+12/f"3*d~
3ke” 2% (1/6*% (f*x+e)*sinh (f*x+e) "2*cosh(f*x+e) ~4-1/12* (f*x+e) *cosh(f*x+e) ~4-1
/36*cosh (f*x+e) “5*xsinh (f*x+e)+1/36*cosh(f*x+e) “3*sinh (f*x+e)+1/24*cosh (f*x+
e)*sinh (f*xx+e)+1/24xfxx+1/24%e)+12/f72xd"2xcx (1/6% (f*x+e) "2*sinh (f*x+e) “2*c
osh(f*x+e) "4-1/12x (f*x+e) "2*cosh(f*x+e) "4-1/18* (f*x+e)*sinh (f*x+e) *cosh (f*x
+e) "5+1/18* (f*x+e)*sinh (f*x+e) *cosh (f*x+e) ~3+1/12* (f*x+e) *cosh (f*x+e)*sinh(
fxx+e)+1/24* (fxx+e) "2+1/108*cosh(f*x+e) "6-1/72*cosh (f*x+e) "4-1/24*cosh (f*x+
e)”2))

maxima [A] time = 2.86, size = 406, normalized size = 1.21

1 (12(fx+e) 186l 2fx29) _gpl-tfi-te) 4 o p-672-6 (72 f2x2e69) 1108 (2 fxe) + o4 e))e(_zf 9 -
43
9% ° asf " asf "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e)) 3,x, algorithm="maxima")

[Out] 1/96*%c™3x(12*x(fxx + e)/(a"3*f) + (18*xe~(-2xf*x - 2%e) - 9xe” (-4*xfxx - 4*e)
+ 2%e” (—6xfxx — 6%xe))/(a"3*f)) + 1/384x(72xf~2%x"2%e” (6*e) + 108* (2xfxx*xe”(
4xe) + e”(4xe))*xe” (-2*f*x) - 27x(4xfxxxe”(2%e) + e~ (2*e))*e” (-4xfxx) + 4x(6
*f*xx + 1)*e” (-6*xf*xx))*c™2%d*e” (-6%e) /(a"3*f"2) + 1/2304*(288*f " 3*x"3*e” (6*e
) + 648% (2+f"2%x"2%e” (4d*e) + 2xfxx*e” (4*e) + e~ (4*e))*e” (-2%f*x) - 81 (8*xf~
2%x"2xe” (2%e) + 4dxfxxxe”™(2%e) + e (2*e))*e” (-4*f*xx) + 8*x(18*f~2%x"2 + 6*fx*x
+ 1)xe” (-6xf*x) ) *c*xd"2xe” (-6*e)/(a"3*xf~3) + 1/27648*(864xf 4*xx"4*e” (6xe) +
1296* (4*xf~3xx"3%e” (4*e) + 6*xf " 2xx"2xe” (4*e) + 6xf*x*ke” (4*e) + 3*xe” (4*e))*e
T(-2%f*x) - 81*%(32*xf"3xx"3%e” (2%e) + 24*f72xx"2xe” (2%e) + 12*f*xke”(2*%e) +
3ke” (2*%e) ) ke” (—4xfxx) + 16%(36*4f"3*x"3 + 18*xf"2%x"2 + 6*f*x + 1)*e” (—-6xf*x)
)*d"3*e” (-6*e)/(a~3*f"4)

mupad [B] time = 1.44, size = 374, normalized size = 1.11

1262 +183d 2 +18cd f+ 947 3d32® 9dx (22 f2+2cdf +d?) N 9?2 (d+2cf)
64 a3 f4 1643 f 3243 f3 32ad f2

e 2e2fx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + a*coth(e + f*x))~3,x)

[Out] exp(- 2*%e - 2*xf*x)*((9%d~3 + 12xc”3*f73 + 18*c™2xd*f~2 + 18*c*xd~2x*f)/(64*a”
3*f74) + (3xd"3*x73)/(16*a~3*f) + (9kd*x*x(d~2 + 2%c™2+%f72 + 2kckxd*xf))/(32*a
“3%£73) + (9*%d724x72x(d + 2xcxf))/(32%a”3*%£72)) - exp(- 4xe - 4xfx*x)*((9*d”

3 + 96*%c”3*f"3 + T2xc"2+d*f"2 + 36xckd"2xf)/(1024*a"3*xf"4) + (3*d"3*x"3)/(3
2%a"3*f) + (9kd*x*x(d"2 + 8*%c™2+xf72 + 4xckxd*f))/(256%a~3*%f73) + (9*xd"2*xx"2*(

d + 4xcxf))/(128%a"3*%£72)) + exp(- 6%e — 6xf*x)*((d"3 + 36%c™3*f73 + 18%c™2
*d*f72 + 6kcxd"2xf) /(1728%a~3*%f~4) + (d73*x73)/(48*a~3*f) + (d*x*x(d"2 + 18
cT2%f72 + 6xcxdxf))/(288%a~3*f"3) + (d72*x"2x(d + 6%c*f))/(96*a~3*%f"2)) + (
c"3xx)/(8*%a"3) + (d"3*x74)/(32*a~3) + (3*c ™ 2*xd*x"2)/(16*a~3) + (c*d"2*x"3)/
(8%a~3)
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sympy [A] time = 4.28, size = 3918, normalized size = 11.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(ata*xcoth(f*x+e))**3,x)

[Out] Piecewise((864xc**3*xf**4*x*tanh(e + f*xx)**x3/(6912*a*x*3*xf**xd*xtanh(e + f*x)**
3 + 20736*xax*x3xfxx4dxtanh(e + f*x)**2 + 20736*ax*x3*xf**x4*xtanh(e + f*x) + 6912
*axx3*xf*k*k4) + 2592xcx*x3xf**x4*xx*xtanh(e + £*xx)**x2/(6912%a*x*3xf**4*tanh(e + fx*
x)**3 + 20736%a*x*3xf*x*4*xtanh(e + f*xx)**x2 + 20736*a**3*xf*x*kx4d*xtanh(e + fxx) +
6912xax*3*xf**x4) + 2592*ckx3xfrkxd*xx*tanh(e + f*x)/(6912%xa*x*3*xf*x4xtanh(e + f
*x) **3 + 20736*ax*x3*xf*r*kdxtanh(e + f*x)**2 + 20736*xa*x*3*xf*xx4*xtanh(e + fxx) +
6912%ax*3kfx*x4) + 864xc**3*xf**x4*x/(6912*%xax*x3xfxx4dxtanh(e + f*x)**3 + 20736
*a*xx3xfrkdrtanh(e + F*xx)**2 + 20736*a*x*3xfrxxdxtanh(e + f£*x) + 6912*%a*x*3xf*x*
4) + 6048xcx*x3*xf*+*x3*xtanh(e + f*xx)**x2/(6912*xa*x*3*xf*+*x4*xtanh(e + f*xx)**x3 + 207
36kaxk3kfrxdxtanh(e + f£*x)**2 + 20736*ax*x3xfxx4+xtanh(e + f*x) + 6912*a*x*x3xf
*x4) + TT776%xcx*x3xf**3*xtanh(e + f*x)/(6912*xa*x*3*xf+*x4xtanh(e + fxx)**3 + 2073
B6xax*3*xf*r*kdxtanh(e + fxx)**2 + 20736*a*x*3*xfrxdxtanh(e + f*x) + 6912*%a*x*x3*xfx*
*4) + 2880*ck*3xf**x3/(6912*a*x*x3xf*+*4*xtanh(e + f*xx)*x3 + 20736*a**3*xf**xd*xtan
h(e + f*xx)*x2 + 20736*a**3*xf*x*xdxtanh(e + f*x) + 6912*%a*x*3*xf*x*x4) + 1296%Cc**2
*d*xfxxdkxkk2xtanh (e + fxx)**x3/(6912*%a*x*3xf*r*xdxtanh(e + f*x)**3 + 20736*a*x*3
*fxx4*xtanh(e + f*xx)**x2 + 20736*a*x*3*xf*rkxd*xtanh(e + fxx) + 6912*a*x*3xf**x4) +
3888k ckk2xd*frxdxx+*k2xtanh (e + f*x)*%x2/(6912%ax*x3xf*+*xdxtanh(e + f*x)**x3 + 2
0736*ax*3xfxxdxtanh (e + f*x)**2 + 20736*ax*x3xfx*4+xtanh(e + f*x) + 6912%xax*x3
*f*x4) + 3888 crx*x2xdxfxx4*xx*x*x2+xtanh(e + £*xx)/(6912xa*x*3xf**x4*xtanh(e + f*xx)x*
*3 + 20736*a*x*3xfrxdxtanh(e + £*x)**2 + 20736*ax*x3xf**x4+xtanh(e + f*x) + 691
2ka*x*x3kf*xk4) + 1296k crx*x2xd*f**x4*x**2/ (6912*%a**3xfrxdxtanh (e + f£*x)**3 + 207
36xa*x*3xfxx4*xtanh(e + f*x)**2 + 20736*a**x3xf**xdxtanh(e + f*x) + 6912%a**x3*f
*%4) - 6264xcHk*2xdxf**x3xx*xtanh(e + f*xx)**3/(6912*ax*3*xf*x*x4+xtanh(e + f*xx)**3
+ 20736*ax*3xfxx4dxtanh(e + f£*x)**2 + 20736*ax*x3xfxx4+xtanh(e + f*x) + 6912x%
a*x*3*xf**4) - B648xcx*x2xdxf**3*xx*xtanh(e + £*xx)**x2/(6912%a*x*3xf**4*xtanh(e + fx*
x)**3 + 20736%a*x*3*xf**4*xtanh(e + f*xx)**x2 + 20736*a**3*xf*x*kxd*xtanh(e + f*xx) +
6912%a*x*3xf*x*xd) + 4536xcx*x2*xd*f**3*x*tanh(e + f*xx)/(6912%a**3*f**4*tanh(e +
f*x)**3 + 20736*axx3*xf+*x4xtanh(e + £*xx)**2 + 20736*a*x*3*xf**d*xtanh(e + f*xx)
+ 6912*%ax*k3kf*x*x4) + 2376*ck*2xd*f**3*xx/ (6912*xax*x3xf*x*x4+xtanh(e + f*x)**3 +
20736*a*x*3*xfxkdxtanh(e + f*x)**x2 + 20736*a*x*x3xfxx4dxtanh(e + f*x) + 6912*axx*
3kf*kk4) + 6264xcx*x2xd*xf*+*+2*xtanh(e + f*xx)**x2/(6912*xa*x*3*xf*x*xd*xtanh(e + f*xx)**
3 + 20736*xax*x3xfxx4dxtanh(e + f*x)**2 + 20736*a*x*x3*xf**x4*xtanh(e + f*x) + 6912
*axx3xf*x*x4) + 9720*ck*x2xd*f**2+xtanh(e + f*xx)/(6912xa*x*3*xf**4*xtanh(e + f*xx)x*
*3 + 20736*ax*3xfxxdxtanh(e + f£*x)**2 + 20736*ax*x3xf**4+xtanh(e + f*x) + 691
2ka*x*x3*xf*x*k4) + 4032kxck*x2xd*xf**2/(6912*%a**3xfFxx4dxtanh(e + f£*x)**3 + 20736*ax*
*3xf*x*x4*xtanh(e + f*xx)*x2 + 20736*a*x*3*xf*r*kdxtanh(e + f*x) + 6912*%a*x*x3*xf*x*x4)
+ 864*xckd**x2xfxxdxx*x*x3xtanh (e + f*x)**x3/(6912%a*x*x3xf**4*xtanh(e + f*xx)**x3 +
20736*a**3*xfxkdxtanh(e + f*x)**2 + 20736*%a*x*3xfxxdxtanh(e + f*x) + 6912*axx*
3xkfx%x4) + 2592*kcxd**2xf**x4dxx*x*x3*xtanh (e + f*x)**2/(6912xa**3xf**x4*xtanh(e + f
*x)**%3 + 20736*%ax*x3xfxx4dxtanh(e + f*x)**2 + 20736*ax*x3xf**4+xtanh(e + f*x) +
6912%axk3kfx*kd) + 2592k ckd**2*f**x4*xx*x*x3*xtanh(e + fxx)/(6912*a**3*f**x4*xtanh
(e + f*x)**3 + 20736*a*x*x3xfxxdxtanh(e + f*x)**2 + 20736*a*x*x3xf**x4+xtanh(e +
fxx) + 6912%a*x*3xf**x4) + 864xckd**2xf+*xdxxx*x3/(6912*%ax*x3*xf*x*xdxtanh(e + f*x)
*%3 + 20736*xa*x*3xfxx4dxtanh(e + £*x)**2 + 20736*xaxx3*xf**4*xtanh(e + f*x) + 69
12%ax*x3xfx%x4) — 6264*ckd**2xfx*x3xxx*x2xtanh (e + f£*x)**3/(6912xax*x3*xf**4*tanh
(e + f*x)**3 + 20736*ax*x3xfxx4dxtanh(e + f*x)**2 + 20736*ax*x3xf**4+xtanh(e +
f*x) + 6912*%ax*x3xf*%x4) — 648 ckd**2xF**x3xx*x*x2xtanh (e + f*x)**2/(6912*xa**x3*f
s*k4xtanh(e + f*x)*x3 + 20736*a*x*3*xf*x*x4+xtanh(e + f*xx)**2 + 20736%a**x3xf**x4x*xt
anh(e + f*x) + 6912*a*x*3*xf*xx4) + 4536*cxd**x2xf**x3kx*x*x2xtanh(e + f*xx)/(6912%
a*x*3*xf*x*xd*xtanh(e + f*xx)**x3 + 20736*a*x*3*xf*rxdxtanh(e + f£*x)**2 + 20736*%a*x*x3x%
frkdxtanh(e + fxx) + 6912%a*x*3kf*x*k4) + 2376xckd**2+xFf+*k3kx*k*2/ (691 2k ax*x 3+ **
4xtanh(e + f*x)**3 + 20736*a*x*3*xfxxdxtanh(e + f£*x)**2 + 20736*%a*x*x3xfxx4xtan



122

h(e + f*x) + 6912%a**3*xf**4) — 5004*ckxd*x*x2*xf+*x2+«x*tanh(e + f*x)**x3/(6912*a*
*3*xf*x*x4*xtanh(e + f*xx)**x3 + 20736*a*x*3xf*rkdxtanh(e + f*x)**2 + 20736*a*x*x3xfx*
*4xtanh(e + f*x) + 6912*%a*x*3*xf*x%x4) — 2484*xcxd**2xf**2xx*xtanh(e + f*x)**2/(6
912*a*x*3*xf*x*xd*xtanh(e + f*x)**3 + 20736*a*x*3xfxxdxtanh(e + f*x)**2 + 20736*a
**x3xf*x*x4*xtanh(e + f*xx) + 6912%a*x*x3*xf**4) + 4428*cxd*x*x2xf**2+xx*xtanh(e + f*x)
/ (6912*a**3*xf*x*xdxtanh(e + f*x)**3 + 20736*a*x*3xfrxxdxtanh(e + £*x)**2 + 2073
6rxa*x*3*xf*rkdxtanh(e + fxx) + 6912%a**3*xf**x4) + 3060*ckd*x*2*xf+*2*x/(6912*%a*x*3
*fxxdxtanh(e + f*x)**3 + 20736*xa*x*3*xfx*x4*xtanh(e + f*x)**2 + 20736*a*x*x3xf**x4
xtanh(e + f*x) + 6912*xaxx3*xf*x4) + 5004*xckxd*x*x2xfxtanh(e + f*x)**2/(6912*xaxx*
3xfrkdxtanh(e + Fxx)**x3 + 20736*a*x*3xfrxdxtanh(e + f£*x)**2 + 20736*a*x*x3xf*xx
4xtanh(e + f*x) + 6912*a*x*3*xf**x4) + 8748xc*d**2+«f*tanh(e + f*x)/(6912xa*x*3*
frkdxtanh(e + f*xx)**x3 + 20736*a*x*3*xf*rkxdxtanh(e + f*x)**2 + 20736*a*x*x3xfrx4x*
tanh(e + f*x) + 6912*a*x*3*xf*x4) + 3936*kckxd**2*xf/(6912*a*x*3*xf*x*x4*xtanh(e + f*
x)**3 + 20736%a*x*3*«f**4*xtanh(e + f*xx)**x2 + 20736*a**3*xf*r*xdxtanh(e + fxx) +
6912%a*x*3*xf**x4) + 216*xd*x*x3*xf**x4*xx*x*x4*xtanh(e + F*xx)*x3/(6912*a**3*f**x4*xtanh (
e + f*x)**3 + 20736*axx3xf**x4+xtanh(e + £*xx)**2 + 20736*a*x*3*xf**4*xtanh(e + f
*x) + 6912%ax*k3kf*x*xd) + 648*d**3xf**kd*kxkkdxtanh(e + Fxx)**2/(6912*ax*3*xf**x4
*tanh(e + f*x)**3 + 20736%a**3xf**xdxtanh(e + f*x)**x2 + 20736*a*x*x3*xf**x4d*xtanh
(e + f*x) + 6912*%a*x*3*xf*x4) + 648*d**x3xfr*xd*xx**x4+xtanh(e + f*x)/(6912*%a**3*f
**x4xtanh (e + £*xx)**x3 + 20736*a**3*xf**xd*xtanh(e + f*xx)**2 + 20736*a*x*3*kfrxd*xt
anh(e + f*x) + 6912*%ax*x3xf*x%x4) + 216xdA**k3kFrkdxx*x*x4/(6912%a*x*3*xf**4*xtanh (e
+ fxx)**3 + 20736*a*x*3xf+*x4*xtanh(e + f*xx)**x2 + 20736*a**3*xf*x*xd*xtanh(e + f*x
) + 6912%a**3*kf**k4) — 2088*d**x3xf**3*kx*x*3ktanh(e + F*x)**x3/(6912*a**3*f**xdx
tanh(e + fxx)**3 + 20736*a**3*xf*x*xdxtanh(e + f*x)**2 + 20736*a*x*x3*xf*x4dxtanh (
e + f*x) + 6912*%ax*x3xfxx4) — 216*%d**3*F*+*3*kx*x*3xtanh(e + f*x)**2/(6912*%a*x*3
*f+xx4*xtanh(e + £*xx)**x3 + 20736*a*x*3*f**x4*xtanh(e + Fxx)**x2 + 20736*a*x*3*xf*x*x4
*tanh(e + f*x) + 6912*a*x*x3*xf**x4) + 1512*xd**3*xf**x3xx*x*x3*xtanh(e + f*x)/(6912%
a*x*3*xf**kdxtanh(e + f*xx)**x3 + 20736*a*x*3*xfrxdxtanh(e + f£*x)**2 + 20736*a**3*
fxxdxtanh(e + f*xx) + 6912%ax*x3*xf*x*x4) + 792xd**3*xF+*3kx*x*x3/ (691 2*%ax*3*xf*x*kd*xt
anh(e + f*x)**3 + 20736xa*x*3*xf**4*xtanh(e + f*xx)*x2 + 20736*a**3*xf**xdxtanh (e
+ £*x) + 6912*%ax*x3xf*x%x4) — 2502kd**3*xFx*x2xx*x*x2xtanh (e + f£*x)**3/(6912*xa**3
*f+xx4*xtanh(e + F*xx)**x3 + 20736*a*x*3*f*x*x4d*xtanh(e + fxx)**x2 + 20736*a*x*x3*xf**x4
xtanh(e + f*x) + 6912*a*x*x3*xf**x4) - 1242*%d**x3xf**x2xx**x2+xtanh(e + f*x)**x2/(69
12%a*x*3xf+x*xdxtanh(e + £*x)**x3 + 20736*ax*x3*xf**x4dxtanh(e + f*xx)**2 + 20736*a*
*3xfxx4*xtanh(e + fxx) + 6912*%axx3*xf**x4) + 2214*xd**x3*xf*+*x2xx*x*2*xtanh(e + f*x)
/ (6912*a**3*xfxxdxtanh(e + f*x)**3 + 20736*a*x*3xfxxdxtanh(e + f*x)**2 + 2073
6xax*3*xfrkxd*xtanh(e + fxx) + 6912%a**3kf*x*x4) + 1530*xd**3xF**x2*xx*x*2/ (6912*%a**
3kfrkdxtanh(e + fxx)**x3 + 20736k a*x*3*xfrxdxtanh(e + f£*x)**2 + 20736*a*x*x3xf*xx*
dxtanh(e + f*x) + 6912%a*x*3xf**4) - 2211xd**3*xfxx*tanh(e + f*xx)**3/(6912*a*
*3*xf*x*x4*xtanh(e + f*xx)*x3 + 20736*a**3*xf*rxdxtanh(e + f*x)**2 + 20736*ax*x3xfx*
*4xtanh(e + f*x) + 6912xa*x*x3*xf**x4) - 1629*d**3xfxxxtanh(e + f*x)**2/(6912*a
**x3xf*x*x4d*xtanh (e + f*xx)**x3 + 20736*a**3*xf*r*xdxtanh(e + f*x)**x2 + 20736*%a*x*x3*f
**x4xtanh(e + f*x) + 6912xa**x3xf**4) + 2115xd**3xfxxxtanh(e + f*x)/(6912*%a*xx*
3xfx*x4*xtanh(e + £*x)**3 + 20736*a**3xf+*xdxtanh(e + f*x)**x2 + 20736*ax*3*xf*x*
dxtanh(e + fxx) + 6912%a*x*3*kf*x*k4d) + 1725xd**3*xf*x/(6912*%a*x*3xf*x*x4dxtanh(e +
f*x)**3 + 20736*axx3*xf**x4*xtanh(e + £*xx)**2 + 20736*a*x*3*xf**4*xtanh(e + f*xx)
+ 6912*%ax*3xf*xx4) + 2211*d**3*tanh(e + f*x)**x2/(6912*xa**3*f**x4*xtanh(e + f*xx
Y*x3 + 20736*a*x*3xfrkdxtanh(e + f*x)**2 + 20736*a*x*x3xfxx4dxtanh(e + f*x) + 6
912*xa*x*3*xf**4) + 4131*d**3xtanh(e + f*x)/(6912*a**3xf*x*x4*xtanh(e + f*x)**3 +
20736*a*x*3xf+*xdxtanh (e + f*x)**x2 + 20736*ax*3*xf*x*x4+xtanh(e + f*xx) + 6912*ax
*3xf**x4) + 1952xd**3/(6912*a**3xf*+*4*xtanh(e + f*xx)*x3 + 20736*a**3*xf**xd*xtan
h(e + f*xx)*x2 + 20736*a*x*3*xf*x*xdxtanh(e + f*x) + 6912*xa*x*3xf*x*x4), Ne(f, 0)),

((cx*3%x + 3kcx*2kd*x**%2/2 + ckxd*x*2kx**x3 + d**x3xx*x*4/4)/(axcoth(e) + a)*x*x3
, True))
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2
328 [y

(a+a coth(e+fx))3

Optimal. Leaf size=246

d(c + dx)e™76/%  3d(c + dx)e 4e4f* +3d(c + dx)e2e2fx .\ (c + dx)2e076f%  3(c + dx)2e 4e4f* +3(c + dx)?e
14448 2 64a3 f2 1643 f2 48a3 f 32a3f 16a3

[Out] 1/864*d~2*xexp(-6*xf*xx-6%e)/a~3/f73-3/256*%d~2*exp (-4*f*x-4*e)/a~3/f73+3/32xd"
2xexp (-2*xf*xx-2%e) /a~3/f£73+1/144*xd*exp (-6*f*x-6%*e) * (d*x+c) /a~3/f"2-3/64*d*ex
p(—4xf*xx-4x*e)*(d*x+c)/a~3/f72+3/16*d*exp (-2*f*x-2%e) * (d*x+c) /a~3/f72+1/48%*e

xp (—6*f*x—6%e)* (d*x+c) ~2/a~3/f-3/32%exp (-4*f*x-4xe)* (d*x+c) ~2/a~3/f+3/16*ex
p(—2xf*xx-2%e) *x (d*x+c) ~2/a~3/f+1/24x(d*x+c)~3/a~3/d

Rubi [A] time = 0.26, antiderivative size = 246, normalized size of antiderivative

= 1.00, number of steps used = 11, number of rules used = 3, integrand size = 20,
number of rules _ ) 150, Rules used = {3729, 2176, 2194}

integrand size

d(c + dx)e 6e=6fx 3d(c+ dx)e~4e—4fx +3d(c + dx)e2e-2fx . (c + dx)2e~6e-6fx 3(c+ dx)2e—4e-4fx +3(c + dx)%e
14443 f2 64a3 f? 1643 f2 48a3 f 32a3f 1643

J

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + axCothl[e + fx*x])~3,x]

[Out] (d"2*E~(-6*xe - 6xfxx))/(864*a~3%xf~3) - (3*d"2+«E~(-4*e - 4xfx*x))/(256*%a~3*f~
3) + (3%d"2*E~(-2%e - 2xf*x))/(32%a"3%f~3) + (d*E~(-6%e - 6xf*xx)*(c + d*x))
/(144%a~3*f72) - (3*d*E~(-4*e - 4*xf*x)*(c + d*x))/(64*a~3*f"2) + (3*d*E~(-2

xe — 2xf*x)*(c + d*x))/(16%a~3*%f"2) + (E"(-6*xe — 6xfxx)*(c + d*x)~2)/(48*a"

3xf) - (B*E"(-4xe - 4xf*x)*(c + d*x)~2)/(32*xa"3*f) + (3*E~(-2%e - 2xf*x)*(c

+ d*xx)"2)/(16*%a”3xf) + (c + d*x)~3/(24*a"3*d)

Rule 2176

Int [((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m
_.), x_Symbol] :> Simp[((c + d*x) m*(bxF~(gx(e + f*x))) n)/(f*gxn*Log[F]),
x] - Dist[(d*m)/(fxg*n*Logl[F]), Int[(c + d*x)"(m - 1)*(b*F~(g*x(e + f*x)))"n
, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2+*m
] && '$UseGamma === True

Rule 2194

Int [((F_)~((c_)*((a_.) + (b_)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*x(a +
b*x))) "n/(b*c*n*xLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl]

Rule 3729

Int[((c_.) + (d_)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + E~((2*xax(e + fxx))
/b)/(2*%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a"2 + b~2
, 0] && ILtQ[n, O]

Rubi steps
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8a3 8a3 8a3 8a3
(c+dx)® [e® o c+dx)?dx 3 [ed ¥ (c+dx)?dx 3 [e 2 H¥(c+da
24°d 823 * 83 )

_ f ((c +dx)® e (e + dx)? s Be 4 X(c+dx)>  3e (e + d)?

8a3
et dx)? Be R4 dx? | 32Ut dx?  (c+dx) d [ete

_de (e +dx)  3det (e +dx)  3de 22X+ dx) %0 (c + dx)?

48a3 f 32a3f 16a3f 24a3%d

144032 6da3f2 | 1eaf2 | 48a%f
d2e76e-6fx  342p—4e-4fx  342,-2e-2fx  J,—6e—6fx (c+ dx) ~ 3de4e—4fx (c+ dx)

= - - +
864433 25643 f3 32a3f3 14443 f2 64a3 f?

Mathematica [A] time = 1.50, size = 371, normalized size = 1.51

csch’(e + fx) (81 (8c2f2 + dcdf(Afx + 3) + d2 (8222 +12fx + 7)) cosh(e + fx) + 8 (182 f2(6fx +1) + 6cdf (

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2/(a + a*Cothl[e + f*x])~3,x]

[Out] (Cschle + f*x] 3%(81%(8*c™2*%xf"2 + 4xckxd*xf*x(3 + 4*xfxx) + d~2%(7 + 12xf*x + 8
*f72%x"2))*Coshl[e + f*xx] + 8% (18*%c™2*f 2% (1 + 6*xf*x) + 6kckxd*fx(1 + 6xf*xx +

18%xf~2%x"2) + d72x(1 +

6xfxx + 18%xf"2%x"2 + 36%xf"3*%x"3))*Cosh[3*x(e + f*xx)]

+ 729%d"2xSinh[e + f*x] + 1620*ckd*f*xSinh[e + f*xx] + 1944%c~2*xf~2*xSinh[e +
fxx] + 1620%d"2xf*x*Sinh[e + fxx] + 3888%c*xd*xf " 2*x*Sinh[e + f*xx] + 1944xd~

2%xf"2%xx"2*Sinh[e + f*x]

- 8%d"2%Sinh[3*(e + f*x)] - 48*%cxd*f*Sinh[3*(e + fx*

x)] - 144xc™2%f"2+Sinh[3*(e + f*x)] - 48*%d"2*f*x*Sinh[3*(e + f*x)] - 288*c*
dxf~2*x*Sinh[3*(e + f*x)] + 864*c™2*xf " 3*x*Sinh[3*(e + f*x)] - 144*xd~2*f 2%x
“2xSinh[3*(e + f*x)] + 864*cxd*f~3*x"2+%Sinh[3*(e + f*x)] + 288%d~2*f " 3*x~ 3%
Sinh[3*(e + f*x)]))/(6912%a"3*xf"3*(1 + Coth[e + f*x])~3)

fricas [B] time = 0.39, size = 532, normalized size = 2.16

8(36d2f3x> +18c2f2 + 6cdf +18(6cdf® + d?f2)x? + d? + 6 (18 2% + 6cd f? + d?f )x) cosh(fx+e)3 +24 (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (ata*coth(f*x+e)) 3,x, algorithm="fricas")

[Out] 1/6912*%(8*(36*xd~2*xf~3%x~3 + 18*%c™2*f~2 + 6xcxd*xf + 18*(6*ckd*f~3 + d~2*xf~2)
*¥x72 4+ d72 + 6x(18%c”2xf"3 + 6*c*kd*f72 + d72*f)*x)*cosh(f*x + e)”3 + 24*(36
*Q72%xf"3%x"3 + 18%cT2*f"2 + Gkxckd*f + 18k (6xckd*xf"3 + d72*%f72)*x"2 + 472 +
6% (18*xc™2*f~3 + 6xc*xd*f~2 + d™2%f)*x)*cosh(f*x + e)*sinh(f*x + e)”2 + 8*(36
*Q72*xf"3*%x"3 - 18%cT2*f72 - 6kxckdkf + 18%(6xckd*f~3 - d72*%f72)*xx"2 - 472 +
6% (18*%c™2*f"3 — 6xcxd*xf~2 - d72+f)*x)*sinh(f*x + e)~3 + 81*(8xd"2*f " 2*x"2 +
8xCcT2*xf72 + 12xckxdxf + T+d72 + 4k (4dkcxd*f~2 + 3xd"2*f)*x)*cosh(f*x + e) +
3% (648%d"2*xf"2%xx"2 + 648*c”2*xf"2 + B40*xckd*xf + 8x(36xd"2*%f"3%xx"3 — 18*c " 2xf
"2 - 6¥xckdxf + 18%x(6*ckxd*f~3 - dT2*fT2)*x72 - d72 + 6% (18%c”2*xf"3 - 6xckdx*f
"2 - d72*f)*x)*cosh(f*x + e)72 + 243%d"2 + 108 (12%c*d*f~2 + 5xd~2*f)*x)*si
nh(f*x + e))/(a"3*f"3xcosh(f*x + e)~3 + 3*a " 3*xf " 3*cosh(f*x + e) " 2xsinh(f*x
+ e) + 3*xa~3*%f"3xcosh(f*x + e)*sinh(f*x + e)”2 + a~3*f " 3*sinh(f*x + e)~3)
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giac[A] time = 0.16, size = 331, normalized size = 1.35

(2882 72x%l®/16%) 4 8o fox2el®/6%) 4 8642 el 167) 4 1296 2 22l 4H4) — ag 2 2%l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (ata*coth(f*x+e)) 3,x, algorithm="giac")

[Out] 1/6912*%(288*d~2xf~3%x"3*e” (6*f*x + 6*e) + 864xc*xd*f~3*x"2*e” (6xf*x + 6*xe) +
864*c”2*xf " 3kx*xe” (6xfxx + 6%e) + 1296%d"2xf~2xx"2xe” (4*xf*x + 4*e) - 648*d"2

*f 72472k (2% Fxx + 2%e) + 144+d72*f72%x72 + 2592xcxdxf T 2kx*e” (4*xf*x + 4x*e)

- 1296*cxd*f"2xx*xe” (2%f*x + 2%e) + 288*kcxd*xf~2xx + 1296*c”2xf"2*%e” (4xfxx +

4xe) + 1296*d"2*f*x*e” (4*xf*xx + 4d*e) — 648%c™2+xf " 2%e” (2xf*x + 2%e) - 324*4"
2*%fxxxe” (2xf*x + 2%e) + 144*c™2%f72 + 48*d™2%f*x + 1296*%ckd*f*xe” (4xf*xx + 4x*

e) - 324xckdxfxe” (2xfxx + 2%e) + 48*ckd*f + 648*xd"2%e” (4*f*x + 4*e) - 81xd~

2%e” (2*f*x + 2%e) + 8*xd"2)*e” (-6xf*x - 6*e)/(a"3*xf"3)

maple [B] time = 0.62, size = 1767, normalized size = 7.18

Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2/ (ataxcoth(f*x+e)) 3,x)

[Out] 1/a"3/fx(-4/f72%d"2*(1/6* (f*x+e) "2*xsinh (f*x+e) "3*cosh(f*x+e) ~3-1/8x (f*x+e)”
2*sinh (f*x+e) *cosh(f*x+e) ~3+1/16* (f*x+e) "2*xcosh(f*x+e) *sinh (f*x+e)+1/48* (f*
x+e) "3-1/18x (f*x+e) *sinh (f*x+e) “2*xcosh (f*x+e) "4+13/144* (f*x+e) *cosh (f*x+e)”
4+1/108*cosh (f*x+e) “5*sinh (f*x+e)-43/1728*cosh(f*x+e) “3*sinh (f*x+e)-7/1152%
cosh(f*x+e)*sinh(f*x+e)-7/1152xf*x-7/1152*%e-1/16*% (f*x+e)*cosh (f*x+e) ~2)+4/f
~2%d72% (1/6* (f*xx+e) "2xsinh (f*x+e) "2*cosh(f*x+e) “4-1/12* (f*x+e) "2*cosh (f*x+e
)"4-1/18* (f*x+e) *sinh (f*x+e) *cosh (f*x+e) "5+1/18* (f*x+e) *sinh (f*x+e) *cosh (fx*
x+e) "3+1/12*x (f*x+e) *cosh (f*x+e) *sinh (f*x+e)+1/24*x (f*x+e) “2+1/108*cosh (f*x+e
)"6-1/72*cosh(f*x+e) ~"4-1/24*xcosh(f*x+e) "2)+1/f72xd"2* (1/4x (f*x+e) "2*cosh (fx*
x+e)*sinh (fxx+e) "3-3/8* (f*x+e) “2*xcosh (f*x+e) *sinh (f*x+e)+1/8* (f*xx+e) ~3-1/8%
(f*x+e) *sinh (f*x+e) ~"4+1/32*sinh (f*x+e) "3*cosh(f*x+e)-15/64*cosh (f*x+e) *sinh
(f*xx+e)-9/64xf*xx-9/64%e+3/8* (f*x+e)*cosh(f*x+e) ~2)-3/f72xd" 2% (1/4* (f*x+e) "2
*sinh (f*x+e) "4-1/8* (f*x+e)*cosh (f*x+e) *sinh (f*x+e) ~3+3/16%* (f*x+e) *cosh (f*x+
e) *sinh (f*x+e)-3/32x (fxx+e) "2+1/32*sinh (f*x+e) “4-3/32*cosh(f*x+e) "2)+8/f 2%
d~2xex (1/6* (f*x+e)*sinh (f*x+e) “3*cosh (f*x+e) “3-1/8* (f*xx+e) *sinh (f*x+e)*cosh
(f*x+e) "3+1/16* (f*xx+e) *cosh (f*x+e) *sinh (f*x+e)+1/32x (f*xx+e) "2-1/36*sinh (f*x
+e) "2*xcosh(f*x+e) ~4+13/288*cosh(f*x+e) ~4-1/32*cosh(f*x+e) "2)-8/f"2xd " 2*e* (1
/6% (f*x+e) *sinh (f*x+e) "2*xcosh (f*x+e) "4-1/12*% (f*x+e) *cosh (f*x+e) "4-1/36*cosh
(f*x+e) “5*sinh (f*x+e)+1/36*cosh(f*x+e) “3*sinh(f*x+e)+1/24*xcosh(f*x+e)*sinh(
f*xx+e)+1/24xfxx+1/24%e) -2/ 2%d" 2*%e*x (1/4* (fxx+e)*cosh(f*x+e) *sinh (f*x+e) ~3-
3/8* (f*xx+e)*cosh(f*x+e) *sinh (f*x+e)+3/16* (fxx+e) "2-1/16*sinh (f*x+e) ~4+3/16%
cosh(f*x+e) "2)+6/f72xd"2xex (1/4* (f*x+e) *sinh (f*x+e) ~4-1/16*sinh (f*x+e) "3*co
sh(f*x+e)+3/32xcosh(f*x+e)*sinh (f*x+e)-3/32xf*x-3/32*%e) -4/~ 2xd"2*xe” 2% (1/6%
sinh (f*x+e) “3*cosh(f*x+e) " 3-1/8*cosh(f*x+e) "3*sinh(f*x+e)+1/16*cosh(f*x+e)*
sinh(f*x+e)+1/16xfxx+1/16%e)+4/f"2%d"2*e” 2% (1/6*sinh (f*x+e) "2*cosh(f*x+e) "4
-1/12*cosh(f*x+e) ~4)+1/f72%d"2%e" 2% ((1/4*sinh (f*x+e) ~"3-3/8*sinh (f*x+e) ) *cos
h(f*x+e)+3/8*f*x+3/8%xe)-3/4*%d"2%xe~2/f " 2*sinh (f*x+e) "4-8/fxcxd* (1/6* (f*xx+e)*
sinh (f*x+e) "3*cosh(f*x+e) ~3-1/8* (f*x+e) *sinh (f*x+e)*cosh (f*x+e) "3+1/16* (f*x
+e)*cosh(f*x+e)*sinh (f*x+e)+1/32x (f*x+e) "2-1/36*sinh (f*x+e) "2*cosh (f*x+e) "4
+13/288*cosh (f*x+e) “4-1/32*cosh(f*x+e) "2)+8/f*xc*xd* (1/6* (f*x+e) *sinh (f*x+e)~
2*%cosh(f*x+e) "4-1/12* (f*x+e) *cosh(f*x+e) "4-1/36*cosh(f*x+e) “5xsinh (f*x+e)+1
/36*cosh(f*x+e) “3*sinh (f*x+e)+1/24*cosh(f*x+e) *sinh (f*xx+e)+1/24*f*x+1/24*e)
+2/f*xcxd* (1/4* (fxx+e) *cosh (f*x+e) *sinh (fxx+e) ~3-3/8* (f*x+e) *cosh(f*x+e)*sin
h(f*x+e)+3/16* (f*x+e) ~2-1/16*sinh(f*x+e) ~4+3/16*cosh(f*x+e) ~2)-6/f*d*xc*x(1/4



126

* (f*x+e) *sinh (f*x+e) “4-1/16*sinh (f*x+e) "3*cosh(f*x+e)+3/32*cosh(f*x+e) *sinh
(f*x+e)-3/32%f*x-3/32*%e)+8/fxc*d*e* (1/6*sinh (f*x+e) "3*xcosh(f*x+e) "3-1/8*cos
h(f*x+e) “3xsinh (f*x+e)+1/16*cosh(f*x+e)*sinh (f*x+e)+1/16*xf*x+1/16%e)-8/f*c*
dxex (1/6*xsinh (f*x+e) "2*xcosh(f*x+e) “4-1/12*cosh(f*x+e) ~4)-2/f*xcxd*ex ((1/4*si
nh(f*x+e) ~3-3/8*sinh (f*x+e))*cosh(f*x+e)+3/8*f*x+3/8*e)+3/2xd*e/f*xc*sinh (f*
x+e) "4-4xc” 2% (1/6*sinh (f*x+e) "3*cosh(f*x+e) "3-1/8*cosh(f*x+e) “3xsinh (f*x+e)
+1/16*cosh(f*x+e)*sinh (f*x+e)+1/16xf*x+1/16%e)+4*xc~ 2% (1/6*sinh(f*x+e) "2*cos
h(f*x+e)~4-1/12%cosh(f*x+e) ~4)+c” 2% ((1/4*sinh (f*x+e) ~3-3/8*sinh (f*x+e))*cos
h(f*x+e)+3/8*f*x+3/8%xe)-3/4*c " 2xsinh (f*x+e)~4)

maxima [A] time = 2.08, size = 254, normalized size = 1.03

1 (12(fx+e) 18 p(2fx-2¢) _ g (-4fx=te) | 5 (-6 fx=6e) (72 F22e©9 +108 (2 fxeO) + 8(46))6(_2f 9
2

— + +
9 ° asf asf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (ata*coth(f*x+e)) 3,x, algorithm="maxima")

[Out] 1/96*xc™2x(12x(f*x + e)/(a"3*f) + (18xe”~ (-2xf*x - 2%e) - 9*xe” (-4*xf*xx - 4xe)
+ 2%e” (=6xfxx — 6%e))/(a"3*f)) + 1/576x(72xf"2%x"2%e” (6*%e) + 108* (2xfxx*xe”(
dxe) + e”(4xe))*xe” (-2%f*x) - 27x(4xfxxxe”(2%e) + e~ (2*e))*e” (-4xfxx) + 4x(6
*fxx + 1)*e” (-6*xf*x))*cxd*xe” (-6xe)/(a~3*%f72) + 1/6912%(288*f " 3*xx"3*e” (6%*e)
+ 648* (2xf~2%x"2xe” (4d*xe) + 2xfxx*e” (4*e) + e~ (4dx*xe))*e” (-2*f*x) - 81*(8+f 2%
X"2*xe” (2xe) + 4xfxx*xe”(2%e) + e"(2xe))*e” (—4*f*x) + 8x(18*xf~2xx"2 + 6*f*x +

1) *e” (-6xf*xx))*d"2*e” (-6*e) /(a~3*f~3)

mupad [B] time = 1.34, size = 234, normalized size = 0.95

e 6e-6fx

182 f2+6cdf+d?  d*x® dx (d+6Cf) 2e2fx 6% f2+6cdf+3d> 3d*x?
+ + +e
864 a3 f3 4843 f 144 a3 f2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)"2/(a + axcoth(e + f*x))~3,x)

[Out] exp(- 6%e - 6*xfxx)*x((d"2 + 18*%c™2*f"2 + 6xc*xd*f)/(864*a~3+xf73) + (d"2*x"2)/
(48xa~3*f) + (d*x*x(d + 6*xcxf))/(144%a~3+f72)) + exp(- 2%e - 2xfxx)*((3*%d"2
+ 6%c72xf72 + 6kcxd*xf)/(32*%a"3%f73) + (3*%d"2xx72)/(16*a”"3*f) + (3kd*x*(d +
2xcxf)) /(16*%a~3*%£72)) - exp(- 4*xe — 4xf*x)*((3*%d™2 + 24*c™2*f72 + 12%cxd*f)
/(256*a~3%f73) + (3*%d"2xx72)/(32*a"3*f) + (3xd*x*(d + 4*cxf))/(64*a~3*xf72))

+ (c72%x)/(8*%a~3) + (d™2*x73)/(24%a"3) + (c*xd*x~2)/(8%a"3)

sympy [A] time = 3.14, size = 2443, normalized size = 9.93

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(ata*xcoth(f*x+e))**3,x)

[Out] Piecewise((216xc**2+xf**3*x*tanh(e + f*xx)*x3/(1728*a**3*f**3*xtanh(e + f*x)**
3 + 5184*xax*x3xf*xx3xtanh(e + f*x)**2 + 5184*axx3xf**x3+xtanh(e + f*x) + 1728*a
**x3xf**3) + 648*xcx*x2xfxx3xx*xtanh(e + £*xx)**x2/(1728*a*x*3xf**3*xtanh(e + f*x)x*
*3 + 5184*a*x*3xf*x*x3xtanh(e + f*x)**2 + 5184*ax*x3xf**x3xtanh(e + f*x) + 1728%
a**3xf**3) + 648 xcx*x2xf*x*x3*xx*tanh(e + f*x)/(1728*%a*x*3*xf**x3xtanh(e + f*x)**3
+ B5184*a*x*3xfx*x3xtanh (e + f*x)**2 + 5184*ax*x3xf**x3*xtanh(e + f*x) + 1728*ax
*3xf**3) + 216*%cx*x2xF*xx3%x/ (1728*a**3*xF**x3xtanh(e + f*x)**3 + 5184*xax*x3xf*x
3*xtanh(e + f*xx)**x2 + 5184*a**3*xf**3*xtanh(e + f*xx) + 1728*a**3*xf**3) + 1512x%
cxx2%xf*x*x2xtanh (e + f*xx)**x2/(1728*a*x*3*xf**3*xtanh(e + f*xx)**x3 + 5184*a**k3*kf*x*

+ +
3243 f3 1643 f

3d
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3*xtanh(e + f*x)**x2 + 5184*a**3*xf**x3*xtanh(e + fxx) + 1728*a**3*xf**3) + 1944x
cxx2%f**x2xtanh (e + f*xx)/(1728*a*x*3*xf**3*xtanh(e + f*x)**3 + 5184*a**3*f**3*t
anh(e + f*x)**2 + 5184xa**3*xf**3*xtanh(e + f*xx) + 1728*a*x*3*f**3) + 720*c*x*2
*T+%x2/(1728*%a*x*3xfx*x3xtanh (e + f*x)**3 + 5184*xaxx3xf**3+xtanh(e + *x)**2 +
5184*a**3*xf**3*xtanh(e + f*x) + 1728*a*x*3*xf**3) + 216*xcxd*f**3*x**2*xtanh(e +
f*x)**3/(1728*ax*x3xf*x*x3xtanh (e + f*x)**3 + 5184xa*x*3+xf**3*xtanh(e + f*xx)**2
+ 5184*ax*3xf*x*x3xtanh(e + f*x) + 1728*%a*x*3xf**x3) + 648*ckd*f**x3*kx**x2*xtanh (
e + fxx)**2/(1728*a*x*3*xf**x3*xtanh(e + f*x)**3 + 5184%a*x*3xf**3*xtanh(e + f*x)
*%2 + B5184*a*x*3xfx*x3xtanh(e + f*x) + 1728*%ax*x3xfxx3) + 648*ckd*f**x3kx*x*x2xta
nh(e + fxx)/(1728*a**3*f**3*tanh(e + f*x)**3 + 5184*a*x*3xf**x3xtanh(e + f*x)
*%2 + B5184*ax*3xfx*x3xtanh(e + f*x) + 1728*%a*x*x3xf*xx3) + 216*xckd*rf*kx3kx**2/ (1
728*%a*x*3xfx*x3xtanh (e + f*x)**3 + 5184*a**x3xf*xx3xtanh(e + f*x)**x2 + 5184*a*x*
3xf*x*x3*xtanh(e + f*x) + 1728*%a*x*3*xf*x3) - 1044*xcxd*f**2xx*tanh(e + f*x)**3/(
1728*axx3xf**x3xtanh (e + f*x)**3 + 5184xa*x*3*xf**3*tanh(e + f*x)**x2 + 5184*ax
*3xf*+*x3*xtanh(e + f*xx) + 1728*a*x*3*f**3) - 108*ckd*xf**2*x*tanh(e + £*xx)**x2/(
1728*ax*x3xf*x*x3xtanh (e + f*x)**3 + 5184xa**3*xf**3*xtanh(e + f*x)**x2 + 5184*ax
*3xf+*+3*xtanh(e + f*xx) + 1728*a**3*xf**3) + 756*ckxd*xf**x2+x*tanh(e + f*x)/(172
8xaxk3xf*x*x3xtanh(e + f*x)**3 + 5184*a*x*x3xf**x3xtanh(e + f*x)**2 + 5184*a**3*
fx*3*tanh(e + fxx) + 1728*a*x*3*xf**3) + 396xckd*f**2*x/ (1728*%a**3xf*x*x3xtanh (
e + f*x)**3 + 5184*xaxx3xf*x*x3*xtanh(e + f*x)**2 + 5184xa*x*x3*xf**3*xtanh(e + f*x
) + 1728*a**3*f**3) + 1044*xcxdxfxtanh(e + f*x)**2/(1728*ax*x3*xf**3*xtanh(e +
fxx)**3 + 5184*ax*x3*xf+*x3*xtanh(e + f*x)**x2 + 5184*a**3*xf**x3*xtanh(e + f*xx) +
1728*a*x*x3xf**x3) + 1620*ckd*f*xtanh(e + f*x)/(1728*a*x*3*xf**x3xtanh(e + f*x)**3
+ B5184*a*x*3xfx*x3xtanh (e + f*x)**2 + 5184*xax*x3xf*x*x3*xtanh(e + f*x) + 1728*ax
*3xf**3) + 672kxckxd*xf/(1728*a**3*xf**3*xtanh(e + f*x)*x3 + 5184*a**3*f**3*xtanh
(e + f£*x)**2 + 5184*ax*x3xfxx3xtanh(e + f*x) + 1728*%ax*x3xf*x*x3) + T2kdk*k2kL**
3*kx*k*k3xtanh(e + f*x)**x3/(1728*%a*x*3xf**x3xtanh(e + f*x)**3 + 5184*a**x3xf**x3*t
anh(e + f*x)**2 + 5184xa**3*xf**3*xtanh(e + f*xx) + 1728*a**3*f**3) + 216*d**2
*fxx3xxkk3xtanh (e + f*xx)**x2/(1728*ax*x3xf**x3xtanh(e + f*xx)**3 + 5184*xa*x*3*xfx*
*3*xtanh(e + f*xx)**2 + 5184*a*x*3*xf**3*xtanh(e + f*xx) + 1728*a**3*f**3) + 216%
Ax*k2xFxk3xkx*k*x3xtanh (e + £*x)/(1728*ax*x3xf*xx3xtanh(e + f*x)**3 + 5184xa**3*f
**x3*xtanh(e + f*x)**x2 + 5184*a*x*3*xf**3*xtanh(e + fxx) + 1728*a*x*3*xf**3) + 72x
Ak 2k FxkIkx*k*x3/ (1728 *a**3*xf**x3*xtanh(e + f*x)**3 + 5184*a*x*x3*xf**x3xtanh(e + f
*x) **2 + 5184*axx3xf**x3xtanh(e + f*xx) + 1728*a*x*3xf**3) — B522kd**2kfx*kx*k*
2xtanh(e + f*xx)**x3/(1728*a*x*3*xf**3*tanh(e + f*x)**x3 + 5184*a**3*xf**3*xtanh (e
+ £*x)**2 + 5184*xaxx3*xf**x3xtanh(e + f*xx) + 1728%a**3xf**3) - Bokd**x2xf**2x
x**2xtanh (e + f*x)**2/(1728*%a*x*3xf*x*x3xtanh(e + f*x)**3 + 5184*a**x3xf*xx3%tan
h(e + f*xx)*x2 + 5184*a*x*3*xf**3*xtanh(e + f*x) + 1728*a*x*3*xf**3) + 378xd**2*f
*k2xxx*x2ktanh (e + £*x)/(1728*%ax*x3*xf**x3*xtanh(e + f*x)**3 + 5184xa*x*3xf**x3*xta
nh(e + fxx)**x2 + 5184*a**3*xf**3xtanh(e + f*x) + 1728*%a*x*3xf**x3) + 198*d**2*
TRk2kxkk2/ (1728*ax*x3*xf+x3xtanh (e + f*x)**3 + 5184*a*x*x3*xf**3*xtanh(e + f*xx)x*x
2 + 5184*ax*3*xf**x3xtanh(e + f*x) + 1728*%a*x*3xf**3) — 417+d**2*f*x*tanh(e +
fxx)**3/(1728*a*x*x3*xf+*x3xtanh (e + f*x)**3 + 5184*a*x*3*xf**3*xtanh(e + f*xx)**2
+ 5184*a*x*x3xfxx3xtanh(e + f*x) + 1728*a**x3xf*x3) - 207*d**2*xf*x*tanh(e + f*
x)**2/ (1728xa*x*3xf**3*xtanh (e + f*x)**3 + 5184*a*x*3*f**3*xtanh(e + f*xx)**x2 +
5184*a**3*xf**3*xtanh(e + f*x) + 1728*a**3*xf**3) + 369*d*x*x2*xf*x*tanh(e + f*x)
/ (1728*a*x*3*xf**x3xtanh(e + f*x)**3 + 5184*ax*x3xf*xx3xtanh(e + f*x)**2 + 5184
a*x*3*xf**x3*xtanh(e + f*xx) + 1728*a**3*xf**3) + 255xd*x*x2*xf*x/(1728*a*x*3*xf**x3xta
nh(e + f*xx)**3 + 5184*a**3*xf**x3*xtanh(e + f*x)**2 + 5184*a*x*3*xf**x3xtanh(e +
f*x) + 1728*axx3xf*x%3) + 417*d**2*xtanh(e + fxx)*%2/(1728*a**3*xf**3*xtanh(e +
f*x)**3 + 5184*xaxx3xf**x3*xtanh(e + f*x)**2 + 5184*a*x*x3*xf**3*xtanh(e + f*xx) +
1728*ax*x3xf*xx3) + 729*d**2*xtanh(e + f*xx)/(1728*a**3*f**3*xtanh(e + f*xx)**3
+ 5184*a*x*3xfx*x3xtanh (e + f*x)**2 + 5184*axx3xf**x3xtanh(e + f*x) + 1728*axx
3kf**k3) + 328*d*x*x2/(1728*a*x*3*xf**3*xtanh(e + fxx)**3 + 5184*a*x*x3*xf**x3*xtanh (e
+ f*x)**2 + 5184*axx3*xf**x3xtanh(e + f*x) + 1728xa**x3*xf**x3), Ne(f, 0)), ((c
*x2xx + ckd*xx*2 + d**2xxxx3/3)/(axcoth(e) + a)*x*3, True))
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329 [ —S

(a+a coth(e+fx))3

Optimal. Leaf size=183

c +dx x(c + dx) 11d 11dx  dx? Cc +dx

8f (a3 coth(e + fx) + a3) 8a°> 9612 (a3 coth(e + fx) + a3) +96a3f_16a3 _8”f(‘1 coth(e + fx) + a)? K

[Out] 11/96*d*x/a~3/f-1/16*d*x"2/a"3+1/8*x*(d*x+c)/a~3-1/36*d/f"2/ (a+a*xcoth(f*x+e
))"3+1/6%(-d*x-c)/f/(a+axcoth(f*x+e)) "3-5/96*d/a/f"2/ (ataxcoth(f*x+e)) "2+1/

8% (-dxx-c)/a/f/(ataxcoth(f*x+e))~2-11/96*d/f~2/(a"3+a"3*coth(f*x+e))+1/8* (-
d*x-c)/f/(a"3+a"3xcoth(f*x+e))

Rubi [A] time = 0.21, antiderivative size = 183, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 3, integrand size = 18,

M = 0167, Rules used = {3479/ 8/ 3730}

integrand size

c +dx +x(c + dx) 11d .\ 11dx  dx? c +dx
8f (a3 coth(e + fx) + a3) 8a>  96f2 (a3 coth(e + fx) + a3) 96a°f 16a3 8af(acoth(e + fx) +a)* ¢

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + a*Cothl[e + fx*x])~3,x]

[Out] (11*d*x)/(96*%a”3*f) - (d*x~2)/(16*a~3) + (x*(c + d*x))/(8*a~3) - d/(36*f~2x%
(a + axCothl[e + f*x])~3) - (c + d*x)/(6*xfx(a + a*Cothl[e + f*x])~3) - (5xd)/
(96*a*xf~2+(a + a*Cothl[e + fxx])~2) - (c + d*x)/(8xaxfx(a + a*xCoth[e + fx*x])

~2) - (11*d)/(96*xf~2x(a~3 + a~3*Cothl[e + f*x])) - (c + d*x)/(8*f*(a"3 + a~3
*xCothl[e + f*x]))

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(ax(a +
b*xTan[c + d*x]) n)/(2*xb*d*n), x] + Dist[1/(2*a), Int[(a + b*Tan[c + dx*xx])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

Rule 3730

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tanl[(e_.) + (f_)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])™n, x]}, Dist[(c + d*x)
“m, u, x] - Dist[d*m, Int[Dist[(c + d*x)"(m - 1), u, x], %], x]] /; FreeQ[{
a, b, ¢, d, e, f}, x] & EqQ[a"2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

Rubi steps
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c+dx x(c + dx) c+dx c+dx C-
x = - - -
(a + acoth(e + fx))3 843 6f(a+acoth(e+ fx))3 8af(a+acoth(e+ fx))* 8f (a3 a3,

_ dx2+x(c+dx) c+dx c+dx
1643 8a3 6f(a+acoth(e+ fx))* 8af(a+acoth(e+ fx))* 8f

X +x(c+dx) d c+dx
1643 8ad 36f2(a + acoth(e + fx))> 6f(a+acoth(e+ fx))® 3

_dx dx? s x(c + dx) d c + dx
~16a3f 1643 843 36f%(a + acoth(e + fx))® 6f(a+ acoth(e + fx

_ Bdx  d¥? +x(c+t;lx) ~ d ~ c+dx
© 32a3f 1643 843 36f2(a+acoth(e + fx))® 6f(a+ acoth(e + f1
11dx  dx*>  x(c +dx) d c+dx

- 96a3f 164 * 8a> 36f2(a + acoth(e + fx))3 - 6f(a + acoth(e + fa

Mathematica [A] time = 0.77, size = 185, normalized size = 1.01

csch’(e + fx) (4 (6cf(6fx +1)+d (18f2x2 +6fx+ 1)) cosh(3(e + fx)) +27(4cf + d(4fx + 3)) cosh(e + fx

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)/(a + axCothl[e + f*x])~3,x]

[Out] (Cschle + f*xx] " 3%(27*(4*c*xf + d*(3 + 4xfxx))*Coshl[e + f*x] + 4x(6xcxfx(1 +
6xf*xx) + dx(1 + 6xf*x + 18+f~2*xx72))*Cosh[3*(e + f*x)] + 135%d*Sinh[e + f*x
] + 324*cxf*Sinh[e + f*xx] + 324*d*xfxx*Sinh[e + f*x] - 4*d*Sinh[3*(e + f*x)]

- 24*cxf*Sinh[3*(e + f*x)] - 24*d*f*x*Sinh[3*(e + f*x)] + 144*c*xf~2*x*Sinh
[Bx(e + f*x)] + 72xd*f~2+x"2*Sinh[3*(e + f*x)]))/(1152*a"3*f"2*(1 + Cothle

+ £xx])73)

fricas [A] time = 0.39, size = 286, normalized size = 1.56

4(18df22 + 6¢f +6(6¢f2 +df)x +d) cosh (fx+¢) +12(18df22 + 6cf +6(6¢f2 +df)x +d) cosh

1152(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/1152%(4*(18xd*f~2%x"2 + 6*c*f + 6% (6xcxf~2 + d*f)*x + d)*cosh(f*x + e)~3
+ 124 (18%d*f~"2*%x"2 + 6xc*xf + 6% (6xcxf~™2 + d*f)*x + d)*cosh(f*x + e)*sinh(f*

X + e)72 + 4% (18*d*f"2*x"2 — 6*xcxf + 6x(6*cxf~2 - d*f)*x — d)*sinh(f*x + e)

3 + 27k (4xdxf*xx + 4xcxf + 3*d)*cosh(f*x + e) + 3*x(108*d*f*x + 4*x(18xd*xf~2x

X"2 — 6xcxf + 6%(6*cxf"2 - dxf)*x — d)*cosh(f*x + e)72 + 108*c*xf + 45%d)*si
nh(f*x + e))/(a~3*f " 2xcosh(f*x + e)~3 + 3*a " 3xf " 2*cosh(f*x + e) 2xsinh(f*x

+ e) + 3xa"3xf"2xcosh(f*x + e)*sinh(f*x + e)72 + a~3*%f " 2xsinh(f*x + e)~3)

giac [A] time = 0.14, size = 151, normalized size = 0.83

(72 dr22e67%69) 4 144 0f22e(057469) 1 2164 el 74 _108dfxe®29) 4 24 fx + 216 cfeltIH4E) —q
1152 3/2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e)) 3,x, algorithm="giac")

[Out] 1/1152*%(72xd*xf~2%x"2%e” (6*%f*x + 6%e) + 144xc*xf~2*x*e” (6*f*x + 6*xe) + 216%*d*
frxke”™ (4xfxx + 4xe) - 108*d*f*x*ke” (2xf*xx + 2%e) + 24*d*xf*x + 216*cxfxe” (4*f

*x + 4%e) - 108*cxfxe” (2xf*x + 2%e) + 24*xcxf + 108xd*xe” (4+f*x + 4*xe) - 27*d

*e” (2%f*x + 2%e) + 4xd)xe” (-6*xf*x - 6*e)/(a"3*xf"2)

maple [B] time = 0.63, size = 651, normalized size = 3.56

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+a*coth(f*x+e)) 3,x)

[Out] 1/a"3/f*x(-4/fxd*(1/6*(f*x+e)*sinh(f*x+e) "3*xcosh(f*x+e) ~"3-1/8*%(f*x+e)*sinh(f
*x+e) *cosh(f*x+e) "3+1/16% (f*x+e) *cosh(f*x+e) *sinh (fxx+e)+1/32* (f*x+e) "2-1/3
6*sinh (f*x+e) "2*cosh(f*x+e) "4+13/288*cosh(f*x+e) “4-1/32*cosh(f*x+e) ~2)+4/f*
d* (1/6*(f*x+e)*sinh (f*x+e) "2*%cosh(f*x+e) ~4-1/12x (f*x+e) *cosh(f*x+e) "4-1/36%
cosh(f*x+e) "b*ksinh(f*x+e)+1/36*cosh(f*x+e) "3*sinh(f*x+e)+1/24*cosh(f*x+e)*s
inh (f*x+e)+1/24*xf*xx+1/24*xe)+1/f*d* (1/4* (f*x+e) *cosh(f*x+e)*sinh (f*x+e) ~3-3/
8* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)+3/16*% (f*x+e) "2-1/16*sinh (f*x+e) “4+3/16*co
sh(f*x+e) ~2)-3/f*xd*x(1/4x (f*x+e)*sinh(f*x+e) ~4-1/16*sinh (f*x+e) "3*cosh(f*x+e
)+3/32*cosh(f*x+e) *sinh (fxx+e)-3/32%f*xx-3/32%e) +4xd*e/f* (1/6*sinh (f*x+e) ~3%
cosh(f*x+e) "3-1/8*cosh(f*x+e) "3*sinh (f*x+e)+1/16*cosh(f*x+e)*sinh (f*x+e)+1/
16xfxx+1/16%e)-4*d*e/f*(1/6*sinh (f*x+e) "2*cosh(f*x+e) "4-1/12xcosh (f*x+e) ~4)
-dxe/f*((1/4*sinh(f*x+e) ~3-3/8*sinh (f*x+e))*cosh(f*x+e)+3/8*f*x+3/8%e)+3/4x%
d*e/f*sinh (f*x+e) “4-4*c*(1/6*sinh(f*x+e) “3*cosh(f*x+e) "3-1/8*cosh(f*x+e) ~3%
sinh(f*x+e)+1/16*xcosh(f*x+e)*sinh (f*x+e)+1/16xf*x+1/16%e)+4*c*(1/6*sinh(f*x
+e) "2*xcosh(f*x+e) ~4-1/12*cosh(f*x+e) "4)+c*x((1/4*sinh (f*x+e) "3-3/8*sinh (f*x+
e))*cosh(f*x+e)+3/8xf*xx+3/8%e)-3/4*c*sinh (f*x+e)~4)

maxima [A] time = 1.16, size = 138, normalized size = 0.75

1 (12(fr+e) 182720 Jgplafae) 4 o (-6 60) (72 f2x2e69) +108 (2 fxe®O + e<4e>)e(‘2f 9 -2
9%\ @ f " asf " 11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="maxima"

[Out] 1/96*xcx(12x(fxx + e)/(a”3*f) + (18%xe”~(-2xfxx - 2%e) - O*xe” (-4*xf*xx — 4*xe) +
2%e” (-6*xf*x — 6%e))/(a~3*f)) + 1/1152*%(72*xf~2xx"2*xe”~ (6%e) + 108* (2*f*x*e” (4

xe) + e (4xe))*e” (—2xfxx) - 27*(4*xf*xx*xe” (2xe) + e~ (2%e))*e” (—4*xf*x) + 4*x(6%

fxx + 1)*e” (-6xf*x))*d*e” (-6%e)/(a"3*f"2)

mupad [B] time = 1.26, size = 127, normalized size = 0.69

abe6f (d+6cf dx ) o20-2fx (3d+6cf 3dx )_6—46—4fx (3d+120f 3dx ) dx*> c.

+ + + + +—
28843 f2 4843 f 3243 f2 1643 f 128a% f2 3243 f) 164% 8«
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + a*coth(e + f*x))~3,x)

[Out] exp(- 6*%e - 6*xfxx)*((d + 6xc*xf)/(288%xa~3*xf72) + (d*x)/(48xa~3*f)) + exp(- 2
xe — 2xf*x)*x((3*%d + 6*xcxf)/(32%xa~3*xf72) + (3*xd*x)/(16%a~3*f)) - exp(- 4*e -
4xfxx)* ((3*%d + 12%c*xf)/(128%a~3*£72) + (3*d*x)/(32*xa"3xf)) + (d*x~2)/(16x*a

~3) + (cxx)/(8*a~3)
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sympy [A] time = 2.40, size = 1287, normalized size = 7.03

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)/(ataxcoth(f*x+e))**3,x)

[Out] Piecewise((36xcxf**2*x*tanh(e + f*x)**x3/(288*a**3*xf**x2xtanh(e + f*x)**x3 + 8
B64*xaxx3xfx*x2xtanh(e + f*xx)**2 + 864*ax*x3xf*xx2xtanh(e + f*x) + 288*ka*x*x3*f**2
) + 108*ckxf**2*x*tanh(e + f*xx)**2/(288*a*x*3*xf**x2xtanh(e + f*x)**3 + 864*axx*
3xfxk2xtanh(e + fxx)**x2 + 864*a*x*x3xf*x*x2xtanh(e + f*x) + 288*a*x*3*xf**x2) + 10
8xcxfxx2kx*xtanh(e + f*x)/(288*a*x*x3xf**x2xtanh(e + f*x)**3 + 864*xax*3*xf**x2xta
nh(e + f*xx)**2 + 864*xa*x*3*xf*x*x2*xtanh(e + f*x) + 288*ax*x3*xf**2) + 36kc*kf**x2*x
/ (288*a*x*3*xf*x*2xtanh(e + f*x)**3 + 864*ax*3xfxx2xtanh(e + f*x)**2 + 864*xaxx
3xfrk2xtanh(e + fxx) + 288*a**3*xf**2) + 252xcxfxtanh(e + f*x)**2/(288*ax*x3x%
fxk2xtanh(e + f*xx)**3 + 864*a*x*x3xf**x2xtanh(e + f*x)**2 + 864*xax*x3xf*x*x2xtanh
(e + f*x) + 288*ax*x3*xf**x2) + 324*ckf+tanh(e + f*x)/(288*ax*x3xf**x2+xtanh(e +
fxx)**3 + 864*axx3xf**x2xtanh(e + f*x)**2 + 864*a*x*3*xf**2*xtanh(e + f*x) + 28
Bxaxk3kf**x2) + 120%c*f/(288*a*x*3xf*x*x2xtanh(e + f*x)**3 + 864*xax*x3xf*xx2xtanh
(e + fxx)**2 + 864*xa*x*3xfx*x2xtanh(e + f*x) + 288*kaxx3*xf**x2) + 18kxd*f*k*x2¥xk*
2+xtanh(e + f*x)**3/(288*a*x*x3*xf**x2+xtanh(e + f*x)**3 + 864*a*x*3*xf**2*xtanh(e +
f*x)**2 + 864*xaxx3xfx*x2xtanh(e + f*x) + 288*ax*x3xf**x2) + BAkdxf**k2kx**2xta
nh(e + fxx)**2/(288*a**3xf**x2*xtanh(e + f*x)**3 + 864*a*x*x3xf*x*x2xtanh(e + f*x
)*¥%2 + 864*axx3xf*xx2xtanh(e + f*xx) + 288*ax*3xf**2) + Bdxd*xf**x2xx**2*xtanh (e
+ £*x)/(288*ax*x3xfxx2xtanh (e + f*x)**3 + 864*axx3xf**2xtanh(e + f*x)**2 +
864*a*x*x3xfxx2xtanh(e + f*x) + 288*kax*3xf*x*x2) + 18+d*f**2*xx**2/(288*ax*x3xf*xx*
2+«tanh(e + f*x)**3 + 864xa*x*x3*xf**x2*xtanh(e + £*x)**x2 + 864*a*x*3*xf**2*xtanh(e
+ f*x) + 288*ax*x3xf**2) - 87*dxf*rx*tanh(e + f*x)**3/(288*a*x*3*xf**2xtanh(e +
fxx)**x3 + 864*ax*x3*xf**x2xtanh(e + f*x)**2 + 864*ax*x3*xf**x2xtanh(e + f*xx) + 2
88*ax*3xf**x2) — 9xd*f*x*tanh(e + F*xx)**x2/(288*a*x*3*f**2*xtanh(e + f*xx)**x3 +
864*xax*x3xfxx2xtanh (e + f*x)**2 + 864*xax*x3xfx*x2+xtanh(e + f*x) + 288xaxx3*f**
2) + 63*d*xf*xx*tanh(e + f*x)/(288*a**3*xf**x2xtanh(e + f*x)**3 + 864*a*x*x3xf*x*2
xtanh(e + f*x)**2 + 864xax*x3*xf+*x2+xtanh(e + f*x) + 288xa**3+xf**x2) + 33*xd*f*x
/ (288xa*x*3xf**+2*xtanh(e + f*x)**3 + 864*a*x*3xf**x2xtanh(e + f*x)**x2 + 864%a*xx*
3xfxk2xtanh(e + fxx) + 288*a**3*f**2) + 87xdxtanh(e + f*x)**2/(288*ax*x3xf*x
2xtanh(e + f£*x)**3 + 864xa*x*3*xf**x2xtanh(e + f*xx)**x2 + 864*a*x*x3*f**2*xtanh(e
+ f£*x) + 288*axx3xf*%x2) + 135*d*tanh(e + f*xx)/(288*a*x*3*f**2*xtanh(e + f*xx)x*
*3 + 864*axk3xfrx2xtanh(e + f*x)**2 + 864*ax*x3xfxx2xtanh(e + f*x) + 288*axx*
3kf*k2) + 56*xd/ (288*a*x*3xf**2*xtanh(e + f*x)**x3 + 864*a*x*3*xf**x2*xtanh(e + f*x
)*%2 + 864xa*x3xfx*x2xtanh(e + f*xx) + 288*xa*x3*xf**x2), Ne(f, 0)), ((ckxx + d*x
**x2/2) /(axcoth(e) + a)**x3, True))
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330 [ 1 dx

(c+dx)(a+a coth(e+fx))3

Optimal. Leaf size=437

3Chi (fo + %) sinh (Ze - %) Chi (6xf + %) sinh (66 - %) 3Chi (4xf + %) sinh (46 - %) 3Chi (2
8a3d " 8a3d - 8a3d -

[Out] -1/8*Chi(6*c*f/d+6*f*x)*cosh(-6*xe+6xcxf/d)/a~3/d+3/8*Chi (4d*xc*xf/d+4*f*x)*cos
h(-4*xe+4xcxf/d)/a~3/d-3/8*Chi (2xc*xf/d+2*f*x) *cosh (-2*xe+2*xc*xf/d) /a~3/d+1/8*1
n(d*x+c)/a~3/d+3/8*cosh(-2*xe+2*c*f/d) *Shi (2*c*xf/d+2*xf*x) /a~3/d-3/8*cosh (-4x*
e+4xc*f/d) *Shi (dxcxf/d+4*f+*x)/a~3/d+1/8*cosh(-6*e+6xc*f/d) *Shi (6*xc*xf/d+6*xf*
x)/a~3/d-1/8*Chi (6*c*f/d+6*xf*x)*sinh (-6xe+6*c*f/d) /a~3/d+1/8*Shi (6*xcxf/d+6%
f*x)*sinh(-6*e+6xc*xf/d)/a~3/d+3/8*Chi (d*xc*xf/d+4*xf*x) *sinh (-4*xe+4d*c*xf/d)/a~3
/d-3/8%Shi (4*c*f/d+4*f*x)*sinh (-4*e+d*c*f/d)/a~3/d-3/8*Chi (2xcxf/d+2*xf*x) *s

inh (-2%e+2*c*f/d) /a~3/d+3/8*Shi (2*c*f/d+2*f*x) *sinh (-2*e+2xcxf/d) /a~3/d

Rubi [A] time = 1.76, antiderivative size = 437, normalized size of antiderivative
= 1.00, number of steps used = 53, number of rules used = 7, integrand size = 20,

number of rules _ ) 350, Rules used = {3728, 3303, 3298, 3301, 3312, 5448, 5470}

integrand size

3Chi (fo + %) sinh (Ze - %) Chi (6xf + %) sinh (66 - %) 3Chi (4xf + %) sinh (4@ - %) 3Chi (2
8a3d " 8a3d - 8a3d -

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)*(a + a*Cothl[e + f*x])~3),x]

[Out] (-3*Cosh[2%e - (2*c*f)/d]*CoshIntegral [(2*c*f)/d + 2xfxx])/(8*a”~3*d) + (3*C
osh[4*e - (4*cxf)/d]*CoshIntegral [(4*c*f)/d + 4xfx*x])/(8%a"3xd) - (Cosh[6%e
- (6xcx*f)/d]*CoshIntegral [(6*xcxf)/d + 6*xf*xx])/(8%a~3*d) + Loglc + dxx]/ (8%
a~3xd) + (CoshIntegral[(6*c*xf)/d + 6xf*x]*Sinh[6*e - (6*c*xf)/d])/(8*a~3x*d)
- (3*CoshIntegral [(4*c*f)/d + 4xfxx]*Sinh[4xe - (4d*c*xf)/d])/(8*a~3xd) + (3%
CoshIntegral [(2xc*f)/d + 2*xf*x]*Sinh[2*e - (2xcx*f)/d])/(8*a~3*d) + (3*Coshl[
2xe — (2%cxf)/d]*SinhIntegral [(2*c*xf)/d + 2xf*x])/(8*a"3*d) - (3*Sinh[2%e -

(2%c*f)/d]*SinhIntegral [(2xc*f)/d + 2*xfxx])/(8%a~3*%d) - (3*Cosh[4xe - (4xc
xf)/d]*SinhIntegral [(4*c*xf)/d + 4xf*x])/(8%a~3+d) + (3*Sinh[4*e - (4*cxf)/d
1*SinhIntegral [(4*c*f)/d + 4xfxx])/(8*a~3*d) + (Cosh[6*e - (6%c*f)/d]*SinhI
ntegral [(6*c*f)/d + 6xfxx])/(8*a"3*%d) - (Sinh[6*e - (6*c*f)/d]*SinhIntegral
[(6%c*f)/d + 6xf*x])/(8%a"3*d)

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + f*xfz*x])/d, x] /; FreeQ[{c, d, e, £
, £z}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(c*xf*xfz)/d + fxfz*xx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] && EqQldx(e - Pi/2) - cxf*xfzxI, 0]

Rule 3303

Int[sinl[(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d]l, Int[Cos[(cxf)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]



133

Rule 3312

Int[((c_.) + (@_)*(x)) " (m )*sin[(e_.) + (f_.)*(x_ )] (n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQl{c, 4, e, f
, mr, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]1))

Rule 3728

Int[((c_.) + (d_D)*(x_)) " (m )*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2xe + 2xfx*x]/(
2xa) + Sin[2xe + 2xf*x]/(2xb))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Rule 5448

Int[Cosh[(a_.) + (b_)*(x_ )] " (p_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sinh[(a_.) +
(b_)*(x_ )] (n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +
b*x] “n*Cosh[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &
& IGtQ[p, 0]

Rule 5470

Int[((e_.) + (£_)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_ )]~ (p_.)*Sinh[(c_.) +
(d_.)*(x_)]1"(q_.), x_Symbol] :> Int[ExpandTrigReduce[(e + f*x)“m, Sinh[a +
b*x] “p*Sinh[c + d*x]~q, x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, O
] && 1GtQ[lq, 0] && IntegerQ[m]

Rubi steps
1 e f 1 3cosh(2e +2fx) 3cosh’(2e +2fx) cosh’(2¢ 4
(c +dx)(a + acoth(e + fx))3 8a3(c + dx) 8a3(c + dx) 8a3(c + dx) 8ad(c +
COSh3(26+2 fx) sinh® (2e+2fx sinh(2e+2 f X) sir
:log(c+dx)_dex+f— * 3f c+dx
8add 8a3 8a3 1643
3isinh(2e+2fx)  isinh(6e+6fx) 3 cosh(2e+2fx)
log(c + dx) f Ac+dy)  Alctdw) f 4(c+dx)
+ - ,
8a3d 8a3 8a
3cosh (2¢ - 2L Chi 2 3Chi (%L +4

cos e——) G2 fx +log(c+dx) i —+4fx

B 8add 8a3d 8a3
f 2cf [ 4cf

B 3cosh( e—L)Ch ( +2fx)+log(c+dx) 3Ch1(%+4fx)
- 8a3d 8a3d 8ad

3 cosh (2e - %) Chi (% " 2fx) cosh (6e - %) Chi (% " 6fx)
8a3d 8a3d

Mathematica [A] time = 0.71, size = 312, normalized size = 0.71

cschB(e + fx)(sinh(fx) + cosh(fx))3 ((sinh (e - %) — cosh (e df)) ( —Chi (6f(i;dx )s nh (26 - —f) + CI

Antiderivative was successfully verified.
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[In] Integrate[1/((c + d*x)*(a + axCoth[e + f*x])~3),x]

[Out] (Cschl[e + f*x]~3*(Cosh[f*x] + Sinh[fxx]) 3*(Cosh[3*e]*Logl[f*(c + d*x)] + Lo
glf*x(c + d*x)]1*Sinh[3*e] + (-Coshle - (4*cxf)/d] + Sinh[e - (4*cxf)/d])*(-3
xCoshIntegral [(4*f*(c + d*x))/d] + Cosh[2*e - (2%cxf)/d]*CoshIntegral [(6*fx*

(c + d*x))/d] - CoshIntegral [(6*xfx(c + d*x))/d]*Sinh[2*%e - (2*cxf)/d] + 3*C
oshIntegral [(2*f*(c + d*x))/d]*(Cosh[2*e - (2xcxf)/d] + Sinh[2xe - (2%cx*f)/

d]) - 3%Cosh[2xe - (2%c*f)/d]*SinhIntegral [(2*f*(c + d*x))/d] - 3*Sinh[2*e

- (2%c*f)/d]*SinhIntegral [(2xf*(c + dx*x))/d] + 3*SinhIntegral[(4*f*(c + d*x

))/d] - Cosh[2*e - (2%cxf)/d]*SinhIntegral [(6*xf*(c + d*x))/d] + Sinh[2*%e -
(2%c*xf)/d]*SinhIntegral [(6*f*(c + d*x))/d])))/(8*a~3*d*x(1 + Cothl[e + fxx])~

3)

fricas [A] time = 0.40, size = 195, normalized size = 0.45

3Ei (—M) cosh (—M) ~3Ei (—M) cosh (—M) +Ei (—M) cosh (—6(de_cf)) +3

d d d d d d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)) 3,x, algorithm="fricas")

[Out] -1/8*%(3*Ei(-2x(d*f*x + c*f)/d)*cosh(-2*x(d*xe - c*f)/d) - 3*Ei(-4*x(dxfxx + c*
f)/d) *cosh(-4*x(d*xe - c*f)/d) + Ei(-6x(d*xf*x + c*f)/d)*cosh(-6x(d*xe - c*xf)/d

) + 3*%Ei(-2%(d*f*x + c*xf)/d)*sinh(-2*%(d*e - c*f)/d) - 3*Ei(-4*(d*f*x + c*f)
/d)*sinh(-4x(d*e - c*f)/d) + Ei(-6*x(d*xf*x + c*f)/d)*sinh(-6*(d*xe - c*f)/d)

- log(d*x + c))/(a~3*d)

giac [A] time = 0.16, size = 108, normalized size = 0.25

6cf dcf 2¢f
(Ei (_6(df;c+6f)) 6(7) _3Ei (_4(df;c+6f)) e(7+2e) L3 E (_2(df;€+cf))e(7+4e) 60 Jog (dx + C))e(_6e)

8 add

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e)) 3,x, algorithm="giac")

[Out] -1/8*%(Ei(-6x(dxf*x + c*f)/d)*e” (6xcxf/d) - 3*Ei(-4*(d*f*x + c*xf)/d)*e” (4*c*
f/d + 2xe) + 3*xEi(-2x(d*f*x + cxf)/d)*e” (2*xcxf/d + 4*e) - e~ (6*e)*log(d*x +
c))*xe” (-6xe)/(a”3%xd)

maple [A] time = 1.64, size = 151, normalized size = 0.35

befbde 6cf—6de dofdde 4cfade 2cf-2de ”
ln(dx+c)+e d E1(1,6fx+6e+ y )3e d E1(1,4fx+4e+ y )+3e d E1(1,2fx+26+—

8a3d 8a3d B 8a3d 8a3d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(a+a*coth(f*x+e)) 3,x)

[Out] 1/8*1n(d*x+c)/a~3/d+1/8/a~3/d*exp(6*(cxf-dxe)/d)*Ei(1,6*xf*xx+6%e+6* (cxf-dxe)
/d)-3/8/a~3/d*exp (4% (cxf-dx*e) /d) *Ei (1,4*f*x+4*e+d* (cxf-dxe)/d)+3/8/a~3/d*ex
p(2* (cxf-d*e) /d) *Ei(1,2*%f*x+2%e+2* (cxf-d*e)/d)

maxima [A] time = 4.11, size = 114, normalized size = 0.26

Leor®d ~derd 20
e( 6o+ )E1 (6(da;+6)f) 36( Lot )E1 (4(d9;+6)f) 36( 20+ )E1 (@) log (dx + ¢)
N +

8a3d - 8ad 8ad 8a3d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/8%e”(-6%e + 6*xcxf/d)*exp_integral e(l, 6x(d*x + c)*f/d)/(a~3*d) - 3/8xe”(
-4xe + 4xcxf/d)*exp_integral e(l, 4x(d*x + c)*f/d)/(a”~3*d) + 3/8xe”(-2*e +
2xcxf/d) *exp_integral_e(1, 2x(d*x + c)*f/d)/(a~3*d) + 1/8xlog(d*x + c)/(a"3

*d)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f ! 3 dx
(a+acoth(e+fx)) (c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + fx*x)) 3*%(c + d*x)),x)

[Out] int(1/((a + a*coth(e + f*x))~3*(c + d*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f L dx
ccoth® (e+ fx) +3c coth? (e+ fx)+3¢: coth (e+ fx) +c+dx coth? (e+ f x)+3dx coth? (e+ fx)+3dx coth (e+ fx)+dx
a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e))**3,x)

[Out] Integral(1l/(c*coth(e + fx*x)**3 + 3xcxcoth(e + f*xx)**2 + 3*ckcoth(e + fxx) +
¢ + dxx*coth(e + f*x)**3 + 3xd*x*coth(e + f*x)**2 + 3*d*x*coth(e + fx*xx) +

d*x), x)/a*x*x3
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331 [ 1 dx

(c+dx)?(a+a coth(e+fx))3
Optimal. Leaf size=692
3fChi (6xf n %) sinh (6e - 6—f) 3fChi (4xf ; %) sinh (4e - ﬂ) 3fChi (2xf n %f) sinh (2e - ﬂ) 2

d d i
+ +-
44342 2a3d? 4a3d?

[Out] -1/8/a~3/d/(d*x+c)+3/4*xf*Chi (6xc*f/d+6*f*x)*cosh(-6*e+6xcxf/d)/a~3/d"2-3/2x%
f*Chi (4d*xc*xf/d+4*xfxx)*cosh(-4*e+d*xc*xf/d)/a~3/d~2+3/4*f*Chi (2*xc*xf/d+2*xf*x) *co
sh(-2xe+2xcxf/d) /a~3/d"2+9/32*xcosh (2xf*x+2%e) /a~3/d/ (d*xx+c)-3/8*cosh (2*f*x+
2%e)~2/a"3/d/ (d*x+c)+1/8*cosh (2*f*x+2*e) ~3/a~3/d/ (d*x+c)+3/32*cosh (6*f*xx+6x%
e)/a~3/d/ (dxx+c)-3/4*f*xcosh(-2xe+2*xcxf/d) *Shi (2xcxf/d+2xf*x) /a~3/d"2+3/2*xf*
cosh(-4*e+4*c*f/d)*Shi (dxcxf/d+4*f+*x)/a~3/d"2-3/4*xf*xcosh(-6xe+6*c*f/d) *Shi (
6xcxf/d+6xf*x)/a~3/d"2+3/4*f*Chi (6*%cxf/d+6*xf*x)*sinh (-6*e+6*c*f/d)/a~3/d"2-
3/4*xf*Shi (6xcxf/d+6*f*x)*sinh (-6*xe+6*xc*xf/d)/a~3/d"2-3/2*f*Chi (4d*c*xf/d+4*f*x
)*sinh(-4*e+dxc*f/d)/a~3/d"2+3/2xf*Shi (4*c*f/d+4*f*x)*sinh (-4*e+d*c*xf/d)/a”
3/d"2+3/4xf*Chi (2%c*f/d+2*f*x) *sinh (-2%e+2%c*f/d) /a~3/d"2-3/4*f*Shi (2*c*xf/d
+2xf*x) *sinh (-2*e+2*c*xf/d) /a~3/d"2-15/32*sinh (2xf*x+2*e) /a~3/d/ (d*x+c)-3/8x%
sinh (2*f*x+2%e) "2/a~3/d/ (d*x+c)—-1/8*sinh (2xf*x+2*xe) ~3/a~3/d/ (d*x+c)+3/8*sin
h(4xfxx+4xe)/a~3/d/(d*x+c)-3/32*sinh (6*xf*xx+6%e) /a~3/d/ (d*x+c)

Rubi [A] time = 1.76, antiderivative size = 692, normalized size of antiderivative
= 1.00, number of steps used = 60, number of rules used = 9, integrand size = 20,

number of rules _ ) 450, Rules used = {3728, 3297, 3303, 3298, 3301, 3313, 12, 5448, 5470}

integrand size

3fChi (6xf n %) sinh (6e - 6%)+3fChi (4xf 4 %) sinh (4e - %) 3fChi (fo n %) sinh (2e - %);
4a3d? 2a3d? 4a3d?

Antiderivative was successfully verified.
[In] Int[1/((c + d*x)"2*(a + a*Coth[e + f*x])~3),x]

[Out] -1/(8*%a~3xdx(c + d*x)) + (9*Cosh[2xe + 2*f*x])/(32*a"3*dx(c + d*x)) - (3*Co
sh[2%e + 2xfxx]72)/(8*a"3*d*x(c + d*x)) + Cosh[2xe + 2x*fx*x]~3/(8*a”~3*dx(c +
dxx)) + (3*Cosh[6xe + 6xfxx])/(32%a~3*d*(c + d*x)) + (3xf*Cosh[2%e - (2*cxf
)/d]*CoshIntegral [(2xc*f)/d + 2*f*x])/(4*a~3*d"2) - (3*fxCosh[4*e - (4*cxf)
/d]*CoshIntegral [(4*c*f)/d + 4xfxx])/(2%a~3*d"2) + (3*f*Cosh[6xe - (6xcx*f)/
d] *CoshIntegral [(6xc*f)/d + 6*xfxx])/(4*xa~3*d"2) - (3*f*CoshIntegral [(6*cx*f)
/d + 6xf*x]*Sinh[6*e - (6*cxf)/d])/(4xa~3*d"2) + (3*fxCoshIntegral [(4*c*f)/
d + 4xfxx]*Sinh[4%e - (4xcx*f)/d])/(2*%a~3%d"2) - (3*f*CoshIntegral [(2xcx*f)/d
+ 2xfxx]*Sinh[2xe - (2%cx*f)/d])/(4*a~3*d"2) - (15%Sinh[2*e + 2xfxx])/(32*a
“3xdx(c + d*x)) - (3*Sinh[2%e + 2%f*x]~2)/(8*%a"3*d*(c + d*x)) - Sinh[2%e +
2*xf*x]73/(8*%a"3*d*(c + d*x)) + (3*Sinh[4*e + 4*xf*xx])/(8+a~3xd*(c + d*x)) -
(3*xSinh[6%e + 6%fxx])/(32%a"3*d*(c + d*x)) - (3*xfxCosh[2%e - (2%c*f)/d]*Sin
hIntegral [(2xc*f)/d + 2*fxx])/(4*a~3*d~2) + (3*f*Sinh[2xe - (2xcx*f)/d]*Sinh
Integral [(2*c*xf)/d + 2xf*x])/(4*a~3*%d"2) + (3*f*Cosh[4*e - (4*cxf)/d]*SinhI
ntegral [(4*c*f)/d + 4xfxx])/(2%a~3*%d"2) - (3*f*Sinh[4*e - (4*c*f)/d]*SinhIn
tegral [(4xcxf)/d + 4xfx*x])/(2%a"3*d"2) - (3*f*Cosh[6xe - (6%c*f)/d]*SinhInt
egral [(6*xcxf)/d + 6xf*x])/(4*a”3*%d"2) + (3*f*Sinh[6%e - (6*cxf)/d]*SinhInte
gral [(6xcxf)/d + 6xf*x])/(4*a~3%d"2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3297
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Int[((c_.) + (@_)*(x))"(m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral[(c*f*fz)/d + f*xfz*x])/d, x] /; FreeQl{c, d, e, f
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*fxfz)/d + fxfz*x]/d, x] /; FreeQl{c, d, e, f, fz
}, x] && EqQldx(e - Pi/2) - cxf*xfzxI, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*f)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, 4, e, f}, x] &&
NeQ[d*e - c*xf, 0]

Rule 3313

Int[((c_.) + (d_)*(x))"(m_)*sin[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> Si

mp[((c + d*x)~(m + 1)*Sinf[e + fxx]"n)/(d*(m + 1)), x] - Dist[(f*n)/(d*(m +
1)), Int[ExpandTrigReduce[(c + d*x)"(m + 1), Cosle + f*x]*Sin[e + f*x] (n -
1), x], x], x] /; FreeQ[{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3728

Int[((c_.) + (d_)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2xe + 2xfx*x]/(
2*%a) + Sin[2%e + 2xfxx]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&% EqQ[a~2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Rule 5448

Int[Cosh[(a_.) + (b_)*(x_ )] " (p_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sinh[(a_.) +
(b_)*(x_ )]~ (n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +
b*x] “n*Cosh[a + b*x]"p, x], x] /; FreeQ[{a, b, ¢, 4, m}, x] && IGtQ[n, 0] &
& 1GtQ[p, 0]

Rule 5470

Int[((e_.) + (£_)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_ )]~ (p_.)*Sinh[(c_.) +
(d_.)*(x_)]1"(q_.), x_Symbol] :> Int[ExpandTrigReducel[(e + f*x)“m, Sinh[a +
b*x] “p*Sinh[c + d*x]~q, x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, O
] &% IGtQ[q, 0] &% IntegerQ[m]

Rubi steps
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1 P f 1 3cosh(2e +2fx) 3 coshz(ze +2fx) coshS(Ze +
X = - -
(c + dx)?(a + a coth(e + fx))3 8a3(c + dx)? 8a3(c + dx)? 8a3(c + dx)? 8a3(c + d.
cosh® (2e+2fx) sinh® (26+2fx) sinh(2e+2fx) si
___ 1 _ e e f (c+dx
8a3d(c + dx) 843 843 16a°
_ 1 3 cosh(2e +2fx) _ 3 coshz(Ze +2fx) cosh3(2e + 2]
8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx
3 1 3cosh(2e +2fx) 3 coshz(Ze +2fx) COSh3(2€ + 21
8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx
3 1 9cosh(2e +2fx) 3 coshz(Ze +2fx) COSh3(2€ + 2]
8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx
_ 1 9 cosh(2e +2fx) 3 coshz(Ze +2fx) coshS(Ze + 2]
8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx
_ 1 9 cosh(2e +2fx) _ 3 coshz(Ze +2fx) cosh3(2e + 2]
8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx
Mathematica [A] time = 3.12, size = 796, normalized size = 1.15
csch’(e + fx) (cosh (%) + sinh (%)) (3d cosh (e +f (x - 37;)) —dcosh (3 (e +f (x - g))) + d cosh (3 (e +f

Warning: Unable to verify antiderivative.

[In] Integrate[1/((c + d*x)~2%(a + axCothl[e + f*x])~3),x]

[Out] (Cschl[e + fxx] 3*(Cosh[(3*cxf)/d] + Sinh[(3*c*f)/d])*(3*d*Cosh[e + f*x((-3*c

)/d + x)] - d*Cosh[3*(e + fx(-(c/d) + x))] + d*Cosh[3*(e + f*x(c/d + x))] -
3*d*Cosh[e + fx((3%c)/d + x)] + 6*cxf*Cosh[3*e - (3*f*(c + d*x))/d]*CoshInt
egral [(6xfx(c + dxx))/d] + 6*%dxfxx*Cosh[3*e - (3*f*x(c + d*x))/d]*CoshIntegr
al[(6*xfx(c + d*x))/d] + 6*xfx(c + d*xx)*CoshIntegral[(2xf*(c + d*x))/d]*(Cosh
[e - (cxf)/d + 3*f*x] + Sinh[e - (cxf)/d + 3*f*x]) + 3*d*Sinh[e + fx((-3*c)
/d + x)] - d*Sinh[3*(e + f*(-(c/d) + x))] - d*Sinh[3*(e + fx(c/d + x))] + 3
xd*Sinh[e + fx((3*c)/d + x)] - 6*cxf*CoshIntegral [(6*f*(c + d*x))/d]*Sinh[3
xe — (3xfx(c + d*x))/d] - 6xd*f*x*CoshIntegral [(6xf*(c + d*x))/d]*Sinh[3*e
- (3*f*x(c + d*x))/d] + 12xfx(c + d*x)*CoshIntegral [(4*xf*x(c + dxx))/d]*(-Cos
hle - (fx(c + 3%dxx))/d] + Sinh[e - (f*(c + 3*d*x))/d]) - 6xcxf*Coshle - (c
xf)/d + 3*f*x]*SinhIntegral [(2xf*(c + d*x))/d] - 6*d*f*x*Coshl[e - (c*xf)/d +
3xf*x]*SinhIntegral [(2*f*(c + d*x))/d] - 6*cxfxSinh[e - (c*xf)/d + 3xf*x]*S
inhIntegral [(2xf*(c + d*x))/d] - 6xd*f*x*Sinh[e - (c*f)/d + 3*f*x]*SinhInte
gral [(2xfx(c + d*x))/d] + 12%c*f*Cosh[e - (f*(c + 3*d*x))/d]*SinhIntegral[(
4xfx(c + d*x))/d] + 12+d*f*x*Coshl[e - (f*(c + 3*d*x))/d]*SinhIntegral [(4xfx*
(c + d*x))/d] - 12*cxfxSinh[e - (f*(c + 3*d*x))/d]*SinhIntegral [(4*f*x(c + d
xx))/d] - 12*%dxf*x*Sinh[e - (fx(c + 3*d*x))/d]*SinhIntegral [(4*xfx(c + d*x))
/d] - 6xcxf*Cosh[3*e - (3*f*(c + d*x))/d]*SinhIntegral [(6xf*(c + d*x))/d] -
6xdxfxx*Cosh[3*e - (3*f*x(c + dxx))/d]*SinhIntegral [(6xfx(c + dx*x))/d] + 6%
cxf*Sinh[3*e - (3*fx(c + d*x))/d]*SinhIntegral [(6xfx(c + d*x))/d] + 6xd*f*x
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*xSinh[3%e - (3*fx(c + dxx))/d]*SinhIntegral [(6xf*(c + d*x))/d]))/(8*a~3*d~2
*(c + d*x)*(1 + Coth[e + f*xx])~3)

fricas [A] time = 0.41, size = 1162, normalized size = 1.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ataxcoth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/4*x(3*x(d*xf*x + c*f)*Ei(-2*%(d*f*x + c*f)/d)*cosh(f*x + e) 3*sinh(-2*(d*e -
cxf)/d) - 6*x(d*f*x + c*xf)*Ei(-4x(d*f*x + c*f)/d)*cosh(f*x + e) 3*sinh(-4*(d
xe — cxf)/d) + 3x(d*f*x + c*f)*Ei(-6x(d*f*x + c*f)/d)*cosh(f*x + e) 3*sinh(
-6%(d*e - c*f)/d) + 3x((dxf*x + c*f)*Ei(-2x(dxf*x + cxf)/d)*cosh(-2*x(d*e -
cxf)/d) - 2+%(d*f*x + c*xf)*Ei(-4x(d*f*x + c*f)/d)*cosh(-4*x(d*xe - c*f)/d) + (
dxf*xx + c*xf)*Ei(-6%(d*f*x + c*f)/d)*cosh(-6x(d*e - c*f)/d))*cosh(f*x + e)~3
+ (Bk(dxf*x + cxf)*Ei(-2+%(d*f*x + c*f)/d)*cosh(-2*%(d*e - c*f)/d) - 6x(dxfx*
x + c*xf)*Ei(-4x(d*f*x + c*f)/d)*cosh(-4*x(d*e - c*f)/d) + 3*x(d*f*x + c*f)*Ei
(-6% (d*f*x + c*f)/d)*cosh(-6x(d*e - c*f)/d) + 3x(dxf*x + c*xf)*Ei(-2*(d*f*x
+ c*f)/d)*sinh(-2x(d*e - c*f)/d) - 6x(dxf*x + cxf)*Ei(-4*(d*f*x + c*xf)/d)*s
inh(-4*(d*e - c*f)/d) + 3x(dxfxx + c*f)*Ei(-6x(d*f*x + c*xf)/d)*sinh(-6*(d*e
- c*f)/d) - d)*sinh(f*x + e)73 + 9k ((d*f*x + c*xf)*Ei(-2*%(d*f*x + c*f)/d)*c
osh(f*x + e)*sinh(-2*(d*xe - c*f)/d) - 2*%(dxf*x + cxf)*Ei(-4*x(d*xf*x + cx*xf)/d
Y*¥cosh(f*x + e)*sinh(-4*x(d*xe - cxf)/d) + (dxfxx + cxf)*Ei(-6*(d*xf*x + cxf)/
d)*cosh(f*x + e)*sinh(-6*(d*e - c*f)/d) + ((d*f*x + c*f)*Ei(-2x(d*xf*x + c*f
)/d)*cosh(-2*%(d*e - c*f)/d) - 2% (d*f*x + c*f)*Ei(-4x(d*xf*xx + c*f)/d)*cosh(-
4x(dxe — cxf)/d) + (d*f*x + c*xf)*Ei(-6%(d*f*x + c*f)/d)*cosh(-6x(d*e - c*f)
/d))*cosh(f*x + e))*sinh(f*x + e)72 + 3*(3x(d*f*x + c*f)*Ei(-2x(d*f*x + cx*f
)/d)*cosh(f*x + e) 2*sinh(-2*(d*xe - c*f)/d) - 6*x(d*xf*x + c*xf)*Ei(-4*x(d*xf*x
+ c*xf)/d)*cosh(f*x + e) 2*sinh(-4*x(d*xe - cxf)/d) + 3*(d*f*x + c*xf)*Ei(-6%(d
*f*xx + c*xf)/d)*cosh(f*x + e) 2*sinh(-6*x(d*e — c*xf)/d) + (3x(d*f*x + c*f)*Ei
(-2% (d*f*x + c*f)/d)*cosh(-2x(d*e - c*f)/d) - 6x(dxf*x + c*xf)*Ei(-4*(d*xf*x
+ c*xf)/d)*cosh(-4*x(d*e - c*f)/d) + 3*x(dxf*x + c*xf)*Ei(-6*%(d*f*x + c*f)/d)*c
osh(-6*x(d*e - cxf)/d) - d)*cosh(f*x + e)~2 + d)*sinh(f*x + e))/((a~3*%d"~3*x
+ a~3*cxd"2)*cosh(f*x + e)73 + 3*(a~3*d"3*x + a~3*c*d"2)*cosh(f*x + e) " 2*si
nh(f*x + e) + 3*%(a"3*d"3*x + a"3*cxd"2)*cosh(f*x + e)*sinh(f*x + e)72 + (a~
3*d"3*x + a"3*cxd"2)*sinh(f*x + e)”3)

giac [A] time = 0.24, size = 911, normalized size = 1.32

teem) o e
%)szi(d(dXH)(dﬂc ; dx+c) Cf+de)]e( d )— 6Cf3Ej(6((dx+C)(dX+c ; dx+C) Cf+de)

6(dx+c)(%c—f—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)”~2/(at+axcoth(f*x+e))~3,x, algorithm="giac")

[Out] 1/8*(6x(d*x + c)*(c*xf/(d*x + ¢c) - f - dxe/(d*x + c))*f"2*xEi(6x((d*x + c)*(c
*f/(d*x + ¢c) - f - dxe/(d*x + c)) - c*xf + dxe)/d)*xe” (6*«(cxf - d*xe)/d) - 6*c
*f"3*%E1 (6% ((d*x + c)*(cxf/(d*x + ¢c) - f - d*xe/(d*x + c)) - c*f + d*xe)/d)*e”

(6% (c*xf - d*xe)/d) - 12x(d*x + c)*(c*xf/(d*x + c) - f - d*xe/(d*x + c))*f " 2*Ei

(A% ((d*x + c)*(cxf/(d*x + c) - £ - d*e/(d*x + c)) - cxf + dxe)/d)*e” (4*(c*f

- d*e)/d) + 12xcxf~3%Ei(4*((d*x + c)*(cxf/(d*x + ¢) - f - d*e/(d*x + ¢c)) -

cxf + dxe)/d)*e” (4x(cxf - dxe)/d) + 6*%(d*x + c)*(cxf/(d*x + ¢c) - £ - dx*xe/(
d*x + c))*f"2*xEi (2% ((d*x + c)*(cxf/(d*x + ¢) - £ - d*e/(d*x + ¢c)) - cxf + d

*xe) /d) *e” (2% (c*xf — dxe)/d) - 6*c*f " 3*Ei(2*x((d*x + c)*(c*xf/(d*x + ¢c) - f - d
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xe/(d*x + c)) - c*xf + dxe)/d)*e” (2*%(c*f - d*xe)/d) + 6xd*f~2+Ei(6*%((d*x + c)
*(cxf/(d*x + ¢) - f — dxe/(d*x + c)) - c*xf + d*xe)/d)*e” (6*%(c*xf - d*e)/d + 1
) = 12%d*f"2*Ei (4dx((d*x + c)*(cxf/(d*x + ¢c) - f - dxe/(d*x + c)) - c*xf + dx*
e)/d)*e” (4x(cxf - dxe)/d + 1) + 6xd*f"24Ei (2% ((d*x + c)*(c*xf/(d*x + ¢c) - f

- d*xe/(d*x + c)) - cxf + dxe)/d)*e” (2% (cxf - dxe)/d + 1) - d*f " 2*xe” (6x(d*x

+ c)*(cxf/(d*x + ¢) - £ - d*e/(d*x + c))/d) + 3*xd*f " 2*e” (4*x(d*x + c)*x(c*xf/(
d*x + ¢c) - f - dxe/(d*x + ¢))/d) - 3*d*xf"2xe” (2% (d*x + c)*(c*xf/(d*x + c) -

f - d¥e/(d*x + c))/d) + d*f~2)*d"2/(((d*x + c)*a~3*d"4*x(c*f/(d*¥x + ¢c) - f -
d+¥e/(d*x + c)) - a~3*xc*xd"4x*f + a~3xd"5xe)x*f)

maple [A] time = 4.39, size = 239, normalized size = 0.35

bef6de 6cf—6de fefAde
1 fe6f-6e 3fe” 4 FEi (1,6fx+6e+ y ) 3f e-dfx-te 3fe 4 Ei (1,4fx'
+

—_ + —_ —_
8a3d (dx +¢) 8a3d (dfx + cf) 4a3d? 8a3d (dfx + cf) 2a3d2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c) 2/ (at+a*coth(f*x+e))~3,x)

[Out] -1/8/a~3/d/(d*x+c)+1/8xf/a~3*exp(-6*xf*x-6%e)/d/ (d*xf*x+c*xf)-3/4*xf/a~3/d"2*xex
p(6* (cxf-d*e)/d)*Ei(1,6*xf*x+6*%e+6* (cxf-d*e)/d)-3/8*f/a~3*exp (-4*xf*x-4*e)/d/
(d*f*xx+c*xf)+3/2%f/a~3/d"2*exp (4* (cxf-d*e) /d) *Ei(1,4*xfxx+4*xe+d* (cxf-d*e)/d)+
3/8*f/a~3*exp (-2*f*x-2%e)/d/ (d*f*x+c*f)-3/4%f/a~3/d " 2*exp (2% (cxf-d*e)/d)*Ei
(1,2%fxx+2*%e+2% (cxf-d*e) /d)

maxima [A] time = 9.93, size = 140, normalized size = 0.20

_6es 2L _gor S ey
) e( 6et+— )Ez (6(d9;+c)f) 36( de+— )Ez (4(da;+c)f) 36( 20+~ )Ez (2(d3;+c)f)
- - +
8 (a3d2x + a3cd) 8 (dx + c)a’d 8 (dx + c)a’d 8 (dx + c)a’d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)”~2/(ataxcoth(f*x+e))~3,x, algorithm="maxima"

[Out] -1/8/(a”3*d"2*x + a~3xc*d) + 1/8xe”(-6xe + 6%c*xf/d)*exp_integral e(2, 6x(d*
x + c)*xf/d)/((d*x + c)*a”3*xd) - 3/8xe”(-4xe + 4xcxf/d)*exp_integral e(2, 4x

(d*x + c)*f/d)/((d*x + c)*a~3+d) + 3/8*e”(-2*e + 2*c*xf/d)*exp_integral e(2,

2% (d*x + c)*f/d)/((d*x + c)*a”3x*d)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f ! 3 dx
(a + acoth(e +fx)) (c+ lex)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + a*coth(e + f*x)) " 3x(c + d*x)"2),x)
[Out] int(1/((a + axcoth(e + f*xx)) " 3*(c + d*x)"2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f ¢ coth® (e+fx)+3c2 coth? (e+fx)+3c2 coth (e+ fx)+c2+2cdx coth® (e+fx)+6cdx coth? (e+fx)+6cdx coth (e+ fx)+2cdx-+d2x2 coth® (e+fx)+3d2x

as
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(ataxcoth(f*x+e))**3,x)
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[Out] Integral(1l/(c**2*coth(e + f*x)*x3 + 3*xc*k*2xcoth(e + f*x)**2 + 3*ckx*2xcoth(e
+ f*x) + c*x*2 + 2xcxd¥x*coth(e + f*x)**3 + 6xckxdxx*coth(e + f*x)**2 + BGkcx*
dxx*xcoth(e + f*x) + 2xc*xd*x + d**2xx**2*coth(e + f*x)**3 + 3xd**2*xx*x*2*xcoth

(e + fxx)**2 + 3kd*x2*x**x2xcoth(e + f*xx) + d*x*x2*x**2), x)/a**3
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332 [(c+dx)"(a+ acoth(e + fx))* dx

Optimal. Leaf size=23

Int ((c + dx)"(a coth(e + fx) + a)?, x)

[Out] Unintegrable((d*x+c) “m*(ata*coth(f*x+e)) 2,x)

Rubi [A] time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, ntegrand size.
0.000, Rules used = {}
(c + dx)"™(a + a coth(e + fx))*dx

Verification is Not applicable to the result.

[In] Int[(c + d*x)"m*x(a + a*Cothl[e + fx*x])~2,x]

[Out] Defer[Int] [(c + d*x)"m*(a + a*Cothl[e + f*x])~2, x]

Rubi steps

f (c + dx)"™(a + acoth(e + fx)?dx = f (c +dx)™(a + acoth(e + fx)?dx

Mathematica [A] time = 36.11, size = 0, normalized size = 0.00

f(c +dx)™(a + a coth(e + fx))?dx

Verification is Not applicable to the result.

[In] Integrate[(c + d*x)"m*x(a + a*Cothl[e + f*x])~2,x]
[Out] Integrate[(c + d*x) m*(a + axCothl[e + f*x])~2, x]

fricas [A] time = 0.41, size = 0, normalized size = 0.00

integral ((az coth (fx + 6)2 + 2 a? coth (fx + e) + az)(dx + c)m,x)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*x+c) mx(ata*coth(f*x+e))~2,x, algorithm="fricas")
[Out] integral((a"2*coth(f*x + e)72 + 2*a~2*coth(f*x + e) + a"2)*(d*x + c)™m, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

f(a coth (fx + e) + a)z(dx +0)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(ata*coth(f*x+e))”2,x, algorithm="giac")

[Out] integrate((axcoth(f*x + e) + a)~2*(d*x + c)”m, x)

maple [A] time = 0.30, size = 0, normalized size = 0.00

f(dx +o)" (a + acoth (fx + e))z dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) “m*(a+a*xcoth(f*x+e))~2,x)
[Out] int((d*x+c) m*(a+a*coth(f*x+e)) 2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

(dx + C)maz(e(f xre) 4 o(f x_e))z 2 (dx + c)maz(e(f x+e) |, o(-f x‘e))

8( x+e) _ e(—fx—e) dx

m+1 o
(dx+c)" " a +f

d(m +1) (e(fx+e) e fx_e))z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) mx(ata*coth(f*x+e)) 2,x, algorithm="maxima")

[Out] (d*x + ¢c)"(m + 1)*a”2/(d*(m + 1)) + integrate((d*x + c) m*a"2x(e”(f*x + e)
+ e (~fxx - e)) 2/(e"(f*x + e) - e (~f*x - e))72 + 2x(d*x + c) m¥xa"2x(e~ (f*
X +e) + e (-fxx - e))/(e"(fxx + e) - e~ (-f*x - e)), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

f(a+acoth(e+fx))2(c+dx)mdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + axcoth(e + f*x)) 2%(c + d*x) "m,x)
[Out] int((a + ax*coth(e + f*x)) 2%(c + d*x)"m, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

a2 ( f 2(c+dv)" coth (e + fx)dx + f (¢ + dx)" coth? (e + fx) dx + f (c+dx)" dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m*(ata*xcoth(f*x+e))**2,x)

[Out] ax*2*(Integral(2*(c + d*x)**mxcoth(e + f*x), x) + Integral((c + dxx)**m*cot

h(e + f*x)*x2, x) + Integral((c + d*x)**m, x))
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333  [(c+dx)"(a+ acoth(e + fx))dx

Optimal. Leaf size=21

Int ((c + dx)"(a coth(e + fx) + a), x)

[Out] Unintegrable((d*x+c) “m*(a+a*coth(f*x+e)),x)

Rubi [A] time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, ntegrand size.
0.000, Rules used = {}
f(c + dx)"(a + a coth(e + fx))dx

Verification is Not applicable to the result.

[In] Int[(c + d*x) m*(a + a*Cothl[e + f*xx]),x]

[Out] Defer[Int] [(c + d*x) mx(a + a*Coth[e + f*x]), x]

Rubi steps

f (c + dx)"™(a + acoth(e + fx))dx = f (c +dx)"™(a + acoth(e + fx))dx

Mathematica [A] time = 14.58, size = 0, normalized size = 0.00

f(c +dx)"™(a + acoth(e + fx))dx

Verification is Not applicable to the result.

[In] Integrate[(c + d*x)"m*(a + a*Cothl[e + fx*x]),x]
[Out] Integrate[(c + d*x) m*(a + a*Coth[e + f*x]), x]

fricas [A] time = 0.39, size = 0, normalized size = 0.00

integral ((a coth (fx + e) + a)(dx +0)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] integral((a*coth(f*x + e) + a)*(d*x + c)”m, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

f(a coth (fx + e) + a)(dx +0)"dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(a+a*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((a*coth(f*x + e) + a)*(d*x + c)"m, Xx)

maple [A] time = 0.38, size = 0, normalized size = 0.00

f(dx +c)" (a + acoth (fx + e)) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) “m*(a+axcoth(f*x+e)),x)
[Out] int((d*x+c) m*(a+a*coth(f*x+e)),x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

(dx + )" (e(fX+e) i e(—fx—e)) dx +c)"a
a f dx +
e(fx+e) — e(—fx—e) d(m + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “m*(ata*coth(f*x+e)),x, algorithm="maxima")

[Out] axintegrate((d*x + c)"mx(e”(f*x + e) + e~ (-f*x - e))/(e"(f*x + e) - e~ (-f*x
-e)), x) + (d*x + c)"(m + Dxa/(d*(m + 1))

mupad [A] time = 0.00, size = -1, normalized size = -0.05
f(a + acoth(e+fx)) (c+dx)"dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + axcoth(e + fx*xx))*(c + d*x) m,x)
[Out] int((a + axcoth(e + f*x))*(c + d*x)"m, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00
a (f (c + dx)" coth (e + fx) dx + f(c +dx)" dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m*(ata*xcoth(f*x+e)) ,x)

[Out] a*(Integral((c + d*x)**m*coth(e + f*x), x) + Integral((c + d*x)**m, x))
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334 [ @n

a+a coth(e+fx)

Optimal. Leaf size=88

s X, (c+d0)\ " 2f (c+dx)
27m 28 d e(C+dX)m (JCC%) F(m+1, %) (C+dx)m+1

af " 2ad(m + 1)

[Out] 1/2%(d*x+c)”~(1+m)/a/d/(1+m)+2~ (-2-m)*exp (-2*e+2*c*f/d) * (d*x+c) "m*GAMMA (1+m,
2xfx (d*x+c)/d) /a/f/ ((£x(d*x+c)/d) "m)

Rubi [A] time = 0.12, antiderivative size = 88, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 20,

number of rules _ ) 100 Rules used = {3727,2181}

integrand size

(c+dx)

2cf
2_’”‘237_28(0 + dx)™ (f y 2f(e+d)

—-m
) Gamma (m +1, T) (c + dx)m+1
af 2ad(m + 1)

Antiderivative was successfully verified.
[In] Int[(c + d*x)"m/(a + a*Cothl[e + f*xx]),x]

[Out] (c + d*x)~(1 + m)/(2%axd*(1 + m)) + (27(-2 - m)*E~(-2xe + (2*cx*xf)/d)*(c + d
*x) “m*xGamma [1 + m, (2xfx(c + d*xx))/d])/(axfx((f*x(c + d*x))/d) "m)

Rule 2181

Int[(F)~((g_)*((e_.) + (£_)*x(x )))*((c_.) + (d_)*(x_)) " (m_), x_Symbol]
:> -Simp [(F~(gx(e - (c*f)/d))*(c + d*x) FracPart[m]*Gamma[m + 1, (-((f*g*Lo
glF1)/d))*(c + d*x)])/(d*(-((f*g*LoglF])/d))~ (IntPart[m] + 1)*(-((f*g*Logl[F

1*x(c + d*x))/d)) FracPart[m]), x] /; FreeQ[{F, c, d, e, f, g, m}, x] && !'I
ntegerQ[m]

Rule 3727

Int[((c_.) + (d_)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sym
bol] :> Simp[(c + d*x)"(m + 1)/(2*%axd*(m + 1)), x] + Dist[1/(2*%a), Int[(c +
d*x) "m*E~ ((2*a*x(e + f*x))/b), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] &&
EqQ[a™2 + b72, 0] && !'IntegerQ[m]

Rubi steps

f Ccdy vt 2o+ 3162 (4 goym g

a + a coth(e + fx) = ada et -
2cf —m
oo 22T ey (L9214, 2E0)
~ 2ad(L+m) v

Mathematica [B] time = 1.20, size = 186, normalized size = 2.11

Z_m_Z(C + dx)"csch(e + fx) (_f(c;—dx))m (_fZ(c;zdx)Z)—m (sinh (f (2 N x)) + cosh (f (g + x))) (f2m+1(c + dx) (f'
adf(m + 1)(coth(e

Antiderivative was successfully verified.
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[In] Integrate[(c + d*x)"m/(a + a*Cothl[e + fxx]),x]

[Out] (2°(-2 - m)*(c + d*x) "m*(-((f*x(c + d*x))/d)) “m*Cschl[e + f*x]*(d*x(1 + m)*Gam
ma[l + m, (2%fx(c + d*x))/d]*(Cosh[e - (cxf)/d] - Sinh[e - (cxf)/d]) + 27(1

+ m)*f*x(fx(c/d + x))"m*(c + d*x)*(Cosh[e - (c*f)/d] + Sinh[e - (c*f)/d]1))*
(Cosh[f*(c/d + x)] + Sinh[f*(c/d + x)]))/(axd*f*(1 + m)*(-((£f"2x(c + d*x)~2
)/d"2)) "m*(1 + Coth[e + fxx]))

fricas [A] time = 0.40, size = 148, normalized size = 1.68

dmlog( % +2de-2cf dmlog 2 +2de-2c¢;
(dm + d) cosh[ g( : ) ]F (m +1, z(dfx+cf)) —(dm+d)r (m +1, 2 (dfx+cf)) sinh( ( : )

d d d d

4 (adfm + adf)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/4*%((d*m + d)*cosh((d*m*log(2*xf/d) + 2xd*e - 2xcxf)/d)*gamma(m + 1, 2%(d*f
xx + cxf)/d) - (d*m + d)*gamma(m + 1, 2*(d*f*x + cxf)/d)*sinh((d*m*log(2*f/

d) + 2%dxe - 2xcx*f)/d) + 2*(d*f*xx + cxf)*cosh(m*xlog(d*x + c)) + 2x(dxf*x +
c*xf)*sinh (m*log(d*x + c)))/(axd*f*m + axd*f)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (dx +c)" i
a coth (fx + e) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(a+a*coth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c) m/(a*coth(f*x + e) + a), x)
maple [F] time = 0.58, size = 0, normalized size = 0.00

f (dx +¢)" i

a+acoth(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) m/(ata*coth(f*x+e)),x)
[Out] int((d*x+c) m/(a+a*xcoth(f*x+e)),x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

f (dx + )" "

acoth(fx+e) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e)),x, algorithm="maxima"
[Out] integrate((d*x + c)"m/(axcoth(f*x + e) + a), x)
mupad [F] time = 0.00, size = -1, normalized size = -0.01

f (c+dx)" i
a+ucoth(e+fx)

Verification of antiderivative is not currently implemented for this CAS.



[In] int((c + d*x)"m/(a + a*coth(e + f*x)),x)
[Out] int((c + d*x)"m/(a + axcoth(e + f*x)), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (c+dx)"
coth (e+fx)+1

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)**m/(ata*xcoth(f*x+e)) ,x)

[Out] Integral((c + d*x)**m/(coth(e + f*x) + 1), x)/a

148
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335 [y

(a+a coth(e+ fx))?

Optimal. Leaf size=152

272 f 2e(c + dx)" (—C+dx))_m r (m +1, 2f(c+dx)) 47m=2¢ f 4e(c + dx)" (f(de))_m r (m +1, 4f(c+dx)) (

d d d d
—_ +_

a’f a’f 4

[Out] 1/4*(d*x+c)”~(1+m)/a~2/d/(1+m)+27 (-2-m) *exp (-2xe+2*xc*f/d) * (d*x+c) "m*xGAMMA (1+
m,2xf* (d*x+c)/d) /a~2/f/ ((£x(dxx+c)/d) "m) -4~ (-2-m) xexp (-4xe+4*c*f/d) * (d*x+c)
“m*GAMMA (1+m, 4*xf* (d*x+c)/d) /a~2/f/ ((£x(d*x+c)/d) "m)

Rubi [A] time = 0.17, antiderivative size = 152, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 2, integrand size = 20,

number of rules _ 0.100, Rules used = {3729, 2181}

integrand size

f —-m f -m
272 2e(C + dx)™ (—C;dx)) Gamma (m +1, i (C;dx)) 4m=2¢ 4e(C + dx)™ (f(czdx)) Gamma (m +

a’f 2f

Antiderivative was successfully verified.

[In] Int[(c + d*x)"m/(a + axCothle + fx*x])~2,x]

[Out] (c + d*x)~(1 + m)/(4%a~2%d*(1 + m)) + (2°(-2 - m)*E~(-2xe + (2%c*xf)/d)*(c +
d*x) "m*Gamma [1 + m, (2*fx(c + d*x))/d])/(a~2xfx((fx(c + d*x))/d)"m) - (47(

-2 - m)*E~(-4%e + (4xcxf)/d)*(c + d*x) m*xGamma[1l + m, (4xfx(c + d*x))/d])/(
a~2xf*x ((f*x(c + d*x))/d) "m)

Rule 2181

Int [(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]

:> -Simp[(F~(g*x(e - (c*xf)/d))*(c + d*x) FracPart[m]*Gamma[m + 1, (-((f*g*Lo
glF1)/d))*(c + d*x)])/(d*(-((f*g*Log[F])/d))~ (IntPart[m] + 1)*(-((f*g*LoglF
1x(c + d*x))/d)) “FracPart[m]), x] /; FreeQ[{F, c, d, e, f, g, m}, x] & !I
ntegerQ[m]

Rule 3729

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x) m, (1/(2xa) + E~((2*ax(e + fxx))
/b)/(2xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, 0]

Rubi steps
(c + dx)" _ f (c + dx)™ . e 4 X (c 4 dx)" 722X (¢ + dx)™ p
(a +acoth(e + fx))2 4q? 4q2 242 *
_ (c+dtm .\ [ e 4% (c + dx)™ dx ) [ e7272f%(c + dx)™ dx
 4a2d(1 + m) 442 242
e+ dx)1+m 2-2-mgm2t g (c +dx)™ (f—(czdx)) r (1 +m, 2 (C;dx)) 4-2-me
T 1A+ m) 7 -

Mathematica [A] time = 8.58, size = 194, normalized size = 1.28

F2(c+dx)?
d2

“m-2(¢ 4 dx)"esch(e + fx)(smh(zfx)+cosh(2fx))( ! (”dx’) ( )_m (d4m+1(smh(e)+cosh(e))2

a2d f(m + 1)(cotl
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Antiderivative was successfully verified.

[In] Integrate[(c + d*x)"m/(a + a*Coth[e + f*x])~2,x]

[Out] (47(-2 - m)*(c + d*x) m*x(-((f*x(c + d*x))/d)) m*Cschle + f*x] 2*x(27(2 + m)*d
*E7((2%c*xf) /d)* (1 + m)*Gamma [l + m, (2*fx(c + d*xx))/d] + 47(1 + m)*d*x((f*x(c

+ d*x))/d)~ (1 + m)*(Cosh[e] + Sinh[e])"2 - A*E~((4*c*f)/d)*(1 + m)*Gammal[1l

+ m, (4xfx(c + d*x))/d]*(Cosh[2*e] - Sinh[2*e]))*(Cosh[2*f*x] + Sinh[2*fx*x

1)) /(@ 2xd*fx (1 + m)*(-((f72x(c + d*x)~2)/d"2)) "m*(1 + Cothl[e + f*x])~2)

fricas [A] time = 0.43, size = 248, normalized size = 1.63
4f

2f
dmlog| —- |+4de-4cf d dmlog| = |+2de-2cf d )
(dm+d)cosh[ (dl )F(m+1,4(fd;+cf))—4(dm+d)cosh( (dl ]F(m+1,2(f—;+c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(a+ta*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/16%((d*m + d)*cosh((d*m*log(4*f/d) + 4*d*e - 4xcx*f)/d)*gamma(m + 1, 4*(d
xf*xx + c*xf)/d) - 4x(d*m + d)*cosh((d*m*log(2*xf/d) + 2xd*e - 2%cxf)/d)*gamma

(m + 1, 2%(d*f*x + cxf)/d) - (d*m + d)*gamma(m + 1, 4x(d*f*x + c*f)/d)*sinh
((d*m*log(4*f/d) + 4xdxe - 4*cxf)/d) + 4x(d*m + d)*gamma(m + 1, 2*(d*f*x +
c*xf)/d)*sinh ((d*m*log(2*f/d) + 2xd*e - 2%cxf)/d) - 4x(d*f*x + c*xf)*cosh(m*l
og(d*x + c)) - 4*x(d*f*x + cxf)*sinh(m*xlog(d*x + c)))/(a"2xd*f*m + a~2xdx*f)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(dx + )"
f 5 dx
(a coth (fx + e) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))”2,x, algorithm="giac")
[Out] integrate((d*x + c) m/(a*coth(f*x + e) + a)~2, x)

maple [F] time = 0.47, size = 0, normalized size = 0.00

f (dx + )" i
(a + acoth (fx + e))2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "m/(at+ta*xcoth(f*x+e))”~2,x)
[Out] int((d*x+c) "m/(a+a*coth(f*x+e)) 2,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f (dx + )" i
(a coth (fx + e) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))~2,x, algorithm="maxima")

[Out] integrate((d*x + c)"m/(axcoth(f*x + e) + a)”2, x)
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

(c+dx)"
f 5 dx
(a + a coth (e + fx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)"m/(a + axcoth(e + f*x))"2,x)
[Out] int((c + d*x)"m/(a + axcoth(e + f*x))~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (c+dx)" .
coth? (e+fx) +2 coth (e+fx)+1
az

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*+*m/(ata*xcoth(f*x+e))**2,x)

[Out] Integral((c + d*x)**m/(coth(e + f*x)**2 + 2*coth(e + f*x) + 1), x)/a*x*2
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336 [ —o gy

(a+a coth(e+fx))3

Optimal. Leaf size=223

2cf —m 4cf -m
327m4e7a ¥ (¢ + dx)™ (f—(czdx)) r (m +1, 2t (C;dx)) 3272571 (0 4 dx)m (f (C;dx)) r (m +1, 4f(c;dx))

asf asf

+

[Out] 1/8%(d*x+c)~(1+m)/a"~3/d/(1+m)+3%2~ (-4-m)*exp (-2*e+2*c*f/d) * (d*x+c) “m*GAMMA (
1+m, 2xf* (d*x+c) /d) /a~3/f/ ((£x (d*x+c) /d) "m) -3%27 (-5-2xm) xexp (—-4xe+4*xc*f/d) *(
d*x+c) “m*GAMMA (1+m, 4*f* (d*x+c)/d) /a~3/f/ ((£x(d*x+c)/d) "m)+2~ (-4-m) *3~ (-1-m)

xexp (—6*xe+6xc*xf/d) * (d*xx+c) "m*GAMMA (1+m, 6*f* (d*x+c) /d) /a~3/f/ ((£x(d*x+c)/d)~

m)

Rubi [A] time = 0.23, antiderivative size = 223, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 2, integrand size = 20,
number of rules _ ) 100, Rules used = {3729, 2181}

integrand size

2cf -m acf -m
327 m4e7d ¥ (¢ + dyx)™ (f (C;dX)) Gamma (m +1, @) 32721577 (¢ dx)m (@) Gamma (m
asf - asf

Antiderivative was successfully verified.
[In] Int[(c + d*x)"m/(a + axCothl[e + fx*xx])~3,x]

[Out] (c + d*x)"(1 + m)/(8*%a"3*d*(1 + m)) + (3*27(-4 - m)*E~(-2%e + (2%cx*f)/d)*(c
+ d*x) "m*Gamma [l + m, (2%f*x(c + d*x))/d])/(a"3*xfx((f*x(c + d*x))/d)"m) - (3

*27 (-5 - 2*xm)*E~ (-4*e + (4*c*f)/d)*(c + d*x) m*xGammal[l + m, (4*f*x(c + d*x))

/d]) /(@ 3*fx((fx(c + d*x))/d)"™m) + (27(-4 - m)*37(-1 - m)*E~(-6%e + (6*xcxf)

/) *(c + d*x) m*Gamma[l + m, (6*xf*x(c + d*x))/d])/(a~3*f*x((f*(c + d*x))/d)"m

)

Rule 2181

Int[(F_)"((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]

:> -Simp [(F~(gx(e - (c*f)/d))*(c + d*x) FracPart[m]*Gamma[m + 1, (-((f*g+*Lo
glF1) /D)) *(c + d*x)])/(d*(-((f*g*Log[F])/d)) "~ (IntPart[m] + 1)*(-((f*g*LoglF
1x(c + dx*x))/d)) FracPart[m]), x] /; FreeQ[{F, c, d, e, f, g, m}, x] && !I
ntegerQ[m]

Rule 3729

Int[((c_.) + (d_)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + E~((2xax(e + f*x))
/b)/(2%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a”2 + b~2
, 0] && ILtQ[n, O]

Rubi steps
(c + dx)" (c+dx)™ e %o X(c 4 dx)y"  Be e X(c 4 dx)"  3e 272fX(c + dx)™
(a + acoth(e + fx))3 rE f 8a® 8a3 " 8a3 - 843 ax
(e dxyt [e o c+dryndx 3 [e* ¥ (c+dr)"dx 3 [e272fX(c
T 8a%d(l+m) 8a3 - 8a3 - 8a3

2cf —m
3 0-4mg 2 (¢ 4 gl (f—(c';dx)) T (1 +m Y (C;d")) 3 0-5-2n

_ (c+duttm N
~ 8a3d(1 + m) asf
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Mathematica [F] time = 180.00, size = 0, normalized size = 0.00

$Aborted

Verification is Not applicable to the result.

[In] Integrate[(c + d*x)"m/(a + a*Cothl[e + f*x])~3,x]
[Out] $Aborted

fricas [A] time = 0.41, size = 345, normalized size = 1.55

6f 4f
dmlog| —- |+6de-6¢f d dmlog| —- |+4de-4cf df
2(dm+d)cosh[ (4] Jr(m+1,@)—9(dm+d)cosh[ ) ]F(m+1,4(—f

d d (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e)) 3,x, algorithm="fricas")

[Out] 1/96%(2*(d*m + d)*cosh((d*m*log(6*f/d) + 6*xd*e - 6*c*f)/d)*gamma(m + 1, 6%(
dxf*x + c*f)/d) - 9*%(d*m + d)*cosh((d*m*log(4*xf/d) + 4xd*e - 4*cxf)/d)*gamm

a(m + 1, 4x(dxfxx + c*f)/d) + 18*(d*m + d)*cosh((d*m*log(2*f/d) + 2*d*e - 2
xcxf)/d)*gamma(m + 1, 2x(d*xf*x + c*f)/d) - 2%(d*m + d)*gamma(m + 1, 6x(d*f*

x + cxf)/d)*sinh((d*m*log(6*f/d) + 6%dxe - 6%c*xf)/d) + 9*%(d*m + d)*gamma(m

+ 1, 4*x(d*fxx + cxf)/d)*sinh((d*m*log(4*f/d) + 4xdxe - 4*cxf)/d) - 18*(d*m

+ d)*xgamma(m + 1, 2*x(dxfxx + c*f)/d)*sinh((d*m*log(2*f/d) + 2xd*e - 2%cxf)/

d) + 12x(d*f*x + cxf)*cosh(m*xlog(d*x + c)) + 12+(d*f*x + c*xf)x*sinh(mxlog(d*

x + ¢)))/(a”3*xdxf*m + a~3xdx*f)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(dx + )"
f 5 dx
(a coth (fx + e) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))~3,x, algorithm="giac")
[Out] integrate((d*x + c) m/(a*coth(f*x + e) + a)~3, x)

maple [F] time = 0.55, size = 0, normalized size = 0.00

(dx +c)"”
f 5 dx
(a + a coth (fx + e))
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "m/(at+a*xcoth(f*x+e))”~3,x)
[Out] int((d*x+c) "m/(a+a*coth(f*x+e)) 3,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

(dx + )"
f 5 dx
(acoth (fx + e) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e)) 3,x, algorithm="maxima")
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[Out] integrate((d*x + c) m/(a*coth(f*x + e) + a)~3, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f (c+dx)" i
(a + acoth (e + fx))3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)"m/(a + axcoth(e + f*x))~3,x)
[Out] int((c + d*x)"m/(a + a*coth(e + f*x))~3, x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

(c+dx)"

f coth® (e+ f x)+3 coth? (e+ fx) +3 coth (e+ fx)+1 ax

23
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m/(ata*coth(f*x+e))**3,x)

[Out] Integral((c + d*x)*+*m/(coth(e + f*xx)#**3 + 3%coth(e + f*x)**2 + 3xcoth(e + £
*x) + 1), x)/a**3
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3.37  [(c+dx)®(a+ bcoth(e + fx))dx

Optimal. Leaf size=133

a(c + dx)* 3bd*(c + dx)Li, (ez(e+f x)) 3bd(c + dx)?Li, (ez(e+f x)) b(c + dx)*log (1 — g2(etf x)) b(c + dx)* G
. 27 " 272 " 7 T4

[Out] 1/4*ax(dxx+c)”4/d-1/4*b*(d*x+c)~4/d+b*(d*x+c) ~3*1n(1l-exp(2xf*x+2xe))/f+3/2%
bxd* (d*x+c) “2*polylog(2,exp (2xf*x+2%e) ) /£72-3/2%b*d~2* (d*x+c) *polylog(3,exp
(2xf*x+2%e)) /£73+3/4%bxd~3*polylog(4,exp(2xfxx+2%e))/f74

Rubi [A] time = 0.26, antiderivative size = 133, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 7, integrand size = 18,

number of iles _ () 389, Rules used = {3722, 3716, 2190, 2531, 6609, 2282, 6589}

integrand size

3bd?(c + dx)PolyLog (3,e2¢*f9)  3bd(c + dx)*PolyLog (2,¢2¢*/¥)) 3bd*PolyLog (4,e%*/9) (¢ + dx)
B 27 i 272 i 47 T

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3%(a + b*xCothl[e + f*x]),x]

[Out] (ax(c + d*x)~4)/(4*d) - (bx(c + d*x)~4)/(4*xd) + (b*(c + d*x) 3*Log[l - E~(2

x(e + £xx))])/f + (3xb*d*x(c + d*x) 2+PolyLogl[2, E~(2%(e + fx*x))])/(2%f72) -
(3*b*d~2*(c + d*x)*PolyLogl[3, E~(2x(e + f*x))])/(2%xf~3) + (3*b*d~3*PolyLog

(4, ET(2x(e + f*x))])/(4*xf74)

Rule 2190

Int [(C(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[1l + (bx(F~(gx(e + fx*x)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_ ))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_D)*(x_)))) " (m_D1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*x(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)]1, x1, x] /; FreeQ[{F, a, b, c, e, f
, g, nt, x] & GtQ[m, 0]

Rule 3716

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~ (2% (-(I*e) + fxfzxx)))/(E~(2xI*k*xPi)*(1 + E~(2*x(-(I*
e) + f*xfzxx))/E~(2xIxkxPi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 3722
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Int[(Cc_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + bxx)"pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bx*d, axel

Rule 6609

Int[((e_.) + (£_.)x(x))"(m_.)*PolyLogln_, (d_.)*((F)~((c_)*((a_.) + (b_.
)*(x_))))"(p_.)]1, x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/(bxcxpxLog[F]), x] - Dist[(f*m)/(bxc*p*Log[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps

f(c + dx)*(a + b coth(e + fx))dx f (a(c +dx)® + b(c + dx)3 coth(e + fx)) dx

d 4

- % +b f (c + dx)? coth(e + fx) dx
_alc+dx)yt b(c+dx)? o 21 (c + dx)3
T f 1 2E+f)
_alctdvt berdnt bt dx)*log (1 - e2+/9)  (3bd) [(c + dx)? 1
4 4d f ‘
_a(c+dv)* b(c+dx) N b(c + dx)*log (1 Y -aa x)) N 3bd(c + dx)?Li, (e
S 4 4d f 2f2
_a(c+do)t b(c+dv?t N b(c + dx)3log (1 — g2ef x)) N 3bd(c + dx)?Li, (e
4 4d f 2£2

a(c+dx)t  b(c +dx)* N b(c + dx)®log (1 - ez(e+fx)) N 3bd(c + dx)?Li, (e
4 4d f 2f2
_alc+dx)t b(c+dx)? . b(c + dx)*log (1 — p2etf x)) . 3bd(c + dx)?Li, (e
4 4d f 2f2

Mathematica [A] time = 0.39, size = 249, normalized size = 1.87

4bc? log(tanh(e + fx)) . 4bc3 log(cosh(e + fx)) . 12bc*dx log (1 -
f f f

1
1 4ac3x + 6ac?dx? + dacd?x® + ad®x* +

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~3*(a + b*Cothle + f*x]),x]

[Out] (4xaxc™3%x + 6%a*xc”2xd*x"2 — 6*%bxc™2*d*x”2 + 4*a*xckd™2xx~3 - 4xbxckxd~2%x"3
+ axd"3%x74 - bxd"3*x"4 + (12*b*c”2xd*x*Logl[l - E~(2x(e + f*x))]1)/f + (12%b
xcxd"2%x"2xLog[1 - E7(2x(e + f*xx))])/f + (4xb*d"3*x"3xLogl[l - E"(2x(e + fxx
))1)/f + (4*%bxc~3*Log[Cosh[e + f*x]])/f + (4*bxc~3*Logl[Tanh[e + f*x]])/f +
(6%b*xd*(c + dxx)~2*PolyLogl[2, E~(2x(e + f*x))])/f72 - (6%b*d~2*(c + d*x)*Po
lyLog[3, E"(2x(e + fxx))])/f~3 + (3*bxd~3*PolyLog[4, E~(2x(e + f*xx))])/f"4)

/4
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fricas [C] time = 0.43, size = 488, normalized size = 3.67

(a-D)ABfrxt + 4 (a - b)ed? £33 + 6 (a — b)c?df*x® + 4 (a — b) f4x + 24 bd*polylog (4, cosh (fx + e) + sin

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3% (atbxcoth(f*x+e)),x, algorithm="fricas")

[Out] 1/4*%((a - b)*d"3*f~4*x"4 + 4*(a - b)*c*d™2xf74*x"3 + 6x(a - b)*c™2xd*xf ~4*x~
2 + 4*x(a - b)*c”3*xf"4*xx + 24*%bxd"3*polylog(4, cosh(f*x + e) + sinh(f*x + e)
) + 24xb*d”~3*polylog(4, -cosh(f*x + e) - sinh(f*xx + e)) + 12%(b*d~3*f~2xx"2
+ 2xbxckd"2*%f72xx + bkcT2xd*f"2)*dilog(cosh(f*x + e) + sinh(f*x + e)) + 12
* (b*xd~3*f72*%x72 + 2%bkcxd"2*xf"2%x + bxc”2*xd*f"2)*dilog(-cosh(f*x + e) - sin
h(f*x + e)) + 4*(bxd"3*f"3*%x"3 + 3*bkcxd 2*f~3*%x"2 + 3*bkxc™2xd*f " 3%x + b*c”
3xf~3)*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 4*x(b*d"3*e”3 - 3xb*cxd 2*e”
2*%f + 3xb*xc”2*%d*exf~2 - bxc~3xf"3)*log(cosh(f*x + e) + sinh(f*x + e) - 1) +
4x (b*d~3*f7"3%x73 + 3*b*xckd 2xf73%x72 + 3xb*cT2xd*xf73%x + bxd"3%e”3 - 3xbx*c
xd"2xe"2*xf + 3xbxc"2xd*exf~2)*log(-cosh(f*x + e) - sinh(f*x + e) + 1) - 24x%
(b*d~3*f*x + bkcxd~2*xf)*polylog(3, cosh(f*x + e) + sinh(f*xx + e)) - 24x(bxd
“3*f*x + bxc*d"2xf)*polylog(3, -cosh(f*x + e) - sinh(f*xx + e)))/f"4

giac [F] time = 0.00, size = 0, normalized size = 0.00
f(dx + c)3(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3x(atb*coth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c) 3*(b*coth(f*x + e) + a), x)
maple [B] time = 0.45, size = 748, normalized size = 5.62
3petd® bclln (ef“e + 1) bc3In (ef"*e - 1) 2bc3In (ef“e) 6b d° polylog (4, —ef“e)

ac d?x3—bc d?x3- + + - + 1

2f% f f f f*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3% (atb*coth(f*x+e)),x)

[Out] axc*d™2%x”"3-b*cxd~2*x~3-3/2/f 4xb*e”4*d~3+1/f*xb*c™3*1n(exp(f*x+e)+1)+1/f*xb*
c~3x1n(exp(f*x+e)-1)-2/f*bxc”3*1n(exp(f*x+e))+6/f 4*b*xd~3*polylog(4,-exp (f*
x+e))+6/f"4xb*d"3*polylog(4,exp (f*xx+e))+3/2*%axc™2xd*x"2-3/2xb*xc”~2xd*x"2+1/4
*axd"3%x74-1/4%b*d"3kx"4+c " 3xakx+b*kcT3xx-6/F*b*cT2kd*e*x+6/f " 2%b*ckd " 2%e” 2%
x-3/£73*%b*xcxd"2%e”2x1n(1-exp (f*x+e)) -2/~ 3*b*e~3xd~3*x-3/f " 2*b*c~2xd*e~2+4/
f73%b*xcxd"2%xe”3-6/f " 3*b*xc*xd"2*polylog(3,-exp(f*x+e))-1/f"4*xb*d~3*e”3*1n(exp
(f*x+e)-1)+2/f74xb*d"3*e”3*1n(exp (f*x+e) ) +3/f " 2xb*c~2xd*polylog (2, —exp (f*x+
e))+1/fxb*d~3*1n (exp (f*x+e)+1)*x~3+3/f"2xb*d~3*polylog(2,-exp(f*x+e) ) *x"2-6
/£73*%b*xd~3*polylog(3,-exp(f*x+e))*x+1/f*b*d~3*1n(1-exp(f*x+e) ) *x"3+1/f " 4*b*
d~3*1n(1-exp (f*x+e))*xe~3+3/f " 2xb*xd~3*polylog(2,exp(f*x+e))*x~2-6/f " 3*b*d~3*
polylog(3,exp(f*xx+e))*x+3/f " 2%b*c~2xd*polylog(2,exp (f*xx+e))-6/f " 3xb*xcxd™2*p
olylog(3,exp(f*xx+e))+6/f 2xb*xcxd~2xpolylog(2,-exp (f*xx+e))*x—-6/f " 3*bkxc*xd™2xe
~2%1n(exp (f*xx+e))+6/f"2xb*c~2*d*ex1n (exp (f*x+e) ) +3/f " 3*xb*c*d~2*e”2*1n (exp (f
xx+e)-1)-3/f"2xb*c”2xd*ex1n (exp (f*x+e)-1)+3/f*bxc*d~2+1n(1-exp (f*x+e) ) *x~2+
6/f"2xbxc*d~2*polylog(2,exp (f*x+e))*x+3/f*b*c™2xd*1n (exp (f*x+e)+1) *x+3/f*b*
c"2xd*1n(1-exp (f*x+e)) *x+3/f"2xb*c"2xd*1n(1-exp (f*x+e) ) *e+3/f*bxc*d~2*1n(ex
p(f*xt+e)+1)*x"2
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maxima [B] time = 0.48, size = 419, normalized size = 3.15

1 1 3 3 bc log (sinh (fx+e)) 3(fxlog (e( xte) +1) +
— ad®x*+- bd3x4+acd2x3+bcd2x3+§ QCde2+§ b2 +acd i+ N

f f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e)),x, algorithm="maxima"

[Out] 1/4*%a*xd”3%x"4 + 1/4%bxd"3%x"4 + a*ckd™2+x"3 + bkckd™2*x”3 + 3/2*%a*xc”2*d*x"2
+ 3/2%b*c”2%d*x"2 + axc”3xx + b*c"3xlog(sinh(f*x + e))/f + 3x(f*xxxlog(e™(f
*x + e) + 1) + dilog(-e ™ (f*x + e)))*bxc™2%d/f72 + 3*(fxx*log(-e” (f*x + e) +
1) + dilog(e™(fxx + e)))*b*xc™2*xd/f72 + 3*(£f72xx"2*xlog(e”(f*x + e) + 1) + 2
xfxxxdilog(-e~ (f*x + e)) - 2*polylog(3, -e~(f*x + e)))*b*xcxd"2/£f73 + 3x(£72
*xx"2xlog(-e~ (f*x + e) + 1) + 2xfxxxdilog(e”(f*x + e)) - 2xpolylog(3, e~ (f*x
+ e)))*bxcxd"2/£73 + (£73xx"3*log(e”(f*x + e) + 1) + 3*f"2*xx"2+dilog(-e~ (f
*x + e)) - 6*xf*x*polylog(3, -e~(f*x + e)) + 6*xpolylog(4, -e” (f*x + e)))*bxd
~3/f74 + (£73xx73xlog(-e”(f*x + e) + 1) + 3*xf7"2xx"2*xdilog(e” (f*x + e)) - 6%
fxx*polylog(3, e~ (f*x + e)) + 6*xpolylog(4, e~ (fxx + e)))*b*xd~3/f74 - 1/2*(b
*xd"3%fT4*x"4 + 4xbkcxd"2xfT4*x"3 + 6xbkcT2*xdxf"4*x"2) /f74

mupad [F] time = 0.00, size = -1, normalized size = -0.01
f(a + bcoth(e+fx)) (c+dx)3dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))*(c + d*x)~3,x)
[Out] int((a + b*coth(e + f*x))*(c + d*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f(a + b coth (e + fx)) (c+ dx)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(at+tb*coth(f*x+e)),x)

[Out] Integral((a + bxcoth(e + f*x))*(c + d*x)**3, x)
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3.38  [(c+dx)*(a+bcoth(e + fx))dx

Optimal. Leaf size=101

a(c +dx)? bd(c +dx)Liy (2¢/9) b(c +dx)?log (1 - 2+ p(c 4 dx)? bd?Liz (2+/9)
+ + - -
3d f f 3d 2f3

[Out] 1/3%ax(d*x+c)”3/d-1/3*b*(d*x+c)~3/d+b*(d*x+c) "2*1n(1-exp(2xf*x+2xe)) /f+b*xd*
(d*x+c)*polylog(2,exp(2xf*x+2xe)) /£72-1/2*%bxd"2*polylog(3, exp (2xf*x+2xe)) /f

-3

Rubi [A] time = 0.22, antiderivative size = 101, normalized size of antiderivative

= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 18,

number of 1ules _ 0,333, Rules used = {3722, 3716, 2190, 2531, 2282, 6589}

integrand size

bd(c + dx)PolyLog (2,¢2¢*/¥)) bd?PolyLog (3, e2¢*/) Lale+dv? b+ dPlog (1-e2) b+ dx

72 2f3 3d 7 3d

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2%(a + bxCothl[e + f*x]),x]

[Out] (ax(c + d*x)~3)/(3*d) - (b*x(c + d*x)~3)/(3*d) + (b*(c + d*x) 2*xLog[l - E~(2
x(e + £xx))])/f + (bxd*(c + d*x)*PolyLog[2, E~(2*%(e + f*x))])/£72 - (bxd™2x%
PolyLog[3, E"(2x(e + f*x))1)/(2*%£"3)

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*xLog[1l + (bx(F~(g*(e + fxx)))"n)/al)/(bxf*g*n*xLog[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(g*x(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_D1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(ex(F~(c*(a + b*x
)))"n)1)/(bxcxn*Log[F]), x] + Dist[(g*m)/(bxc*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 3716

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
D*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) m*E~(2%(-(Ixe) + fxfzxx)))/(E~(2*%Ixk*xPi)*(1 + E~ (2% (-(Ix*
e) + f*xfzxx))/E~(2xIxkxPi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 3722
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Int[(Cc_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6589
Int [PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.)1/C@_.) + (e_.)*x(x_)), x_

S
ymbol] :> Simp[PolyLog[n + 1, c*(a + bxx)"pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bx*d, axel

Rubi steps

f (c + dx)2(a + beoth(e + fx)) dx = f (a(c +d)? + b(c + dx)? coth(e + fx)) dx

d 3
_ ’Z(C;—dx) +b f (c + dx)? coth(e + fx) dx
_a(c+dx)®  b(c+dx) oh 2+ (¢ + dx)?
. )f 1 - g2e+fx)

ac+dx)®  b(c+dx)?  blc+dx?log(1—e2/¥)  (2bd) [(c+dx)lo
— + —

3d

3d

f

]

3d

3d

f

ac+dxp®  bc+dx)® blc+dx)?log(1-e2¢™)  bd(c+ dx)Liy (¢
- +

+

f2

3d

3d

f

a(c +dx)®  b(c + dx)3 N b(c + dx)?log (1 — e2ef x)) N bd(c + dx)Li, (ez(f

f2

ac+dx)®  b(c+dx)?  blc+dx)?log(1—e2/™)  bd(c+dx)Li, (£2¢
- + +

3d

Mathematica [A] time = 0.24, size = 149, normalized size = 1.48

3d

f

f2

22 (3ac? fx + 3acdfx2 + ad? fx* + 3bc? log(tanh(e + fx)) + 3bc? log(cosh(e + fx)) + 3bdx(2c + dx)log (1 — €2

Antiderivative was successfully verified.

6f3

[In] Integrate[(c + d*x)~2x(a + b*Coth[e + f*x]),x]

[Out] (2*%xf~2x(3*a*xc™2*f*xx + 3xakxckxd*f*xx"2 - 3xbkxckd*xf*x~2 + axd ™ 2xf*xx~3 - bxd ~2x*f

*x"3 + 3*bxd*x*x(2xc + dxx)*Log[l - E~(2%(e + fx*x))] + 3*bxc~2*Log[Cosh[e +
fxx]] + 3*bkc”2xLog[Tanh[e + fxx]]) + 6xbxdxfx(c + d*x)*PolyLogl[2, E~(2x*(e
+ fxx))] - 3*b*d"2*PolyLog[3, E~(2*(e + £*x))])/(6%f"3)

fricas [C] time = 0.43, size = 303, normalized size = 3.00

(a = b)d2f3x3 + 3 (a - b)edf°x2 + 3 (a — b)cf>x - 6 bd?polylog (3, cosh (fx +e) + sinh (fx + ¢)) - 6 bd?poly]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2x(atb*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/3*%((a - b)*d"2*xf"3*xx"3 + 3x(a - b)*cxd*f~3*x"2 + 3*x(a - b)*c™2*xf"3*x - 6%

b*d~2*polylog(3, cosh(f*x + e) + sinh(f*x + e)) - 6%b*d"2*polylog(3, -cosh(
fxx + e) - sinh(f*x + e)) + 6% (b*d"2*f*x + bxc*kd*f)xdilog(cosh(f*x + e) + s
inh(f*xx + e)) + 6%x(b*d™2xf*x + bxcxd*f)*dilog(-cosh(f*x + e) - sinh(f*x + e
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)) + 3x(bxd"2*xf72%x"2 + 2%bkckxd*f"2%x + b*c"2*xf"2)*log(cosh(f*x + e) + sinh
(fxx + e) + 1) + 3*%(b*d"2*%e”2 - 2*bkcxdxexf + bxc~2xf~2)*log(cosh(f*x + e)
+ sinh(f*xx + e) - 1) + 3x(b*xd™2*xf"2*%x"2 + 2*bkckd*f~2*x - b*d"2%e”2 + 2xb*c
xd*xexf)*log(-cosh(f*x + e) - sinh(f*x + e) + 1))/f73

giac [F] time = 0.00, size = 0, normalized size = 0.00
f(dx + c)z(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2x(atb*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c) 2*(b*coth(f*x + e) + a), x)

maple [B] time = 0.35, size = 447, normalized size = 4.43

2bcdIn (ef**¢ +1)x 2bedIn(1-ef*)x 4pe332 bc2In(ef**¢—1) 2bc2In(ef**¢) bc2In(ef¥* +1)

+ + -

f f T3 T f f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) " 2*x(atbxcoth(f*x+e)),x)

[Out] 2/f*bxc*d*ln(exp(f*x+e)+1)*x+2/f*xb*xckd*x1n(1-exp(f*x+e))*x+4/3/f3xb*xe~3xd"2
+1/fxb*xc”2+1n(exp (f*x+e)-1)-2/fxb*c™2+1n (exp (f*x+e) ) +1/f*bxc”2x1n (exp (f*x+e
)+1)-2/£"3%b*d"2*xpolylog (3, exp(f*x+e))-2/f"3*%b*xd"2*polylog(3,-exp (f*x+e))+2
/£72xb*xe”2xd"2xx+1/f73*%b*d"2*%e"2*1n (exp (f*x+e) -1)+2/f " 2*b*c*d*polylog(2,-ex
p(f*x+e))+2/f " 2xb*xckxd*polylog(2,exp(f*x+e))-2/f " 3xb*xd"2xe”2x1n (exp (f*x+e) )+
1/f*bxd~2*x1n (exp (f*x+e)+1)*x~2+2/f"2%b*xd"2*polylog (2, —exp (f*x+e) ) *x-b*Cc*d*x
“2+axckd*x"2-4/fxbxdxcrexx+2/f72*bkckxd*1ln(1-exp (f*x+e) ) *e+4/f " 2xb*cxd*e*x1n(

exp (f*xx+e))-2/f " 2xb*ckd*e*x1ln(exp (f*x+e)-1)+1/3*a*d™2*x"3-1/3*b*d~2%x"3+c"2%
axx+b*xc™2%x-2/f"2xb*d*cxe”2+1/f*bxd"2x1n (1-exp (f*x+e) ) *x~2-1/f"3*%b*d"2*1n (1

—exp (f*x+e) ) *e"2+2/f72%b*d~2*polylog (2, exp (f*xx+e) ) *x

maxima [B]  time = 0.49, size = 240, normalized size = 2.38
b log (sinh (Fx +¢)) 2 (Fx108 (0 4 1)+ Liy (<) Jrca

1 1
— ad?x3+= bd?x3+acdx?+bedx?+ac’x+ + 1

3 3 f f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2% (atb*coth(f*x+e)),x, algorithm="maxima")

[Out] 1/3%a*xd™2%x"3 + 1/3%b*d"2*%x"3 + akxckd*x~2 + bkcxd*x~2 + a*xc™2%x + bxc~2xlog
(sinh(f*x + e))/f + 2x(f*xxxlog(e”(f*x + e) + 1) + dilog(-e~ (f*x + e)))*b*cx

d/f72 + 2*x(f*xxxlog(-e~(f*xx + e) + 1) + dilog(e”(f*x + e)))*b*xcxd/f"2 + (£72
*xx"2xlog(e” (f*xx + e) + 1) + 2xf*x*dilog(-e~(f*x + e)) - 2xpolylog(3, -e~(f*

X + e)))*b*d”2/£f73 + (£ 2*x"2*xlog(-e”(f*x + e) + 1) + 2*f*x*kdilog(e™ (f*x +

e)) - 2xpolylog(3, e~ (f*x + e)))*bxd~2/f73 - 2/3%(b*d~2*f"3%x"3 + 3*b*c*dx*f
~3%x72)/£f73

mupad [F] time = 0.00, size = -1, normalized size = -0.01
[ (a+beoth(e+ £)) (c+dv?dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))*(c + d*x)~2,x)

[Out] int((a + b*coth(e + f*x))*(c + d*x)~2, x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

a+bcoth(e+ fx (c+dx)2dx
K (e + £))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2x(a+b*coth(f*x+e)),x)

[Out] Integral((a + bkxcoth(e + fx*x))*(c + d*x)**2, x)
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339  [(c+dx)(a+bcoth(e + fx))dx

Optimal. Leaf size=75

a(c +dx)?  b(c+dx)log (1 — g2(ef x)) b(c +dx)?  bdLi, (62(e+ fx))
2d f T T 2p

[Out] 1/2%ax(dxx+c)~2/d-1/2x%b*(d*x+c)~2/d+b* (d*x+c)*1n(1-exp (2*xf*x+2%e))/f+1/2%b*
d*polylog(2,exp (2xf*x+2xe)) /72

Rubi [A] time = 0.13, antiderivative size = 75, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 16,

number of rules _ ) 312, Rules used = {3722, 3716, 2190, 2279, 2391}

integrand size

bdPolyLog (2,e2¢*/9) g+ dx)2  blc +dx)log (1 - 2} p(c 4+ dr)?
2 f2 + 2d + f - 2d

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + bxCothle + f*x]),x]

[Out] (ax(c + d*x)~2)/(2xd) - (bx(c + d*x)~2)/(2xd) + (b*(c + d*x)*Logl[l - E~(2x%(
e + f*x))])/f + (b*dxPolyLog[2, E~(2%(e + fx*x))])/(2*f~2)

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_D)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*((d_) + (e_.)*x(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) m*E~ (2% (-(Ixe) + fxfzxx)))/(E~(2xI*k*xPi)*(1 + E~(2x(-(I*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] & Integ
erQ[4xk] && IGtQ[m, O]

Rule 3722

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tanl[(e_.) + (f_.)*x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] &% IGtQ[m, 0] && IGtQ[n, O]

Rubi steps
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f (c + dx)(a + beoth(e + fx)) dx = f (a(c + dx) + b(c + dx) coth(e + fx)) dx

d 2

- % + bf(c + dx) coth(e + fx) dx
_alc+dx)®> b(c+dx)? o 2+ (c + dx)
- 2d N 2d ~(2h) f 1 — p2(e+fx)

a(c +dx?  b(c+dx)? blc+dx)log (1 — o2etf x)) (bd) [log (1 — g2(et)
T 24 24 " 7 - 7

log(1-

a(c + dx)z b(c + dx)2 b(C + dx) log (1 _ 62(e+fx)) (bd) Subst (f ng 2
D 7 B 2

a(c +dx)>  b(c+dx)? blc+dx)log (1 — p2letf X)) bdLi, (32(6+fX))
= — +

2d 2d 7 Y

Mathematica [A] time = 0.06, size = 87, normalized size = 1.16

acx+%a e be(log(tanh(e + fx)) + log(cosh(e + fx))) .\ bdLi, (e2€+2f x) . bdx log (1 — p2e+2f x) ) % b2

f 2f? f

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*(a + bxCothl[e + f*x]),x]

[Out] a*c*x + (axd*x"2)/2 - (bxd*x72)/2 + (b*d*x*Logl[l - E7(2%e + 2%f*xx)])/f + (b
xc*(Log[Cosh[e + f*x]] + Logl[Tanh[e + f*x]]))/f + (b*d*PolyLog[2, E~(2%e +
2xf*x)])/ (2%£72)

fricas [B] time = 0.41, size = 156, normalized size = 2.08

(a = b)df2x2 +2 (a - b)cf?x + 2bdLi, (cosh (fx + e) + sinh (fx + e)) + 2 bdLi, (— cosh (fx + ¢) — sinh (fx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(at+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/2*%((a - b)*d*f~2xx"2 + 2*x(a - b)*c*xf~2*x + 2*bxd*dilog(cosh(f*x + e) + si
nh(f*x + e)) + 2*bxd*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 2x(bxd*f*x + b
xcxf)*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 2%(b*d*e - b¥c*f)*log(cosh(f

*x + e) + sinh(f*x + e) - 1) + 2% (b*d*xf*x + b*d*e)*log(-cosh(f*x + e) - sin
h(fxx + e) + 1))/£f72

giac [F] time = 0.00, size = 0, normalized size = 0.00
[ @x+vcoth (fx+e) + a)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*xcoth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)*(bxcoth(f*x + e) + a), x)

maple [B] time = 0.31, size = 201, normalized size = 2.68

ad x®  bd x? 2bcIn (efx+e) bcln (ef“e - 1) bcln (ef“e + 1) 2bdex bde? bdln (ef”e + 1) x I

+acx+bcx— + + +-

2 2 f f . f P
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(a+b*coth(f*x+e)) ,x)

[Out] 1/2%axd*x”2-1/2xb*d*x~2+axc*x+b*c*x-2/f*xb*c*x1ln(exp(f*x+e))+1/fxb*cxln(exp(f
xx+e)-1)+1/f*xbxc*1n(exp (f*x+e)+1)-2/fxb*xd*kexx-1/f " 2%bxd*e”2+1/fxb*d*1n (exp(
fxx+e)+1)*x+1/f72xb*d*polylog(2,-exp(f*x+e))+1/fxb*xd*1ln(1-exp(f*x+e))*x+1/f
~2%b*d*1n(1-exp (f*x+e))*xe+1/f " 2%bxd*polylog(2,exp (f*x+e))+2/f " 2xb*d*e*1n(ex
p(fxx+e))-1/f"2*xb*xd*e*1ln(exp (f*x+e)-1)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

beclog (sinh (fx + e
—adx +1(x —2f dx+2f dx)bd+acx+ g( (f ))
2 fx+e Fr+ e f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)*(a+bxcoth(f*x+e)),x, algorithm="maxima"

[Out] 1/2*axd*x”2 + 1/2*%(x"2 - 2*integrate(x/(e”(f*x + e) + 1), x) + 2xintegrate(
x/(e~(f*x + e) - 1), x))*b*d + a*c*x + b*xcxlog(sinh(f*x + e))/f

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f(a+bcoth(e+fx)) (c+dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bx*coth(e + fx*x))*(c + d*x),x)
[Out] int((a + b*coth(e + f*x))*(c + d*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

[ (@ +beoth (e + f2)) e + dx) d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)*(a+bxcoth(f*x+e)),x)

[Out] Integral((a + bxcoth(e + f*x))*(c + d*x), x)
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f a+b coth(e+fx) dx

c+dx

3.40

Optimal. Leaf size=21

Int(a + bcoth(e + fx),x)
c+dx

[Out] Unintegrable((atb*coth(f*x+e))/(d*x+c),x)

Rubi [A] time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0.000, Rules used = {}

fa + b coth(e + fx) i
c+dx

Verification is Not applicable to the result.
[In] Int[(a + b*Coth[e + fxx])/(c + d*x),x]
[Out] Defer[Int][(a + b*Coth[e + fx*x])/(c + d*x), x]

Rubi steps

fa+bcoth(e+fx) dx_fa+bcoth(e+fx) i

c+dx B c+dx

Mathematica [A] time = 5.32, size = 0, normalized size = 0.00

f a + bcoth(e + fx) iy
c+dx

Verification is Not applicable to the result.

[In] Integrate[(a + bxCoth[e + f*x])/(c + d*x),x]
[Out] Integratel[(a + b*Coth[e + f*x])/(c + d*x), x]

fricas [A] time = 0.39, size = 0, normalized size = 0.00

bcoth(fx+e) +a J
, X

integral
integra ( o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c),x, algorithm="fricas")

[Out] integral((bxcoth(f*x + e) + a)/(d*x + c), x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

fbcoth(fx+e) +adx
dx +c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c),x, algorithm="giac")

[Out] integrate((b*coth(f*x + e) + a)/(d*x + c), x)
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maple [A] time = 0.58, size = 0, normalized size = 0.00

dx

fa+bcoth(fx+e)

dx+c
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e))/(d*x+c),x)
[Out] int((a+b*coth(f*xx+e))/(d*x+c),x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

. 10g(dx+c)_f 1 dx+f— 1 i +alog(dx+c)
a dx + (et + ce?)el™ + ¢ dx — (dxet + cet)el™ 4 ¢ d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c),x, algorithm="maxima"

[Out] bx(log(d*x + c)/d - integrate(1/(d*x + (d*x*e"e + cxe”e)*e”(f*x) + c), x) +
integrate(-1/(d*x - (dxx*e”e + cxe"e)*e”(fxx) + c), x)) + axlog(d*x + c)/d

mupad [A] time = 0.00, size = -1, normalized size = -0.05

fa+bcoth(e+fx)

d
c+dx X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + fx*x))/(c + d*x),x)
[Out] int((a + b*coth(e + f*x))/(c + d*x), x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

a + b coth (e + fx)
f dx
c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c),x)

[Out] Integral((a + b*coth(e + f*x))/(c + d*x), x)
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f a+b coth(e+fx) dx

(c+dx)?

3.41

Optimal. Leaf size=21

a + bcoth(e + fx)
( (c + dx)? ’ x)

[Out] Unintegrable((atbxcoth(f*x+e))/(d*x+c)~2,x)

Rubi [A] time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size
0.000, Rules used = {}
a + bcoth(e + fx)

f (c + dx)?

Verification is Not applicable to the result.

[In] Int[(a + b*Cothl[e + fx*xx])/(c + d*x)~2,x]

[Out] Defer[Int][(a + b*Cothl[e + fx*xx])/(c + d*x)~2, x]

Rubi steps

fa+bcoth(e+fx) dx:fa+bcoth(e+fx) i

(c + dx)? (c + dx)?

Mathematica [A] time = 21.37, size = 0, normalized size = 0.00

f a + bcoth(e + fx) i

(c + dx)?

Verification is Not applicable to the result.

[In] Integrate[(a + b*Cothl[e + f*x])/(c + d*x)~2,x]
[Out] Integrate[(a + b*Coth[e + fx*x])/(c + d*x)~2, x]

fricas [A] time = 0.42, size = 0, normalized size = 0.00

_ | bcoth(fx+e)+a
mtesral Pt 2cdx 1 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c)~2,x, algorithm="fricas")
[Out] integral((bxcoth(f*x + e) + a)/(d"2*x"2 + 2*c*xd*x + c~2), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

dx

fbcoth(fx+e) +a

(dx + c)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*xx+e))/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((b*coth(fxx + e) + a)/(d*x + c)~2, x)
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maple [A] time = 0.63, size = 0, normalized size = 0.00

dx

fa+bcoth(fx+e)

(dx + c)2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*coth(f*x+e))/(d*x+c)”~2,x)

[Out] int((a+b*coth(f*x+e))/(d*x+c)"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

1

1
dx — f -
)e(f x) d?x2 + 2 cdx + 2 - (dzxzee +2

1
2 d+f
X+ c d?x2 + 2cdx + 2 + (dzxzee + 2 cdxe® + c2ef

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c)~2,x, algorithm="maxima"

[Out] -bx(1/(d"2*x + c*d) + integrate(1/(d"2*x"2 + 2%c*d*x + c”2 + (d"2*x"2xe"e +
2xckd*xxxe”e + c"2xe"e)*e”(f*x)), x) - integrate(-1/(d"2*x"2 + 2%ckdxx + c”
2 - (d72*x"2%e"e + 2xckxd*x¥e”e + c"2%e"e)*e”(f*x)), x)) - a/(d"2*x + cxd)

mupad [A] time = 0.00, size = -1, normalized size = -0.05

dx

fa+bc0th(e+fx)

(c+ alx)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + fx*xx))/(c + d*x)~2,x)
[Out] int((a + b*coth(e + f*x))/(c + d*x)"2, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

dx

fa+bcoth(e+fx)

(c + dx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*xx+e))/(d*xx+c)**2,x)

[Out] Integral((a + bxcoth(e + f*x))/(c + d*x)**2, x)
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342 [(c+dx)®(a + beoth(e + fx))?dx

Optimal. Leaf size=271

a2(c +dx)* 3abd(c + dx)Lis (e2€*/))  3abd(c + dx)?Liy (2¢+/¥)) 2ab(c + dx)*log (1 - ¢/ gp(c + dx)
d 73 " 72 i 7 T 24

[Out] -b72x(d*x+c)~3/f+1/4%a~2x(d*x+c)~4/d-1/2%axbx(d*x+c)~4/d+1/4*b~ 2% (d*x+c) 4/
d-b~2* (d*x+c) “3*coth (f*x+e) /f+3xb~2xd* (d*x+c) “2*1n(1-exp (2xf*x+2xe)) /£~ 2+2%

axbx (d*x+c) "3*1n(1-exp (2*f*x+2%e) ) /£+3*%b~2xd~2* (d*x+c) *polylog(2, exp (2*xf*x+

2%e) ) /£73+3%axb*xd* (d*xx+c) "2*xpolylog(2, exp (2*f*x+2%e)) /£72-3/2%b~2*d " 3*polyl
0g(3,exp (2xf*x+2*e)) /£ ~4-3*a*b*d~2* (d*x+c) *polylog(3,exp (2xf*x+2*e)) /£~3+3/
2*axb*d~3*polylog(4,exp (2*xf*x+2%e)) /74

Rubi [A] time = 0.55, antiderivative size = 271, normalized size of antiderivative
= 1.00, number of steps used = 15, number of rules used = 9, integrand size = 20,

mumber O WIS _ ), 450, Rules used = {3722, 3716, 2190, 2531, 6609, 2282, 6589, 3720, 32}

integrand size

3abd?(c + dx)PolyLog (3, e2e+f x)) 3abd(c + dx)*PolyLog (2, 2e+f x)) 3abd>PolyLog (4, (et f X)) 3b%d?(c -
B £3 + Iz + 2f4 +

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3*(a + b*Cothl[e + f*x])~2,x]

[Out] -((b~2*%(c + d*x)~3)/f) + (a™2x(c + d*x)~"4)/(4xd) - (axbx(c + d*xx)~4)/(2xd)
+ (b72*(c + d*x)"4)/(4*d) - (b~2*x(c + d*x)~3*Cothl[e + f*xx])/f + (3*b~2*d*(c

+ d*x) "2*xLog[1l - E"(2x(e + £*x))])/f"2 + (2%axbx(c + dxx) ~3*Log[l - E~(2x%(

e + f*x))])/f + (3*b~2*%d"2x(c + dx*x)*PolyLogl[2, E~(2*(e + f*x))])/£f73 + (3%
axbxd* (c + d*x) 2xPolyLogl[2, E"(2x(e + fx*x))])/f72 - (3*%b~2*d"3*PolyLogl3,
E~(2x(e + fxx))])/(2%f74) - (3*axb*xd™2x(c + d*x)*PolyLogl[3, E~(2x(e + f*x))
1)/£73 + (3*axb*xd~3*PolyLog[4, E~(2x(e + f*x))])/(2xf~4)

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1)), x]1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2190

Int [(CCF_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*xx) m*xLog[1l + (b*x(F~(gx(e + fx*x)))"n)/al)/(bxfxg*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist([v/D[v, x]
, Subst [Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Logll + (e_)*x((F_)~((c_.)*((a_.) + (b_.)*(x_)))) " (a_)1*((f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
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, g, nt, x] & GtQ[m, 0]

Rule 3716

Int[((c_.) + (d_.)*(x_))"(m_.)*tanl[(e_.) + Pix(k_.) + (Complex[0, fz_]1)*(f_
D*(x_ )1, x_Symbol]l :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~ (2% (-(Ixe) + fxfz*xx)))/(E™(2+%I*xk*xPi)*(1 + E~(2%(-(Ix
e) + fxfzxx))/E~(2xIxk*Pi))), x], x] /; FreeQl{c, d, e, £, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (d_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x )1)"(n_), x_Symb
0ol] :> Simp[(b*(c + dx*x) m*(b*Tan[e + f*x])"(n - 1))/(fx(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x) " (m - 1)*(bxTan[e + f*xx])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3722

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*xtan[(e_.) + (f_.)*x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tanle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] &% IGtQ[m, 0] && IGtQ[n, O]

Rule 6589

Int[PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.01/C(@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*x(a + bxx)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bx*d, axel

Rule 6609

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*¥(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*x(F~(cx(a
+ bxx))) “pl)/ (bkckpkLog[F]), x] - Dist[(f*m)/(bxcxp*Log[F]), Int[(e + fxx)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps
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f (c + dx)*(a + b coth(e + fx))>dx = f (az(c + dx)? + 2ab(c + dx)? coth(e + fx) + b2(c + dx)? coth?(e + fx)) c

a?(c + dx)*
4d

+ (2ab) f (c + dx)® coth(e + fx)dx + b2 f (c + dx)? coth®(e 4

_ d*(c+dx)*  ab(c+dx)*  DP(c +dx)® coth(e + fx) by f 2e+fx)(c

4d 2d f

1 — e

b%(c + dx)3 cot

V(e +dx)’® . a*(c +dx)*  ab(c +dx)* s b*(c +dx)*

7 44 24 2d 7
b?(c + dx)3 . a’(c +dx)*  ab(c + dx)* N b2 (c +dx)*  b?(c + dx)3cot
7 4 2d 1d 7
b?(c + dx)? .\ a*(c +dx)*  ab(c +dx)* s b*(c +dx)*  b*(c +dx)’ cot
7 4d 24 4d 7
_ Pc+dx)? . a?(c + dx)* _ab(c+ dx)* s b2 (c + dx)* ~ b%(c + dx)3 cot
B f 4d 2d 4d f
_ Pc+dx)? . a®(c +dx)*  ab(c + dx)* s b2 (c + dx)* ~ b%(c + dx)3 cot
- f 4d 2d 4d f

Mathematica [B] time = 13.64, size = 1138, normalized size = 4.20

csch(e)csch(e + fx) (—a2d3 f cosh(fx)x* — b2d® f cosh(fx)x* + a?d® f cosh(2e + fx)x* + b?d> f cosh(2e + fx)x*

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3x(a + b*Coth[e + f*x])~2,x]

[Out] -1/2%(bx(2xbxd*f~3%(c + d*x)~3%(-1 + Cothle]) + axf~4*x(c + d*x) 4*x(-1
hle]) + 2xc™2*xd*f~2*%(3xbxd + 2*axc*f)*(f*x - Log[l - Cosh[e + f*x] - Sinh[e
+ £xx]]) - 12%c*d"2*f72%(b*d + axcxf)*x*Log[l + Cosh[e + f*x] - Sinh[e + f
*x]] - 6%d73*xf"2*(b*xd + 2*xaxcxf)*x"2+Log[l + Cosh[e + f*x] - Sinh[e + fx*x]]
- 4xaxd~4*f~3*x"3*Log[l + Cosh[e + fxx] - Sinh[e + fxx]] - 12%c*d™2*f~2x*(b
xd + axc*f)*xxLog[l - Cosh[e + f*x] + Sinh[e + f*x]] - 6%d"3*f 2% (bxd + 2xa
xc*f)*x"2%Log[1 - Cosh[e + f*x] + Sinh[e + f*xx]] - 4*axd~4*f~3*x"3xLogl[l -
Cosh[e + fxx] + Sinh[e + f*x]] + 2xc™2xd*f 2% (3xb*d + 2%axc*f)*(f*x - Logl[l
+ Cosh[e + f*x] + Sinh[e + f*x]]) + 12%cxd™2xf*(b*d + axcxf)*PolyLog[2, Co
shle + f*xx] - Sinh[e + f*x]] + 12%cxd~2*f*(b*d + axcxf)*PolyLogl[2, -Coshl[e
+ f*x] + Sinh[e + f*xx]] + 12%d"3%(b*xd + 2*xa*c*xf)*(f*x*PolyLog[2, Coshl[e + f
xx] - Sinh[e + fx*x]] + PolyLog[3, Cosh[e + f*x] - Sinh[e + fxx]]) + 12xd~3x%
(b*xd + 2*axcx*f)*(f*x*PolyLog[2, -Cosh[e + f*x] + Sinh[e + fx*x]] + PolyLogl[3
, —Cosh[e + f*x] + Sinh[e + fxx]]) + 12%a*xd”~4x(f"2*x"2*PolyLog[2, Cosh[e +
fxx] - Sinh[e + f*x]] + 2x(f*xxPolyLogl[3, Cosh[e + f*x] - Sinh[e + f*xx]] +
PolyLog[4, Cosh[e + f*x] - Sinh[e + f*x]])) + 12%a*xd”4x*(f 2*x"2xPolyLogl[2,
-Cosh[e + f*x] + Sinh[e + fxx]] + 2x(f*x*PolyLogl[3, -Cosh[e + f*x] + Sinhl[e
+ f*x]] + PolyLog[4, -Cosh[e + f*x] + Sinh[e + f*x]]))))/(d*f"4) + (Cschle
1*Cschle + f*x]*(-4*a~2xc”3*f*x*Cosh[f*x] - 4xb~2xc”3xf*x*xCosh[f*x] - 6*a”2
xcT2xd*fxx"2xCosh [f*x] - 6*b~2xc™2xd*f*x"2xCosh[f*x] - 4*a~2*xcxd~2*f*x~3*Co
sh[fxx] - 4*%b~2*cxd"2xf*x"3*Cosh[f*x] - a~2xd"3*f*x"4*Cosh[f*x] - b72%d~3*f
*xx"4xCosh [f*x] + 4*a~2*c”3*f*x*xCosh[2xe + fxx] + 4xb~2xc”3*f*x*Cosh[2%e + f
*x] + 6%a”2*c”2xdxf*x"2*%Cosh[2%e + f*x] + 6*%b"2xc™2xd*f*x"2xCosh[2%e + fx*x]
+ 4xa~2xc*xd"2xfxx"3*%Cosh[2*%e + f*x] + 4*b~2xcxd~2*f*x"3*Cosh[2xe + f*xx] +
a~2xd"3xf*x"4*Cosh[2xe + f*x] + b72xd"3*f*x"4*Cosh[2xe + f*xx] + 8*b~2%c~3%S
inh[f*x] + 24*b~2xc™2*d*x*Sinh[f*x] + 8xaxb*c~3xfxx*Sinh[f*x] + 24xb~2*c*d”

+ Cot
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2+%x"2%Sinh [f*x] + 12*axb*xc”2+%d*f*x"2*Sinh[f*x] + 8*b~2*%d"3*x"3*Sinh[f*x] +

8*xaxbxckxd " 2xf*xx"3*%Sinh [f*x] + 2*axb*xd~3*xf*x~4*Sinh[f*x] + 8*a*bxc 3*xfxx*Sin
h[2%¥e + f*x] + 12%axbxc”2xd*f*x”2*Sinh[2*e + f*x] + 8xa*bkxcxd ™ 2*xf*x~3*Sinh[
2%e + f*x] + 2*axbxd"3xf*xx"4*xSinh[2*e + f*xx]))/(8xf)

fricas [C] time = 0.50, size = 3239, normalized size = 11.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(atb*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4*((a"2 - 2*axb + b"2)*d"3*f"4*x"4 + 4*x(a~2 - 2*axb + b~2)*cxd™2*xf~4xx"~3
+ 6*%(a”2 - 2*%axb + b72)*cT2*xd*f"4*x"2 + 4dxaxbxd"3%e”4 + 4*x(a”2 - 2*%axb + Db
T2)*%cT3*fT4xx — 8*bT2x%d"3%e”3 - 8*(2*axbxc"3%e - bT2%c”3)*f7"3 + 24x*(axbxc”2
*d*e”2 - b72xcT2xdxe)*f"2 - ((a”2 - 2*axb + bT2)*d"3*f"4*x"4 + 4xaxbxd"3xe”
4 - 16*axb*xc”3xexf"3 - 8*b"2%d"3*e”3 - 4x(2*%b"2x%d"3*xf"3 - (a”2 - 2xaxb + b~
2)%c*d"2*%f74) *x"3 + 24x (axb*c”2*xd*e”2 - bT2xc"2xd*e)*f"2 - 6% (4xb T 2*xckd"2*f
“3 - (a"2 - 2%axb + b72)*c”2*xd*f"4)*x"2 - 8x(2*axb¥xckd"2%e”3 - 3*b"2xc*d”2x*
e 2)*xf - 4*x(6xb"2xc"2xd*xf~3 - (a”2 - 2*axb + b72)*c"3xf74)*x)*cosh(f*x + e)
"2 - 2%((a”2 - 2*xaxb + b72)*d"3*f"4*x"4 + 4dxaxbxd"3xe”4 - 16*axbkc”3*kexf"3
- 8%b72*d"3*%e”3 - 4*x(2xb"2+%d"3*f"3 - (272 - 2*axb + b72)*c*kd"2*f"4)*x"3 + 2
4x (axbxc™2xd*e”2 - b 2*kc " 2*xd*e)*f"2 - 6% (4*b " 2%ckd"2xf"3 - (a”2 - 2*axb + b
T2)*cT2%d*fT4) *x72 - 8% (2%axbxckxd"2*e”3 - 3%b"2*xcxd"2*e"2)*f — 4% (6xb"2*c”2
*d*xf~3 - (a2 - 2%axb + b"2)*c"3*%f"4)*x)*cosh(f*x + e)*sinh(f*x + e) - ((a~
2 - 2xaxb + b72)*d"3*xf"4*xx"4 + 4xaxbxd"3*%e"4 - 16*axbkc 3xe*xf"3 - 8xb"2%d"3
*e73 - 4*x(2*b72xd"3*f"3 - (a”2 - 2*axb + b72)*cxd"2*%f74)*x"3 + 24x*(axbxc"2x
d*e”2 - bT2xc"2xd*e)*f72 - 6% (4*xb"2xcxd"2*xf"3 - (a2 - 2*axb + b"2)*c"2*d*f
“4)*x72 - 8x(2*axbxc*d"2xe”3 - 3*¥b"2xc*kd"2*xe"2)*f - 4*x(6xb"2xc"2*%d*f"3 - (a
"2 - 2%axb + b7T2)*c"3*f74)*x)*sinh(f*x + e)”2 - 8x(2*axbxc*d"2x%e”3 - 3*b”2x%
cxd"2%e"2) *f + 24x(axbxd"3*xf72%x72 + axbkxcT2xd*f"2 + b72*xc*xd"2+f - (axb*xd”3
*f72%x72 + axbxcT2xd*f72 + bT2*c*kd72xf + (2xaxbxcxd"T2+xf72 + bT2xd73*f) *x) *C
osh(f*x + e)72 — 2x(axb*xd~3*f72%x"2 + axbxc™2xd*f~2 + b ™ 2*c*kd™2*xf + (2*axbx
cxd"2*%f72 + b72*xd"3*f)*x)*cosh(f*x + e)*sinh(f*x + e) — (a*xb*xd~3*f"2*x"2 +
axb*c”2xd*f72 + bT2xcxd"2%f + (2*axbkckd"2xfT2 + bT2+%d73*f)*x)*sinh(f*x + e
)72 + (2%axbxckd"2*%f72 + b72%d"3*f)*x)*dilog(cosh(f*x + e) + sinh(f*x + e))
+ 24x (axbxd~3*f"2%x"2 + axbxc”2*xd*f"2 + bT2xckd"2%f - (axb*d"3*%f"2*xx"2 + a
*b*xcT2%dA*f 72 + bT2xcxd"2xf + (2kaxb*ckdT2xf72 + bT2xd"3*f)*x) *cosh(f*x + e)
~2 - 2% (axbxd"3*f"2%x"2 + axbxc 2xd*xf~2 + b~ 2xckxd"2*f + (2*axbxcxd"2xf"2 +
b~2%d"3*f) *x) *cosh(f*x + e)*sinh(f*x + e) - (a*xb*d"3*f~2*x"2 + axbxc ™ 2*xd*f~
2 + b7 2%cxd"2+f + (2*axbxcxd"2*xf72 + b72xd"3*%f)*x)*sinh(f*x + e)~2 + (2*axb
xc*d"2+f72 + b72+d”"3*f) *x) *dilog(-cosh(f*x + e) - sinh(f*x + e)) + 4*x(2*xaxb
*Q"3%f"3%x"3 + 2*%axbxc”3*xf"3 + 3xbT2xcT2xd*f"2 + 3% (2kaxbxckd"2xf"3 + b"2xd
“3*xfT2)*x72 - (2%axbxd"3*%f"3%x73 + 2kaxbkcT3*f"3 + 3*¥b72+cT2xd*f72 + 3% (2*a
*bxckd"2*%f73 + bT2x%d"3*f72) *x"2 + 6% (axbkcT2%d*f"3 + bT2xc*d"2*xf"2) *x)*cosh
(fxx + e)72 - 2% (2*%axbxd~3*xf "3%x"3 + 2*a*b*c”3*f~3 + 3xb72xc”2*d*f"2 + 3*(2
*axb*c*d"2*%f73 + bT2xd"3*%f72)*x"2 + 6k (axbxcT2xd*f"3 + b 2*c*kd"2*fT2) *x) *co
sh(f*x + e)*sinh(f*x + e) - (2*a*b*d"3*f"3*x"3 + 2%a*xb*c”3*f"3 + 3*b~2xc~ 2%
d*f~2 + 3*x(2xaxbxcxd"2+%f"3 + bT2xd"3*f"2)*x"2 + 6% (axb*c”2*%d*f"3 + b"2xcxd”
2x£72)*x) *sinh(f*x + e)72 + 6% (axb*c™2xd*f73 + b"2%kcxd"2*f~2) *x)*1log(cosh (£
*x + e) + sinh(f*x + e) + 1) - 4*(2%a*xbxd"3*e”3 - 2xaxbxc~3*f~3 - 3*b~2%d"3
*e72 + 3k (2*xaxbxcT2xdxe - bT2*xcT2*xd)*f72 - (2*xaxbxd"3%e”3 - 2kaxbxc 3*xf"3 -
3*xb7"2*xd"3*%e”2 + 3*x(2xaxb*c”2*xd*e - bT2xcT2xd)*f"2 - 6+ (axb*ckxd"2*e”2 - b2
*cxd"2%e) *f)*kcosh(f*x + e)72 - 2% (2*a*xb*d"3*e”3 — 2xaxb*c”3*f"3 - 3*b"2*d"3
*e72 + 3k (2*%axbkc"2xd*xe - bT2*xc”2*d)*f"2 - 6x(axbxckd"2%e”2 - b7 2*c*kd"2*e)*
f)*cosh(f*x + e)xsinh(f*x + e) - (2*%axbxd~3xe”3 - 2%a*b*c”3*f~3 - 3*b~2xd~3
*e72 + 3k (2*xaxbxcT2xdxe - bT2*xcT2*d)*f72 - 6x(axbxc*xd"2%e”2 - bT2*xc*xd"2*e)*
f)*sinh(f*x + e)72 - 6*x(axbxc*d™2%e”2 - b~ 2*c*xd"2*e)*f)*log(cosh(f*x + e) +
sinh(f*x + e) - 1) + 4x(2xaxb*d~3*f"3*x"3 + 2*axbxd~3xe”3 + G*axb*c ™ 2kxd*xex*
£f72 - 3*%b72%d"3*%e”2 + 3% (2*axbkxckd"2*%f"3 + b"2xd"3*f"2)*x"2 - (2%axbxd"3xf”
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3*x"3 + 2*xaxbxd"3%e”3 + 6Bkxaxbxc " 2xdxexf"2 - 3*b"2x%d"3*%e”2 + 3% (2kaxbxckd"2x*
£f73 + b72xd"3*xf"2)*x"2 - 6% (axbkckd"2*xe”2 - b~ 2*c*kd"2*e) *f + 6k (axbxcT2xd*f
"3 + bT2*ckdT2xfT2) *x) *cosh(f*x + e) 72 - 2% (2xaxbxd~3*%f7"3*x"3 + 2*kaxbxd"3xe
"3 + 6*xaxb*cT2xdxexf"2 - 3xb72xd"3%e”2 + 3k (2*axbxcxd"2xf"3 + bT2xd"3*f"2) *
X"2 - 6x(axb*xc*d"2%e”2 - bT2xcxd"2xe)*xf + 6k (axb*cT2xd*f"3 + bT2xc*xd"2+xf72)
*x)*cosh(f*x + e)*sinh(f*x + e) - (2*xaxb*xd"3*f"3*x"3 + 2*a*xb*d"3*e”3 + 6*xax
bxc"2xd*xexf"2 - 3*%b"2%d"3*%e”2 + 3*x(2xaxbxckd"2+%f"3 + bT2xd"3*f"2)*x"2 - 6% (
a*bxcxd"2*%e”2 - bT2xckd"2%e) *f + 6k (axb*cT2xd*f"3 + b7 2xc*xd”"2*xf72) *x)*sinh (
f*x + e)72 - 6x(axb*c*xd™2%e”2 - b72xcxd"2xe)*f + 6% (a*b*c”2xd*f"3 + b~ 2xc*d
~2%f72)*x)*xlog(-cosh(f*x + e) - sinh(f*x + e) + 1) - 48%(a*b*d~3*cosh(f*x +
e)”2 + 2xaxb*d"3xcosh(f*x + e)*sinh(f*x + e) + axb*d"3*sinh(f*x + e)”2 - a
*bxd~3)*polylog(4, cosh(f*x + e) + sinh(f*x + e)) - 48x(axbxd~3*cosh(f*x +
e)”2 + 2*axb*xd"3*cosh(f*x + e)*sinh(f*x + e) + a*xb*d"3*sinh(f*x + e)~2 - ax
b*d~3)*polylog(4, -cosh(f*x + e) - sinh(f*x + e)) - 24x(2%axbxd”~3xf*x + 2*a
*b*xckd"2*f + bT2xd"3 - (2xaxb*d"3*f*x + 2*axbxcxd"2xf + b72%d"3)*cosh(f*x +
e) "2 - 2x(2*xaxbxd"3xf*x + 2*axbkckd"2*f + b~2xd"3)*cosh(f*x + e)*sinh(f*x
+ e) - (2%axbxd"3*f*x + 2xaxbkxckd™2xf + b"2xd"3)*sinh(f*x + e) 2)*polylog(3
, cosh(f*x + e) + sinh(f*x + e)) - 24x(2*axb*d"3*f*x + 2*axbxcxd~2xf + b~ 2%
d"3 - (2*%axbxd~3xfxx + 2%axb*ckd"2*f + b~2xd"3)*cosh(f*x + e)72 - 2x(2xaxbx
d"3*f*x + 2xaxbxcxd"2+f + b"2*d"3)*cosh(f*x + e)*sinh(f*x + e) - (2*xaxbxd~3
xf*xx + 2kaxbkxcxd”2*xf + b72xd"3)*sinh(f*x + e)~2)*polylog(3, -cosh(f*x + e)
- sinh(f*x + e)))/(f 4*xcosh(f*xx + e)~2 + 2xf~4*xcosh(f*x + e)*sinh(f*x + e)
+ f~4xsinh(f*x + e)”2 - £74)

giac [F] time = 0.00, size = 0, normalized size = 0.00
2
f(dx + c)3(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3x(atb*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)~3*(bxcoth(f*x + e) + a)~2, x)

maple [B] time = 0.68, size = 1393, normalized size = 5.14

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*(atbxcoth(f*x+e)) 2,x)

[Out] b~2%c™3*x+6/£73%b~2%d " 3%e ™ 2%x—-6/f*b"2%d " 2%c*x"2-6/f " 3*%b"2%d " 2*c*ke”2+1/4%a"2
*xd"3%xXT4+b 2% ckd"2*%x " 3+a”" 2% ckd " 2*x " 3+6/fxb*rakcxd"2x1n (1-exp (fxx+e) ) xx"2+12/
f~2xbxaxc”~2xd*ex1n(exp (f*x+e))-12/f " 3*b*axcxd~2+e~2*1n (exp (f*x+e) ) +12/£72%b
xaxckd 2%e”2%x-12/f¥bkaxc"2xd*e*xx+6/f " 3*xbkaxckd " 2*e”2%1n (exp (f*x+e)-1)-6/f~
2xb*axc”2*d*e*x1ln (exp (f*xx+e)-1)+6/f"2+b*x1n(1-exp (f*x+e) ) *a*xc™2*d*e+6/f*b*1n (
1-exp(f*x+e) ) *axc”™2xd*x+6/f*b*x1n(exp (f*x+e) +1) *axc™2xd*x+12/f " 2¥bxa*xc*xd~2*p
olylog(2,exp(f*xx+e))*x+6/f*b*axc*d™2+1n (exp (f*x+e)+1)*x"2+12/f " 2xb*xakxcxd 2%
polylog(2,-exp(f*xx+e))*x-6/f " 3*b*akckxd 2*e”2*x1ln(1-exp(f*x+e))-6/f " 2*b*axc™2
xd*e”2+6/f73*%b"2%c*kd"2*1n(1-exp (f*x+e) ) *e+6/f"2xb~2%c*xd"2x1n (exp (f*x+e) +1) *
x+2/f*b*axd”~3x1n(1-exp (f*x+e) ) *x~3+2/f "4xb*a*xd~3*1n(1-exp(f*x+e))*e~3+6/f72
xb*axd~3*polylog(2,exp(f*xx+e))*x"2-12/f " 3*%b*a*d~3*polylog(3,exp (f*xte))*x+2
/f*¥b*xaxd”~3*1n (exp (f*x+e)+1)*x~3+6/f " 2xb*a*xd~3*polylog(2,-exp(f*x+e))*x"2-12
/£~ 3*bxa*d~3*polylog(3,-exp(f*x+e) ) *x+12/f"3%b~2*c*xd " 2*ex1n (exp (f*x+e) ) +4/f
“4xbxaxd~3xe”3*1n(exp (f*x+e))-2/f 4xbxaxd~3*e~3x1n(exp (f*x+e)-1)-12/f"3*b*a
xc*d~2*polylog(3,exp(f*x+e))-12/f"3*bxa*xckd™2*polylog(3,-exp(f*x+e))+6/f 2%
bxa*xc~2*d*polylog(2,-exp (f*x+e))+6/f " 2xb*axc~2*xd*polylog(2,exp(f*x+e))-6/f"
3xb~2*xc*xd"2xe*1n (exp (f*x+e)-1)+6/f72*%b"2*c*d"2*1n(1-exp (f*x+e) ) *x-1/2%axb*d
T3%xXT4+3/2%a7 2% CT2xd*xT2+3/2%b T 2% T 2% d* X T2+2*% "3k axbxx—2*axb*cxd " 2*x " 3-3*ax*
bxcT2*d*x"2-3/f "4*bke"4*a*xd~3-6/f 4*b~"2*d"3xe"2*1n(exp (f*x+e) ) +3/f 4xb~2%d"
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3xe”2*x1n(exp(fxx+e)-1)+6/f"3*xb~2xcxd"2*polylog(2,exp(f*x+e) ) +6/f3*b"2*c*d™
2*polylog(2,-exp(f*xx+e))+3/f72xb~2+xd"3*1ln(1-exp (f*x+e) ) *x~2-3/f"4*xb~2xd~3*1
n(1-exp(f*xx+e))*e”2+6/f"3*xb~2xd"3*polylog(2,exp (f*x+e))*x+3/f 2%b~2*d~3*1n(
exp (f*xx+e)+1)*x"2+6/f"3*xb~2%d"3*polylog(2,-exp (f*x+e) ) *x+12/f " 4*b*axd~3*pol
ylog(4,exp(f*xx+e))+12/f 4xb*axd~3*polylog(4,-exp(f*x+e))+2/f*b*a*xc”3*1n(exp
(f*x+e)+1)+2/f*bxa*xc”3*1n(exp (f*x+e)-1)+3/f72*%b"2%c~2xd*1n(exp (f*x+e)-1)+3/
f72xb~2%c”2xd*1n(exp (f*x+e) +1) -4/f*b*axc”3*1n(exp (f*x+e) ) -6/f"2%b~2xc~2*d*1
n(exp(f*x+e))+1/4%b72+d"3*xx"4-2/f*b" 2% (d"3*x"3+3*c*d ™ 2*x"2+3*%c"2*d*x+c”3) / (
exp (2xf*x+2%xe)-1) +c~3*xa”2*x+8/f " 3*kb*axc*d~2*e”~3-4/f " 3xb*e~3*ka*xd " 3*x-12/f 2%
b~ 2*%d"2*ckexx+4/f"4*b"2*%d"3*%e"3-2/fxb"2%d"3*x"3-6/f"4*b~2*d " 3*polylog(3,exp
(f*x+e))-6/f"4*b~2*d"3*polylog(3,-exp(f*x+e))

maxima [B] time = 0.50, size = 781, normalized size = 2.88
6 2c2dx 2abc®log (sinh ( fx+ e)) 3b*c*dlog (e(f xre) 1) 3122

1 3
1 a2d3x4+azcd2x3+§ a?c2dx®+ac3x— + + +

f f f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e))”2,x, algorithm="maxima"

[Out] 1/4*a”2%d"3*x"4 + a~2xcxd™2*x"3 + 3/2*%a”2*c™2xd*x”2 + a~2%c”3*x - 6%¥b"2*xc”2
*xd*x/f + 2%axb*c”3*%log(sinh(f*x + e))/f + 3*%b™2xc 2*d*log(e”(f*xx + e) + 1)/
£72 + 3%b72xc"2*xdxlog(e” (f*x + e) - 1)/f72 + 2% (£f7"3*x"3*xlog(e”(f*x + e) + 1
) + 3*xf72xx"2xdilog(-e~ (f*x + e)) - 6xf*x*polylog(3, -e~(f*x + e)) + 6%poly
log(4, -e~(f*x + e)))*axb*d~3/f74 + 2x(£73*x"3xlog(-e~(f*x + e) + 1) + 3*f~
2xx"2xdilog(e” (f*x + e)) - 6*xf*xxxpolylog(3, e~ (f*x + e)) + 6*xpolylog(4, e~ (
f*x + e)))*a*xb*xd~3/f74 - 1/4%(8*xb~2*c™3 + (2*xaxb*d"3*f + b~2xd"3*f)*x"4 + 4
*(c73*f + 6xcT2*xd)*b"2xx + 4% (2*axbkckd"2*xf + (cxd"2xf + 2+%d"3)*b"2)*x"3 +
6% (2xaxb*xc™2xdxf + (c72*d*f + 4*xc*d™2)*b"2)*x"2 - (4xb~2*xc " 3*xfxx*e” (2%e) +
(2*xa*xb*d"3*f*e” (2*%e) + b™2xd"3xf*xe” (2%e) ) *x"4 + 4*x(2xaxbxcxd™2*xf*xe” (2%e) +
b7 2xcxd"2xfxe” (2%e) ) *x"3 + 6% (2xaxbxc”2xd*xf*xe” (2%e) + bT2xc"2xdxfxe” (2%e)) *
x"2)xe” (2xfxx) )/ (fxe” (2xf*x + 2*%e) — f) + 6*(axb*c”™2xd*f + b~ 2xc*xd~2) * (f+x*
log(e™(f*x + e) + 1) + dilog(-e” (f*x + e)))/f73 + 6% (a*xb*xc™2xd*xf + b™2*xcxd”
2)* (fxxxlog(-e~(fxx + e) + 1) + dilog(e”(fxx + e)))/f73 + 3*(2xaxb*c*d™2xf
+ b72xd"3) * (£72*xx"2*log(e” (f*xx + e) + 1) + 2xf*xxdilog(-e~(f*x + e)) - 2*po
lylog(3, -e~(f*xx + e)))/f"4 + 3% (2*xaxbkxcxd"2*xf + b~2*xd”~3)*(£72*x"2x1log(-e"(
fxx + e) + 1) + 2xf*x*dilog(e”(f*x + e)) - 2*polylog(3, e~ (f*x + e)))/f"4 -

(axb*xd~3*f~4*x"4 + 2% (2xaxbxcxd™2*%f + b~2*%d"3)*f~3*x"3 + 6x(axb*c”2*xd*f~2
+ b7 2*xckd"2*xf ) xfT2xx72) /f74

mupad [F]  time = 0.00, size = -1, normalized size = -0.00
2
f(a + bcoth(e +fx)) (c+ dx)3dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x)) 2%(c + d*x)~3,x)
[Out] int((a + b*coth(e + f*x)) " 2*(c + d*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
2
f (a + b coth (e + fx)) (c+ dx)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(atb*coth(f*x+e))**2,x)

[Out] Integral((a + b*coth(e + f*x))**x2*(c + d*x)**3, x)
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343  [(c+dx)*(a+bcoth(e + fx))?dx

Optimal. Leaf size=209

a?(c +dx)® 2abd(c + dx)Li, (2¢*/¥)) 2ab(c + dx)?log (1 - €2/} 2gp(c + dx)> abd®Lis (e2+/9) 202d(,
3d f? ’ f T IS -

[Out] -b~2x(d*x+c)~2/f+1/3*%a"2x(d*x+c) ~3/d-2/3*axbx(d*x+c)~3/d+1/3*b~ 2% (d*x+c) "3/
d-b~2* (d*x+c) "2*coth (f*x+e) /f+2xb~2xd* (d*x+c) *1n (1-exp (2*fxx+2%e) ) /£~ 2+2%ax

b* (d*x+c) "2%1n(1-exp (2xf*x+2xe) ) /f+b"2xd"2*polylog (2, exp (2xf*x+2%e)) /£~ 3+2%
axbxd* (d*x+c)*polylog(2,exp (2*f*x+2%e)) /f"2-axbxd~2*polylog (3, exp (2*xf*x+2%e
))/£73

Rubi [A] time = 0.40, antiderivative size = 209, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 10, integrand size = 20,

number of rules _ ) 500, Rules used = {3722, 3716, 2190, 2531, 2282, 6589, 3720, 2279, 2391,

integrand size

32)

2abd(c + dx)PolyLog (2, e2ef x)) abd?PolyLog (3, e2(e+f x)) b?d*PolyLog (2, e2(etf x)) a2(c + dx)® 2ab(c +
Iz ) 7 ' 7 E
Antiderivative was successfully verified.

[In] Int[(c + dxx)~2x(a + bxCothl[e + fx*x])~2,x]

[Out] -((b™2%(c + d*x)~2)/f) + (a™2x(c + d*x)~3)/(3*d) - (2*axbx(c + d*x)~3)/(3*d
) + (b72%(c + d*x)~3)/(3xd) - (b72x(c + d*x)~2+Cothle + fxx])/f + (2%b~2%dx*

(c + d*x)*Log[l - E~(2%(e + £*x))])/£72 + (2*%axb*(c + d*x) 2xLogl[l - E~(2x(

e + £xx))])/f + (b™2xd"2+PolyLog[2, E"(2x(e + fxx))])/f73 + (2%axb*d*x(c + d
xx)*PolyLog[2, E"(2%(e + f*x))])/f72 - (axb*d"2xPolyLogl[3, E~(2x(e + f*x))]

)/£73

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(bx(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2190

Int [(CCF_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (bx(F~(gx(e + fx*x)))"n)/al)/(bxfxg*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n]l, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_))"(m_) /; FreeQl[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2391
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Int[Log[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_.)*(x_)))) " (n_)1*x((f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(cx(a + bxx
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) m*E~(2%(-(Ixe) + fxfzxx)))/(E~(2*%Ixk*xPi)*(1 + E~ (2% (-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] & Integ
erQ[4xk] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (@_)*(x))"(m_.)*((b_.)*tan[(e_.) + (f£_)*(x_)1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “m*(b*Tan[e + f*x])~(n - 1))/(fx(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b”™2, Int[(c + d*xx) m*(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3722

Int[((c_.) + (d_D)*(x))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_)*x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tanle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x) pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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f (c + dx)?(a + b coth(e + fx))>dx f (az(c + dx)? + 2ab(c + dx)? coth(e + fx) + b2(c + dx)? coth?(e + fx)) c

2 3
= (C;ddx—) + (2ab) f (c + dx)? coth(e + fx) dx + b f (c +dx)? coth’(e +
_ @(c+dx)®  2ab(c+dx)®  b*(c+dx)*coth(e + fx) (4ab) f et
T 34 3d f 1-¢

b?(c + dx)? . a’(c +dx)®  2ab(c + dx)? . b*(c +dx)®  b?(c + dx)? co

7 3d 3d 3d 7
b2(c +dx)?> a*(c+dx)® 2ab(c+dx)® b*(c+dx)® b?(c+ dx)?co
= — —+ —_ + —
7 3d 3d 3d 7
b2(c +dx)?> a*(c+dx)®> 2ab(c+dx)® b*(c+dx)® bP(c+ dx)?co
= — + — + —_
7 34 3d 3d 7
_ PPe+dx? . a*(c +dx)®  2ab(c +dx)® .\ b*(c +dx)®  b*(c +dx)*ca
- f 3d 3d 3d f

Mathematica [B] time = 10.33, size = 478, normalized size = 2.29

3dLiy (—e™~/*) (2acf +bd)  3dL
f .

1 2
S xesch(e) (3¢ + 3cdx + d222) (a? sinh(e) + 2ab cosh(e) + b sinh(e))+§b -

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2*x(a + b*Coth[e + f*x])~2,x]

[Out] (2xb*x((-6*cx(b*d + axc*f)*x)/((-1 + E7(2%e))*f) - (3xd*(bxd + 2¥akckf)*x"2)
/((-1 + E"(2%e))*f) - (2%a*d™2*x73)/(-1 + E7(2%e)) + (3*dx(bxd + 2¥a*xckf)*x
xLog[1l - E"(-e - f*x)])/f72 + (3*axd~2*x"2*Log[l - E~(-e - fxx)])/f + (3*dx*
(b*xd + 2*axcx*f)*x*Log[l + E~(-e - f*x)])/f"2 + (3*a*xd~2*x"2%Log[l + E~(-e -
fxx)])/f - (3xcx(bxd + axc*xf)*(f*x - Logl[l - E"(e + £*x)]))/f72 - (3*ck(bx*
d + axcxf)*(f*x - Log[l + E"(e + fxx)]))/f72 - (3*dx(bxd + 2*a*xcxf)*PolyLog
[2, -E"(-e - fxx)])/f73 - (3%d*(b*d + 2*axc*f)*PolyLogl[2, E"(-e - f*x)])/f~
3 - (6*axd~2*(f*x*PolyLog[2, -E~(-e - f*x)] + PolyLog[3, -E~(-e - fx*x)]))/f
~3 - (6*xaxd”"2x(f*x*PolyLog[2, E"(-e - f*x)] + PolyLogl[3, E~(-e - f*x)]))/f~
3))/3 + (x*¥(3*c™2 + 3*kcxd*x + d~2*xx"2)*Cschle] * (2*a*b*Cosh[e] + a~2*Sinh[e]
+ b~2xSinh[e]))/3 + (Csch[el*Cschle + f*x]*(b~2xc~2*Sinh[f*x] + 2%b~2xc*dx*
x*Sinh [f*x] + b™2%d"2*x"2*Sinh[f*x]))/f

fricas [C] time = 0.45, size = 1854, normalized size = 8.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(atb*coth(f*x+e)) 2,x, algorithm="fricas")

[Out] -1/3*%((a"2 - 2xa*xb + b~2)*d"2*f"3*x"3 + 3*x(a”2 - 2*a*b + b~2)*cxd*xf~3*x~2 -
4xaxbxd"2*xe”3 + 3*(a”2 - 2*axb + bT2)*cT2xf"3%x + 6+¥b72*xd"2*%e”2 — 6% (2xaxb
*C"2%e - bT2xc”T2)*xf72 - ((a”2 - 2*axb + bT2)*d"2*xf"3%x"3 - 4*axbkd"2*e”3 -
12*%axbxc™2%e*xf"2 + 6*%b72xd"2*%e”2 — 3% (2*%b"2+xd"2+%f"2 - (272 - 2*axb + b"2)*c
*d*f73)*x72 + 12*x(a*xbxcxd*e”™2 - b~ 2xckxd*e)*f - 3x(4*b”2xc*d*f~2 - (2”2 - 2%

axb + b72)kcT2xf"3)*x)*cosh(f*x + e)72 - 2x((a”2 - 2xaxb + b~2)*d"2*f"3*x~3

- 4*axbxd"2*e”3 - 12xaxb*c”2*e*xf”"2 + 6xbT2xd"2xe”2 - 3% (2*%b72xd"2*f"2 - (a

"2 - 2%axb + bT2)*ckxd*f"3)*x72 + 12*%(axbkckxd*xe”2 - bT2kckd*e)*f - 3x(4xb"2x
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cxd*f~2 - (2”2 - 2*a*xb + b~2)*c"2*%f"3)*x)*cosh(f*x + e)*sinh(f*xx + e) - ((a
"2 - 2%axb + bT2)*d"2*xf"3%x"3 - 4kaxbkd"2%e”3 — 12%axb*c 2*e*xf"2 + 6xb"2xd”
2%e”2 - 3*(2+%b72xd"2+%f72 - (272 - 2*axb + b72)*cxd*f”"3)*x"2 + 12*(axbxckd*e
"2 - bT2*ckdxe)*f — 3x(4xb72%ckd*f72 - (272 - 2*%axb + b72)*c”2*f”3)*x)*sinh
(f*x + e)72 + 12*x(axbxcxd*xe™2 - b7 2*ckd*e)*f + 6x(2xaxbxd~2xf*x + 2*axb*c*d
*f + b72xd72 - (2*axbxd"2*f*x + 2kaxbkckd*xf + b~2xd"2)*cosh(f*x + e)72 - 2%
(2%a*xb*xd"2*f*x + 2*axbkxckxd*xf + b~ 2+%d"2)*cosh(f*x + e)*sinh(f*x + e) - (2*ax*
bxd"2xf*x + 2*axbkxckd*f + b"2xd"2)*sinh(f*x + e) 2)*dilog(cosh(f*x + e) + s
inh(f*x + e)) + 6x(2%xaxbxd™2*f*xx + 2*axbkcxd*xf + b~2%d"2 - (2*axb*d~2xf*x +
2*axbkckd*f + bT2xd"2)*cosh(f*x + e)72 — 2x(2xaxbxd 2+xf*x + 2kaxbkxckxdxf +
b"2xd"2) *cosh(f*x + e)*sinh(f*x + e) — (2*xa*xb*d"2*f*x + 2*axbxcxd*xf + b~ 2*d
~2)*sinh(f*x + e)~2)*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 6x(axbxd~2*f~2
*x72 + axbxcT2*xf72 + b7 2xckd*f - (axbkdT2*xfT2*xx72 + axb*xc”2*%f"2 + bT2*ckd*f
+ (2*axbxcxd*f~2 + b72%d"2*f)*x)*cosh(f*x + )72 - 2% (a*xb*d"2*f"2*x~2 + ax
bxcT2*xf72 + b7 2kckd*f + (2*axbkxcxd*f~2 + b72+%d"2*f)*x)*cosh(f*x + e)*sinh(f
*x + e) - (axbxd™2*xf~2xx72 + axb*c”2*f72 + b7 2xcxd*f + (2*axbkckxd*f"2 + b72
*xd"2xf)*xx) *sinh (fxx + )72 + (2kaxb*cxd*f~2 + b~2xd"2xf)*x)*log(cosh(f*x +
e) + sinh(f*x + e) + 1) + 6*(a*xb*d™2*e”2 + a*bxc™2*xf"2 - b~2*xd"2*e - (a*b*d
“2%e72 + axbxcT2xfT2 - bT2x%d"2%e - (2*axbkxckdxe - b~ 2xcxd)*f)*cosh(f*x + e)
"2 - 2% (axbxd"2*e”2 + axb*c”2+xf72 - bT2xd"2xe - (2*axb*ckd*e - bT2*xcxd)*f)x*
cosh(f*x + e)*sinh(f*x + e) - (axb*d"2*xe”2 + axb*c™2%f"2 - b"2xd"2%xe - (2*a
xb*xckd*xe - b72*xcx*d)*f)*sinh(f*x + e)~2 - (2xa*bxc*d*e - b~2*c*d)*f)*log(cos
h(f*x + e) + sinh(f*x + e) - 1) + 6x(a*xb*d"2+xf"2*x"2 - a*b*xd"2*xe”2 + 2*axb*
ckdxexf + b72x%d"2*%e - (axbxd"2*xf~2*x”2 - axbxd"2*e”2 + 2*axbkckxdxexf + b~2x*
d"2*e + (2xaxbxcxd*f~2 + b~2*xd"2*f)*x)*cosh(f*x + e)72 - 2*(axbxd™2*xf " 2xx"2
- axbxd"2*e”2 + 2xaxbkckdxexf + bT2xd"2xe + (2xaxbkckd*f”2 + bT2xd"2*f)*x)
*cosh(f*x + e)*sinh(f*x + e) - (a*bxd™2*xf"2*x"2 — a*xb*d~2*e”2 + 2*a*b*xckxd*e
*f + b72xd"2*%e + (2xaxbxckd*f72 + bT2xd"2*xf)*x)*sinh(f*x + e)”2 + (2*%axbxcx
d*xf72 + b72xd"2xf)*x)*log(-cosh(f*x + e) - sinh(f*x + e) + 1) + 12%(axb*d™2
*cosh(f*x + e)72 + 2xaxbxd~2*cosh(f*x + e)*sinh(f*x + e) + a*b*d"2*sinh(f*x
+ e)72 - axb*d"2)*polylog(3, cosh(f*x + e) + sinh(f*xx + e)) + 12x(axb*xd~2x
cosh(f*xx + e)~2 + 2xaxbxd~2*cosh(f*x + e)*sinh(f*x + e) + a*bxd~2*sinh(fx*x
+ e)72 - axb*d”2)*polylog(3, -cosh(f*x + e) - sinh(f*x + e)))/(f"3*cosh(f*x
+ e)72 + 2xf"3*xcosh(f*x + e)*sinh(f*x + e) + f~3xsinh(f*x + e)~2 - £73)

giac [F] time = 0.00, size = 0, normalized size = 0.00
2
[ @+ (beoth (fx +¢) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2% (atb*coth(f*x+e)) 2,x, algorithm="giac")

[Out] integrate((d*x + c) 2*(b*coth(f*x + e) + a)”2, x)

maple [B] time = 0.59, size = 793, normalized size = 3.79

2bac?®In (ef“e - 1) 2bac?®In (ef“e + 1) 2b%cd In (ef“e - 1) 2b%cd In (efer

8bacdex
- " 4 VPcd x*+aPcd X+ + + +

f f f f? f?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2% (a+b*xcoth(f*x+e))”~2,x)

[Out] -8/fxb*akxckdxexx+b™2kcxd*x~2+a”~2xcxd*x~2+2/fxb*a*xc™2x1n(exp (f*x+e)-1)+2/f*Db
xaxc”2%1n (exp (f*x+e)+1)+2/f72%b" 2% c*kd*1n (exp (f*x+e)-1)+2/f"2%b"2xc*d*1n (exp
(f*x+e)+1)-4/f"3xb*axd~2*polylog(3,exp(f*x+e))-4/f"3*b*axd~2*polylog(3,-exp
(f*x+e))+2/£72%b~2*%d"2*1n (1-exp (f*x+e) ) *x+2/£"3%b~2*d"2*1n (1-exp (f*x+e) ) xe+
2/£72*%b72%d"2x1n (exp (f*x+e) +1) xx-2/£~3*b~2*d"2*e*1n(exp (f*xx+e)-1)+4/£~3*%b~2
xd"2*xex1n (exp (f*x+e) ) -4/f*bxa*xc”2x1n (exp (f*x+e) ) -4/f " 2xb~2*xcxd*1n (exp (f*x+e
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))+4/£72%b*x1n(1-exp (f*x+e) ) kaxc*d*e-4/f ~2*b*a*xckdxe*1ln(exp (f*xx+e)-1)+4/fxb*
In(1-exp(f*xx+e))*akcxd*xx+4/f*xbx1ln(exp (f*x+e)+1)xaxc*xd*x+8/f " 2*b*akxckd*e*1n (
exp (fxx+e))-2/fxb™ 2% (d"2%x"2+2xcxd*x+c”2) / (exp (2xf*x+2%e) -1)+1/3%a”2%d " 2*x"
3+1/3%b"2*%d"2%x"3+cT2%a " 2%x+Cc T 2xb " 2%x -2/ *xb"2%d"2*%x"2-2/£ "3*%b"2*d " 2%e"2+2/f
~3%b"2xd"2xpolylog(2,exp(f*x+e) ) +2/£ " 3*%b~2*d"2*polylog (2, -exp (f*x+e))-2/3*a
*b*xd~2%x7"3+2xCc " 2*kaxbxx-2%a*bkckxd*xx"2-4/f72xb"2%d"2%e*xx+8/3/f " 3*bxaxd"2%e”~ 3+
4/f"2xb*xaxd~2*e”2*x-4/f " 2xb*akxcxd*e”2+4/f " 2*xbxa*cxd*polylog(2,exp (f*x+e))+4
/£~ 2xb*axcxd*polylog(2,-exp(f*x+e))-2/f " 3*xb*a*xd 2*e”2%1n(1-exp (f*x+e))+2/f*
bxa*xd~2*1n(1-exp (f*x+e))*x"2+4/f " 2xb*axd~2*polylog(2,exp(f*x+e)) *x+2/f*b*xax
d~2*1n(exp (f*x+e)+1)*x"2+4/f " 2xb*axd~2*polylog(2, -exp (f*x+e) ) *x+2/f " 3*b*ax*d
~2%e”2x1n(exp (f*x+e)-1)-4/f"3*b*xaxd~2xe 2*x1ln(exp (f*x+e))

maxima [B] time = 0.48, size = 494, normalized size = 2.36
4b?cdx 2 abc? 10g (Sinh (fx + g)) 2b?%cd log (e( x+e) + 1) 2 b2cd log (e(fx+e) _ 1)

1
3 a2d?x3+a?cdx®+a®c?x— + + + 4

f f f? f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2x(atb*coth(f*x+e))”2,x, algorithm="maxima")

[Out] 1/3%a”2%d"2%x"3 + a”2%c*d*x"2 + a~2%c™2*%x - 4xb~2kcxd*x/f + 2xa*xbxc”2*xlog(s
inh(f*x + e))/f + 2xb~2xc*xd*xlog(e”(fxx + e) + 1)/£f72 + 2xb~2xc*xd*log(e” (f*x
+e) - 1)/£f72 + 2x(£72*%x"2*log(e” (f*x + e) + 1) + 2xfxx*kdilog(-e~(f*x + e)
) - 2*xpolylog(3, -e~(f*x + e)))*a*xbxd™2/f73 + 2x(£f72xx"2xlog(-e~ (f*x + e) +
1) + 2xfxx*dilog(e”(f*x + e)) - 2*polylog(3, e~ (f*x + e)))*a*xbxd"2/f73 - 1
/3% (6%b72*%c™2 + 3x(c72xf + 4*c*xd)*b"2*x + (2*axbxd"2xf + b72xd"2*f)*x"3 + 3
* (2xaxbkckd*f + (cxd*xf + 2%d72)*b"2)*x"2 — (3*b"2xc " 2xf*x*xe” (2*%e) + (2xaxbx
d"2xfxe” (2%e) + b72*%d"2xf*e” (2%e) ) *x"3 + 3x (2*axbkckdxf*re” (2*%e) + b 2xckxd*f
xe” (2%e) ) *x"2) ke~ (2xf*xx) )/ (f*xe” (2xf*x + 2*e) - ) + 2% (2*axbkckd*f + b~2xd~
2)* (f*xxlog(e”(f*x + e) + 1) + dilog(-e~(f*x + €)))/f"3 + 2x(2xa*bxckxd*f +
b~2*%d"2) x (f*x*log(-e~ (f*x + e) + 1) + dilog(e”(f*xx + e)))/f~3 - 2/3*(2*axbx
d"2*xf73*x"3 + 3*x(2xaxbkxckd*f + bT2xd"2)*f"2*xx72) /"3

mupad [F] time = 0.00, size = -1, normalized size = -0.00
2
f(a + bcoth(e +fx)) (c +dx)*dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x)) 2%(c + d*x)~2,x)
[Out] int((a + bxcoth(e + f*x)) 2*(c + d*x)~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + b coth (e + fx))2 (c+ dx)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*(atb*coth(f*x+e))**2,x)

[Out] Integral((a + bxcoth(e + f*x))**2*(c + d*x)**2, x)
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344  [(c+dx)(a+beoth(e + fx))* dx

Optimal. Leaf size=127

(c+dx)? 2ab(c+dx)log (1 - 2¢f) gh(c+dx)? abdLip (2/7) p2(c 1 dx)cothe + fx) , b2
+ - + - +b cx+—
2d f d f? f

[Out] b~ 2*c*xx+1/2%b72xd*x"2+1/2%a” 2% (d*x+c) ~2/d-a*xbx (d*x+c) ~2/d-b~2* (d*x+c)*coth(
fxx+e) /f+2%axbx (d*x+c) *1n(1l-exp (2*f*x+2%e)) /f+b~2*d*1n(sinh (f*x+e)) /£~ 2+ax*b
xd*polylog(2,exp (2xfxx+2%xe))/£72

Rubi [A] time = 0.18, antiderivative size = 127, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 7, integrand size = 18,
number of rules _ ),389, Rules used = {3722, 3716, 2190, 2279, 2391, 3720, 3475)

integrand size

abdPolyLog (2, e%¢*/) e+ dn? 2ab(c +dx)log (1 -2 ap(c +dx)? B2(c + dx) coth(e + fx) N
72 2d f d f

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + b*Coth[e + fxx])~2,x]

[Out] b~ 2*xc*x + (b™2%d*x"2)/2 + (a~2*%(c + d*x)~2)/(2%d) - (a*bx(c + d*x)~2)/d - (
b~2*(c + d*x)*Cothl[e + f*x])/f + (2*a*b*(c + d*x)*Log[l - E~(2x(e + f*x))])

/f + (b72+d*Log[Sinh[e + fx*x]])/f72 + (axb*d*PolyLog[2, E~(2x(e + f*x))])/f

-2

Rule 2190

Int [(C(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[1l + (bx(F~(gx(e + fx*x)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + dxx))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Logl[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
xx], x11/d, x] /; FreeQ[{c, d}, x]

Rule 3716

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~ (2% (-(I*e) + fxfzxx)))/(E~(2xI*k*xPi)*(1 + E~(2*x(-(I*
e) + f*xfzxx))/E~(2xIxkxPi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 3720
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Int[((c_.) + (@_)*(x))"(m_.)*((b_.)*tan[(e_.) + (f_)*(x_)1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “m*(b*Tan[e + f*x])~(n - 1))/(fx(n - 1)), x] + (-Di
st[(bxd*m)/(f*(n - 1)), Int[(c + d*x)~(m - 1)*(b*Tan[e + f*x])~(n - 1), x],
x] - Dist[b”™2, Int[(c + d*xx) m*(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3722
Int[((c_.) + (d_)*(x_)) " (m_.)*x((a_) + (b_.)*tanl(e_.) + (f{_)*(x_)]1)"(n_.)

, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rubi steps

f(c + dx)(a + bcoth(e + fx))?>dx = f (az(c + dx) + 2ab(c + dx) coth(e + fx) + b2(c + dx) coth®(e + fx)) dx

2 dx)?
= % +@ab) [ (¢ +dx)cothie + fx)dx + 82 [ (¢ +dv) coth®(e +
B a?(c + dx)? ~ ab(c + dx)? ~ b?(c + dx) coth(e + fx) _ (4ab) f 2+ +
Y d f 1_ 2+ f

a®(c +dx)® ab(c+dx)®> b*(c+dx)coth(e + fx) . 2a
2d d 7

1
= b%cx + Ebzdxz +

a*(c +dx)> ab(c+dx)>  b*(c +dx) coth(e + fx) . 20

1
= bcx + Ebzdx2 +

24 a 7
 PRera lbzdxz . a?(c + dx)? _ab(c + dx)? ~ b%(c + dx) coth(e + fx) N %
2 24 q 7

Mathematica [A] time = 1.98, size = 192, normalized size = 1.51

sinh(e + fx)(a + bcoth(e + fx))? (sinh(e + fx) (— ((e + fx) (az(—2cf +de — dfx) — 2abd(e + fx) + b*(—2cf +a

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*(a + bxCoth[e + f*x])~2,x]

[Out] ((a + b*Cothl[e + f*x]) 2xSinh[e + f*xx]*(-2*xb~2*f*x(c + d*x)*Coshl[e + f*x] +
(-((e + f*x)*(-2%a*xbxd*(e + f*x) + a~2*x(d*e - 2xc*xf - d*fxx) + b~ 2%(d*e - 2

xcxf - dxfxx))) + 4xaxbxd*x(e + f*x)*Log[l - E~(-2x(e + f*x))] + 2*b*x(bxd -
2xaxd*e + 2*xaxc*f)*Log[Sinh[e + fxx]])*Sinh[e + f*x] - 2%a*bxd*PolylLog[2, E
~(-2%(e + f*x))]*Sinh[e + f*x]))/(2%f"2*(b*Cosh[e + f*x] + a*Sinh[e + fx*x])

~2)

fricas [B] time = 0.44, size = 851, normalized size = 6.70

(a2 —2ab+ 1?)df2x? + 4 abde? + 2 (a - 2ab + b?)cf2x — 4 b2de — ((a? - 2 ab + b)d f2x? + 4 abde? — 8 abcef

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/2*%((a"2 - 2*xa*xb + b~2)*d*xf~2*%xx"2 + 4xaxbxd*xe”2 + 2x(a”2 - 2*axb + b~2)*c
*f72%x - 4%b"2%dxe - ((a”2 - 2%a*xb + bT2)*xd*f"2*x"2 + 4dxaxbxdkxe”2 - Sxaxbxc
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xexf - 4xb72xd*e — 2x(2xb72xd*xf - (a2 - 2*axb + b~2)*c*kf"2)*x)*cosh(f*x +

e)”2 - 2x((a”2 - 2*xaxb + b"2)*d*f"2*x"2 + 4d*xaxbxdxe”2 - 8Skxaxbkckexf - 4*xb"2
*dxe - 2% (2xb"2xd*xf - (2”2 - 2*axb + b72)*cxf~2)*x)*cosh(f*x + e)*sinh(f*x

+ e) - ((a”2 - 2%axb + b™2)*xd*xf "2*x"2 + 4*xaxbxd*e”2 - 8Skaxbxckexf - 4xb~2xd
xe — 2% (2*xb72xd*xf - (a”2 - 2%axb + b72)*kcxfT2)*x)*sinh(f*x + e)72 - 4x(2*xax
bxckxe — b~2xc)*f - 4*(axbkd*cosh(f*x + e)”2 + 2*a*xbkd*cosh(f*x + e)*sinh(f*
X + e) + axbxd*sinh(f*x + e)72 - axb*d)*dilog(cosh(f*x + e) + sinh(f*x + e)
) - 4x(axbxd*xcosh(f*x + e)~2 + 2xaxbkd*xcosh(f*x + e)*sinh(f*x + e) + axb*dx*
sinh(f*x + e)72 - axb*xd)*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 2x(2%axbxd
*f*xx + kaxbkcxf + b72xd - (2*axb*xd*f*x + 2xaxbxcxf + b~2+d)*cosh(f*x + e)”
2 - 2% (2*axbxdxf*xx + 2xaxbkcxf + b~2*xd)*cosh(f*x + e)*sinh(f*x + e) - (2*xax
bxd*fxx + 2%a*xbxc*f + b72xd)*sinh(f*x + e) 2)*log(cosh(f*x + e) + sinh(f*x

+ e) + 1) - 2x(2*xaxbxd*xe - 2*axb*cxf - b~2xd - (2xa*bk*dxe - 2*axbkcxf - b2
*d)*cosh(f*x + e)72 - 2x(2*axb*d*e - 2*axbxcxf - b~2*d)*cosh(f*x + e)*sinh(
fxx + e) - (2%axbxd*e - 2%axbkxcxf - b~2*d)*sinh(f*x + e)~2)*log(cosh(f*x +

e) + sinh(f*x + e) - 1) + 4x(axb*d*f*x + axbxdxe - (axb*xd*f*x + axbkxd*xe)*co
sh(f*x + e)72 - 2x(axbxd*f*x + a*bkd*e)*cosh(f*x + e)*sinh(f*x + e) - (axbx
dxfxx + axbkdxe)*sinh(f*x + e)~2)*log(-cosh(f*x + e) - sinh(f*x + e) + 1))/
(f"2*%cosh(f*x + e)72 + 2xf " 2*cosh(f*x + e)*sinh(f*x + e) + f 2*xsinh(f*x + e
)72 - £72)

giac [F] time = 0.00, size = 0, normalized size = 0.00
2
f(dx + c)(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*xcoth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)*(b*coth(f*x + e) + a)~2, x)

maple [B] time = 0.52, size = 318, normalized size = 2.50

a2d x2 24 2 202 (dx +¢) 2b*dIn (ef“e) b’dIn (ef“e - 1) b*dIn (ef“e

b-d x
—abd x*+ +acx+2cabx+b%cx— + +

2 2 f (e2fx+2e _ 1) f2 f2 fz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(a+b*coth(f*x+e))~2,x)

[Out] 1/2%a”2*d*x~2-axb*d*x~2+1/2%b72xd*x~2+a” 2% Cc*kx+2*ckaxb*x+b ™ 2kcxx-2/f b2 (d*
x+c) / (exp(2xf*x+2%e)-1)-2/f"2%b~2*d*1n (exp (f*x+e) ) +1/£~2*%b~2*d*1n (exp (f*x+e
)-1)+1/£72%b~2*d*1n (exp (f*x+e)+1)+2/f*bxa*xcx1ln(exp (f*x+e)+1)-4/f*b*a*xc*x1ln(e

xp (f*x+e) ) +2/f*xb*axc*1n(exp (f*xx+e)-1)+4/f " 2*bxd*a*ex1ln (exp (f*x+e) ) -2/f " 2*xb*
dxa*xexln(exp(f*x+e)-1)+2/f*bx1n(1-exp (f*x+e))*axd*x+2/f " 2xb*1n(1-exp (f*x+e)

) *axd*e+2/f*bx1n(exp (f*x+e)+1) xa*xd*x—4/f*xb*axdxe*xx—2/f " 2xb*xaxd*e”~2+2/f " 2xbx*
dxa*polylog(2,-exp(f*x+e))+2/f " 2xbxd*a*polylog(2,exp(f*x+e))

maxima [A] time = 0.50, size = 244, normalized size = 1.92
2024y 2abclog (sinh (fx n e)) 2 (fx log (e(f“e) + 1) +Li, (—e(fx+e)))abd 2 (f

1
5 a?dx?=2 abdx*+a?cx— + + +

f f f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/2%a”2*d*x~2 - 2%a*xbxd*x~2 + a~2*c*x - 2xb~2xd*x/f + 2*axbkxcxlog(sinh (f*x
+ e))/f + 2x(fxx*xlog(e”(f*x + e) + 1) + dilog(-e~(fxx + e)))*axbxd/f72 + 2%
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(f*x*xlog(-e~(f*x + e) + 1) + dilog(e~(f*x + e)))*axb*xd/f~2 + b~2*xdxlog(e” (f
xx + e) + 1)/£72 + b"2*xd*log(e”(fxx + e) - 1)/£72 - 1/2*%(2*x(c*xf + 2xd)*xb~2x%
X + 4%b72xc + (2%axbxd*xf + bT2xdxf)*x72 - (2xb"2kckf*x*xe”(2xe) + (2xaxbxdxf
xe~ (2%e) + b72xdxf*xe” (2xe) ) *xx"2) *e” (2xf*xx))/(f*xe~ (2xf*x + 2%e) - f)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

[ (a+beoth e+ fx))" (c+dx) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + fx*xx)) 2%(c + d*x),x)
[Out] int((a + bxcoth(e + f*x)) 2*(c + d*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

[ (a+beoth (e + f2))° ¢ + ) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*xcoth(f*x+e))**2,x)

[Out] Integral((a + bxcoth(e + f*x))**x2*x(c + d*x), x)
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3.45

Optimal. Leaf size=23

f (a+D coth(e+fx))? dx

c+dx

Int ((a + beoth(e + fx))z,x)
c+dx

[Out] Unintegrable((atbxcoth(f*x+e)) 2/ (d*x+c),x)

Rubi [A] time = 0.06, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0.000, Rules used = {}

f (a + bcoth(e + fx))? "

c+dx

Verification is Not applicable to the result.
[In] Int[(a + b*Cothl[e + fx*x])~2/(c + d*x),x]
[Out] Defer[Int][(a + b*Coth[e + f*x])~"2/(c + d*x), x]

Rubi steps

f (a + beoth(e + fx))? e —

c+dx B

f (a + beoth(e + fx))? i

c+dx

Mathematica [A] time = 45.49, size = 0, normalized size = 0.00

f (a + beoth(e + fx))? i
c+dx

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + fx*x])~2/(c + d*x),x]
[Out] Integratel[(a + b*Coth[e + fx*x])~2/(c + d*x), x]

fricas [A] time = 0.41, size = 0, normalized size = 0.00

bzcoth( x+e)2+2abc0th(fx+e) + a?

integral ;X
& dx +c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*xx+e)) 2/(d*x+c),x, algorithm="fricas")

[Out] integral((b~2*coth(f*x + e)~2 + 2*axb*xcoth(f*x + e) + a”2)/(d*x + c), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

dx

f (bcoth (fx + e) + a)2

dx +c¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/(d*x+c),x, algorithm="giac")

[Out] integrate((b*coth(f*x + e) + a)~2/(d*x + c), x)
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maple [A] time = 1.06, size = 0, normalized size = 0.00

j4a+baxhgx+4fdx

dx +c
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e)) "2/ (d*x+c),x)
[Out] int((a+b*coth(f*x+e)) 2/ (d*x+c),x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

azlog(dx+c)+ 2 b? +(2ab+b2) log(dx+c)_f

2abdfx +

d dfx+cf — (dfxe(ze) + cfe(ze))e(zfx) d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/ (d*x+c),x, algorithm="maxima"

2 fx2 + 2cdfx + 2f + (d2f

[Out] a~2*log(d*x + c)/d + 2*¥b~2/(d*f*x + c*xf - (d*fxx*e”(2%e) + cxfxe”(2*e))*e”(

2xfxx)) + (2%axb + b~2)*xlog(d*x + c)/d - integrate((2xa*bxd*f*x + 2*xaxbkcxf
- b72*%d) /(d72xf*x"2 + 2kckd*f*x + c72xf + (d72*xf*x"2%e"e + 2*xckxdxfrx*xe"e +
c"2xf*xe"e)xe” (f*x)), x) + integrate(-(2%axbxd*f*x + 2xaxbxc*xf - b~2xd)/(d~
2+%f*xx72 4+ 2kckdxfxx + c72%f - (d72*%f*kx"2*%e"e + 2xckd*xfrx*e”e + cT2xf*xe"e)*e

“(f*x)), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

dx

f (a + bcoth (e + fx))2

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x))~2/(c + d*x),x)
[Out] int((a + b*coth(e + f*x))"2/(c + d*x), x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

dx

f@wmuﬁﬂy

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atbxcoth(f*x+e))**2/(d*x+c),x)

[Out] Integral((a + b*coth(e + f*x))**2/(c + d*x), x)



187

2
3.46 f (a+b coth(e+fx)) dx

(c+dx)?

Optimal. Leaf size=23

. (a + bcoth(e + fx))?
( (c + dx)? ’ x)

[Out] Unintegrable((atb*coth(f*x+e)) 2/ (d*x+c)”2,x)

Rubi [A] time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size

0.000, Rules used = {}

f (a + bcoth(e + fx))? i

(c + dx)?

Verification is Not applicable to the result.
[In] Int[(a + b*Cothl[e + f*x])~2/(c + d*x)~2,x]
[Out] Defer[Int] [(a + b*Cothl[e + f*x])~2/(c + d*x)~2, x]

Rubi steps

(a+bcoth(e+ fx))>  (a+bcoth(e + fx))*
(c + dx)? ax = f (c + dx)? ax

Mathematica [A] time = 32.09, size = 0, normalized size = 0.00

f (a + bcoth(e + fx))? i

(c + dx)?

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x)~2,x]
[Out] Integratel[(a + bxCothl[e + f*x])72/(c + dxx)~2, x]

fricas [A] time = 0.43, size = 0, normalized size = 0.00

bzcoth(fx+e)2 +2abcoth(fx+e) +a?

integral ,X
& d?x2 + 2 cdx + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/(d*x+c)~2,x, algorithm="fricas")
[Out] integral((b~2*coth(f*x + e)~2 + 2*axb*coth(f*x + e) + a~2)/(d"2*x"2 + 2x*c*d

*x + ¢72), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

f (bcoth (fx + e) + a)2 0

(dx + c)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/(d*x+c)~2,x, algorithm="giac")
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[Out] integrate((b*coth(f*x + e) + a)~2/(d*x + c)~2, x)

maple [A] time = 1.29, size = 0, normalized size = 0.00

dx

f (a + bcoth (fx + e))2

(dx + ¢)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcoth(f*x+e)) "2/ (d*x+c)"2,x)
[Out] int((a+b*coth(f*xx+e)) 2/ (d*x+c)"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

2 2abef +(cf ~2d)0? + (2abdf + B )x — (2abefe@O + bcfed + (2abdfe) + 12 fe@9)x)el2
d2x + cd Bfx2+2cd?fx + c2df - (d3fxze(2€) +2cd? fxel2e) + czdfe(ze))e(zfx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/(d*x+c)”2,x, algorithm="maxima"

[Out] -a~2/(d"2*x + c*d) - (2*axbkcxf + (cxf — 2xd)*b"2 + (2*axbxd*xf + b~ 2xd*f)*x
- (2*axbxcxfxe~(2xe) + b 2kc*xf*e” (2*xe) + (2xaxbxd*fxe”(2%e) + b~ 2xdxf*xe”™ (2

xe) ) xx)*e” (2%f*x) ) /(A7 3*xf*x"2 + 2*ckxd"2*f*x + c72xd*xf - (d73kf*x"2%e” (2%*e)
+ 2%ckxd"2*xfxx*xe” (2%xe) + cT2xdxfxe” (2%e))*e” (2xf*x)) - integrate (2 (axb*xd*xf*
X + axbxcxf - b72+d) /(A7 3*f*x"3 + 3kcxd"2*xf*x"2 + 3BkcT2xd*fxx + ¢”3*%f + (4”7
3kf*x"3*%ke"e + 3kckd"2*xf*x"2%e"e + 3kcT2xdxfrxxe"e + ¢ 3kf*ke”e)*e”(f*x)), x)

+ integrate (-2*(axbkd*xf*x + axbkxcxf - b7™2%d)/(d"3*f*x"3 + 3kckd™2xf*x"2 +
3kc"2*xdxfxx + c73%f - (d73*f*x"3*ke"e + 3kckd"2xf*xx"2*%e"e + 3xcT2xdxfrx*e”e

+ c73xfxe"e)*xe” (f*x)), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

f (a + bcoth (e + fx))2 i

(c +dx)*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x))~2/(c + d*x)~2,x)
[Out] int((a + bxcoth(e + f*x))~2/(c + d*x)"2, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

f (a + bcoth (e + fx))2 0

(c+ t;lx)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))**2/(d*x+c)**2,x)

[Out] Integral((a + bxcoth(e + fx*x))**2/(c + d*x)**2, x)
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347  [(c+dx)®(a + beoth(e + fx))* dx

Optimal. Leaf size=556

a3(c +dx)t 9a2bd2(c + dx)Lis (2¢+/0))  9a2bd(c + dx)?Liy (2¢+/9))  3a?b(c + dx)® log (1 - 2¢+/9) 342

4d 213 2f2 f

[Out] -3/2%b~3%d* (d*x+c) ~2/f72-3*a*xb”™ 2% (d*x+c) "3/f+1/2*%b"3* (d*x+c) "3/f+1/4*a”3*(d
*xx+c) "4/d-3/4%a”2xb* (d*xx+c) “4/d+3/4*xaxb~2* (d*x+c) “4/d-1/4xb~3* (d*x+c) “4/d-3
/2%b~3*d* (d*x+c) “2xcoth(f*x+e) /£72-3*a*xb~2x (d*x+c) “3xcoth (f*x+e) /f-1/2%b~ 3%
(d*x+c) "3*coth(f*x+e) "2/f+3*%b~3%d"2* (d*x+c) *1n (1-exp (2xf*x+2xe) ) /£~ 3+9*a*xb™
2xd* (d*x+c) "2%1n(1-exp (2xf*x+2xe) ) /£~2+3*a”2xb* (d*x+c) “3*1n (1-exp (2*xf*x+2%*e
)) /£+b7 3% (d*x+c) “3*1n(1-exp (2xf*x+2%e)) /£+3/2%b"3*xd"3*polylog(2, exp (2xf*x+2
xe) ) /£74+9xa*xb”2+d"2x (d*x+c) *polylog (2, exp (2xf*xx+2xe) ) /£~3+9/2*a”~2*b*xd* (d*x
+c) "2*xpolylog(2,exp (2xf*x+2xe)) /£72+3/2*b~3*d* (d*x+c) "2*polylog(2, exp (2xf*x
+2xe)) /£72-9/2*a*xb~2xd"3*polylog (3, exp (2xf*x+2%e)) /£~4-9/2%a”~2xb*d~2* (d*x+c
)*polylog(3,exp (2*f*x+2%e)) /£73-3/2%b~3%d~2* (d*x+c) *polylog (3, exp (2*f*x+2%e
))/£73+9/4%a~2*%bxd"~3*polylog (4, exp (2xf*x+2xe)) /f~4+3/4*%b~3*d"3*polylog(4,ex
p(2*xfxx+2%e)) /f74

Rubi [A] time = 1.05, antiderivative size = 556, normalized size of antiderivative
= 1.00, number of steps used = 28, number of rules used = 11, integrand size = 20,

number of rules _ ) 550, Rules used = {3722, 3716, 2190, 2531, 6609, 2282, 6589, 3720, 32,

integrand size

2279, 2391}

9a2bd?(c + dx)PolyLog (3, e2(e+f X)) 9a2bd(c + dx)*PolyLog (2, e2(etf X)) 9a2bd*PolyLog (4, e2etf x)) 9a
B 27 " 272 " 4% T

Antiderivative was successfully verified.
[In] Int[(c + d*x)"3*(a + bxCoth[e + f*x])~3,x]

[Out] (-3*%b7~3*d*x(c + d*x)~2)/(2%xf72) - (3*%axb™2*(c + d*x)~3)/f + (b"3*(c + d*x)~3
)/ (2xf) + (a”3x(c + d*x)74)/(4*xd) - (3*a”2*xbx(c + d*x)"4)/(4*d) + (3*a*xb”~2x%
(c + d*x)74)/(4xd) - (b~3*%(c + d*x)~4)/(4+d) - (3xb~3*d*(c + d*x) 2*Cothle
+ £xx])/(2%£72) - (3xaxb”2*(c + d*x)~3*Cothl[e + f*x])/f - (b~3x(c + d*x) 3%
Cothle + f*x]72)/(2%f) + (3*b~3*d"2*x(c + d*x)*Logl[l - E~(2x(e + f*x))])/£f"3
+ (9xaxb”2xd*(c + d*x) "2xLog[l - E7(2x(e + fxx))])/f72 + (3*a"2*b*x(c + d*x
)~3xLog[1l - ET(2x(e + f*xx))])/f + (b™3*(c + d*x) 3*xLog[l - E"(2x(e + f*x))]
)/f + (3*%b~3%d"3*PolyLog[2, E~(2x(e + fx*x))])/(2*%f74) + (9*axb~2xd"2*(c + d
*xx)*PolyLog[2, E~(2x(e + f*x))])/f73 + (9*a~2xbxd*(c + d*x) 2*PolyLog[2, E~
(2x(e + £xx))])/(2x£72) + (3*%b"3*d*(c + d+*x) "2+PolyLog[2, E"(2%x(e + f*x))])
/(2%£72) - (9%a*b~2xd"3*PolyLogl[3, E~(2%(e + fx*x))])/(2*%f74) - (9*a~2%b*xd~2
x(c + dxx)*PolyLogl[3, ET(2x(e + fxx))])/(2%£f73) - (3*%b"3*d"2x(c + d*x)*Poly
Log[3, ET(2x(e + £*xx))])/(2%£73) + (9*xa~2xb*d~3xPolyLogl[4, E~(2x(e + fx*x))]
)/ (4x£74) + (3*%b~3*d"3*PolyLogl[4, E~(2%(e + fx*x))])/(4*xf~4)

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2190

Int [(CF_)"((g_)*x((e_.) + (£_)*(x_))) " (n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]
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Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2391

Int[Logl[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2531

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(ex(F~(c*(a + b*x
)))7n) 1)/ (bxc*xn*Log[F]), x] + Dist[(gxm)/(bxc*nxLog[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
Ox(x_)], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) m*E~(2%(-(Ixe) + fxfzxx)))/(E~(2*%Ixk*xPi)*(1 + E~ (2% (-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] & Integ
erQ[4xk] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (@_)*(x))"(m_.)*((b_.)*tan[(e_.) + (f£_)*(x_)1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “m*(b*Tan[e + f*x])~(n - 1))/(fx(n - 1)), x] + (-Di
st[(bxd*m)/(f*(n - 1)), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])~(n - 1), x],
x] - Dist[b”2, Int[(c + d*xx) m*(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3722

Int[((c_.) + (d_D)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (f_)*x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tanle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 6589

Int [PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)“pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6609

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)¥(x )))) " (p_.)]1, x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*x(F~(cx(a
+ b*x)))"pl)/ (bxcxpxLog[F]), x] - Dist[(f*m)/(bxcxp*Log[F]), Int[(e + f*x)~
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(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rubi steps

f (c + dx)3(a + bcoth(e + fx))? dx = f (a3(c + dx)® + 3a2b(c + dx)* coth(e + fx) + 3ab?(c + dx)® coth®(e +

a3(c + dx)*

-2 4 (3a%) f (c + dx)? coth(e + fx)dx + (3ab?) f (c+dx)3

4d

a(c+dx)t  3a’b(c+dx)*  3ab’(c +dx)’coth(e + fx) b(c+dx)

4d 4d f

_ Bab?(c + dx)® s a(c +dx)*  3a’b(c +dx)* .\ 3ab*(c +dx)*  b(c

7 4d 4d 4d

z

3b3%d(c + dx)*>  3ab?*(c + dx)3 . b3(c + dx)3 . a3(c +dx)*  3a’b(c

2f2 ¥ 2f 4d

4

2f2 7 2f 4d

_3b%d(c +dx)*  3Bab*(c +dx)’ .\ b3(c + dx)3 s a(c +dx)*  3a’b(c-

4

_3b%d(c +dx)*  Bab*(c +dx)’ .\ b3(c + dx)3 s a(c +dx)*  3a’b(c-

2f2 ¥ 2f 4d

4

3b3%d(c + dx)*>  3ab?*(c + dx)3 . b3(c + dx)3 . a3(c +dx)*  3a’b(c

2f2 7 2f 4d

4

3b%d(c +dx)*  Bab*(c +dx)® .\ b3(c + dx)3 . a(c +dx)*  3a’b(c-

22 ¥ 2f 4d

Mathematica [B] time = 14.52, size = 2043, normalized size = 3.67

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3*(a + b*Cothl[e + f*x])~3,x]

4

[Out] ((-(b"3%c”3) - 3*b~3*xc™2*xd*x - 3*b " 3*c*xd " 2*x"2 - b~3*xd"3*x"3)*Cschle + f*x]

72)/(2%f) - (b*E™(2%e)*(24*b~2xcxd~2*x + 72kaxbxc 2kd*xf*x + 24xa~2*c”3xf72x
X + 8%bT2xcT3*f72%x + 12%b72x%d"3%x72 + 72xaxbkcxd 2xfxx"2 + 36%a”2xc”2xdxf”
2%x72 + 12%b72%cT2*xd*xf72%x72 + 24*axbxd"3xf*x"3 + 24%a”2%ckd"2xf72%xx”3 + 8%
bT2%ckd"2*%f72%x73 + 6%a”2%d"3*f72%xx"4 + 2%b72%xd"3*f"2%x"4 - 36*axbxc”2*d*Lo
gll - E7(2%(e + f*x))] + (36%a*xbxc”2*xd*xLog[l - E~(2x(e + fxx))])/E~(2%e) -
(12xb~2*xc*xd"2xLog[1 - E~(2x(e + fxx))])/f + (12%b~2*cxd"2*xLog[l - E~(2x(e +
£xx))]1)/(E"(2%e)*f) - 12xa~2*xc™3*xfxLog[l - ET(2x(e + f*x))] - 4*b72xc 3*f*
Log[l - E7(2x(e + f*x))] + (12xa"2xc”3xfxLog[l - E~(2*(e + f*x))])/E~(2x%e)
+ (4xb~2xc"3*xfxLog[l - E7(2x(e + fxx))])/E~(2%e) - T2*axbxc*d 2*x*Logl[l - E
“(2x(e + f£xx))] + (72*xaxbkxcxd~2*xx*Log[l - E~(2x(e + f*x))])/E~(2%xe) - (12%Db
~2%d"3*x*Log[l - E7(2x(e + f*x))])/f + (12%b"2xd"3*x*Log[l - E~(2*(e + f*x)
)1)/(E”(2xe)*xf) - 36*%a~2*xc™2*dxfxx*Log[l - E7(2%(e + f*x))] - 12*¥b"2%c™2xd*
fxxxLogl[l - ET(2x(e + f*xx))] + (36*a~2xc”2xd*xf*x*Log[l - E~(2*(e + f*x))])/
E7(2%e) + (12%b~2*c™2*xd*fxx*Logl[l - E7(2*%(e + f*x))])/E~(2%e) - 36%a*xbxd~3*
x"2*xLog[l - E7(2%(e + f*x))] + (36%a*bxd~3*x"2*Log[l - E~(2x(e + f*x))])/E~
(2%e) - 36%a~2kxcxd"2xf*x"2xLog[l - E7(2%(e + f*x))] - 12%b72xc*d~2*f*x"2*Lo
gll - E7(2%(e + f*x))] + (36%xa~2xcxd"2xf*x"2xLog[l - E~(2x(e + fxx))])/E~(2
xe) + (124b~2xcxd™2*f*x"2xLogl[l - E~(2x(e + £*x))])/E~(2%e) - 12%a”2%d~3xf*
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x"3*Log[l - E7(2%(e + f*x))] - 4xb~2xd"3*f*x"3*xLog[l - E~(2x(e + f*xx))] + (
12%a~2xd"3*f*x"3xLog[1l - ET(2x(e + fxx))])/E~(2*%e) + (4*b~2*xd~3xf*x"3*Logl[1
- E7(2%(e + £*x))])/E"(2%xe) - (6*%d*x(-1 + E~(2%e))*(6*xaxb*xdxf*x(c + d*x) + 3
*¥a"2xf 2% (c + d*x)72 + b72%(d72 + cT2%f72 + 2kckdxfT2*xx + d72xfT2*x72)) *Pol
yLog[2, E"(2x(e + £*xx))])/(E~(2%e)*£72) + (6*%d"2%(-1 + E~(2%e))*(3*%axb*xd +
3xa”2xfx(c + dxx) + b7 2*f*x(c + d*x))*PolyLogl[3, E~(2x(e + f*x))])/(E~(2xe)*
£72) - (9*a"2+d"3xPolyLogl[4, E~(2x(e + fx*x))])/f"2 - (3*b~2*d"3*PolyLogl[4,
ET(2x(e + fxx))])/£f72 + (9%a~2+d"3*PolyLog[4, E~(2%(e + f*x))])/(E™(2%e)*f"
2) + (3*xb~2*xd"3*PolyLogl[4, E~(2x(e + f*xx))])/(E"(2%xe)*£72)))/(4*x(-1 + E~(2x%
e))*f72) + (B*x"2x(-(a~3*c72%d) + 3*a " 2*bxcT2xd - 3*xaxb”2*c”2*d + b~ 3*xc"2*d
+ a~3*xc”"2*xd*Cosh[2xe] + 3*a~2*b*c”2*d*Cosh[2*xe] + 3*axb~2*c”2*xd*Cosh[2*e]
+ b73*xc"2*d*Cosh[2*xe] + a~3*c”2*d*Sinh[2*e] + 3*a~2*b*c”2*d*Sinh[2*e] + 3*a
*b"2%c”2*%d*Sinh [2*e] + b~ 3*c”2*d*Sinh[2*e]))/(2*x(-1 + Cosh[2*e] + Sinh[2x*e]
)) + (x73*%(-(a"3*c*kd”2) + 3*xa"2%b*c*d”2 - 3*axb"2xcxd"2 + b73*c*d”2 + a”3x*c
*d"2*Cosh[2*e] + 3*a~2xb*c*d”2*Cosh[2*e] + 3*axb~2*c*d”2*Cosh[2*e] + b~ 3*cx
d"2*Cosh[2*e] + a~3*c*d"2*Sinh[2*e] + 3*a~2xb*c*d~2*Sinh[2*e] + 3*axb~2*c*d
~2%Sinh[2*e] + b~ 3*c*xd"2*Sinh[2*e]))/(-1 + Cosh[2*e] + Sinh[2*e]) + (x74x*(-
(a™3%d"3) + 3*%a"2%bxd"3 - 3*axb~2*%d"3 + b"3*xd"3 + a~3*d"3*Cosh[2*e] + 3*a~2
*b*d~3*Cosh[2*e] + 3*axb~2*%d~3*Cosh[2*e] + b~3*d~3*Cosh[2*e] + a~3*d~3*Sinh
[2%e] + 3*a~2xbxd~3*Sinh[2*e] + 3*a*b~2*d"3*Sinh[2*e] + b~3*d"3*Sinh[2*e]))
/(4x(-1 + Cosh[2*e] + Sinh[2*e])) + x*(a”3*%c~3 + 3*a*xb”™2*xc”3 + (3*a”~2xb*c”3
)/ (-1 + Cosh[2*e] + Sinh[2*e]) + (3*a~2*b*c”3*Cosh[2*e] + 3*a~2*b*c”~3*Sinh|[
2%e]) /(-1 + Cosh[2*e] + Sinh[2*e]) + (2*b~3*c~3*Cosh[2*e] + 2%b~3*c~3*Sinh|[
2xe])/((-1 + Cosh[2*e] + Sinh[2*e])*(1 + Cosh[2*e] + Cosh[4*e] + Sinh[2x*e]
+ Sinh[4*e])) + (2%¥b~3*c~3*Cosh[4*e] + 2*xb~3*xc~3*Sinh[4*e])/((-1 + Cosh[2*e
] + Sinh[2*e])*(1 + Cosh[2*e] + Cosh[4*e] + Sinh[2*e] + Sinh[4*e])) + (b~ 3%
c”3)/(-1 + Cosh[6*xe] + Sinh[6*e]) + (b~ 3*c”3*Cosh[6*e] + b~ 3*c~3*Sinh[6%*e])
/(-1 + Cosh[6*e] + Sinh[6%*e])) + (3*Cschl[e]l*Cschl[e + fx*xx]*(b~3*c~2*xd*Sinh[f
*x] + 2%axb"2%c”3xf*Sinh[f*x] + 2*b"3xc*d”2*x*Sinh[f*x] + 6*axb™2*c”2xd*f*x
*Sinh [f*x] + b™3*d"3*x”"2*Sinh[f*x] + 6*axb™2¥xckxd™2*f*x~2*Sinh[f*x] + 2*axb”
2+%d"3*f*x"3*Sinh [f*x]) )/ (2%£72)

fricas [C] time = 0.66, size = 11137, normalized size = 20.03

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e)) 3,x, algorithm="fricas")

[Out] 1/4*%((a”3 - 3*a”2xb + 3*a*xb”2 - b~3)*d"3*f"4*x"4 + 4*x(a~3 - 3*xa~2*b +
T2 - bT3)*kckdT2xfT4xx"3 + 6%(a”3 - 3*a”"2%b + 3*axb”2 - b73)*kcT2kd*fT4*x"2 -
24*a*xb”2xd"3*e"3 + 4x(a”3 - 3*a"2*b + 3*axb"2 - b73)*c"3*kf"4*kx + 12%b73%d”
3ke”2 + 2% (3*a"2xb + b~3)*d"3*%e”4 + ((a”3 - 3*a"2%b + 3*a*b”2 - b"3)*d"3xf"
4xx"4 — 24xa*xb"2+%d"3*%e”3 + 12*b"3*xd"3*e”2 + 2% (3*%a”2*b + b"3)*d"3*xe"4 - 8x(
3*a"2%b + b73)*c"3*kexf"3 - 4x(6*axb”2xd"3*xf"3 - (a”3 - 3*a”"2xb + 3*xaxb”2 -
b™3) *xcxd"2xf74)*x"3 - 12*%(6*axb~2xc"2xdxe - (3*a”2%b + b73)*cT2xd*e"2)*xf"2
- 6% (12*%a*xb™2xcxd"2*xf~3 + 2*%b~3*d"3*f"2 - (a”3 - 3*a"2%b + 3*a*xb”2 - b~3)*c
“2+d*f74) *x7T2 + 8% (9xaxb"2xc*xd"2%e”2 - 3*b"3kcxd"2xe - (3*%a”2*b + b73)*cxd”
2%e"3) *f - 4*x(18*axb~2xc"2*%d*f"3 + 6*b " 3kckd"2*xf"2 - (a”3 - 3*a"2*b + 3*axb
"2 - b73)*c"3*%f"4)xx)*cosh(f*x + e)74 + 4x((a”3 - 3*a"2*xb + 3*a*xb”2 - b"3)*
d"3*f"4*xx"4 - 24xaxb"2+%d"3*e”3 + 12*¥b"3*d"3%e”2 + 2% (3*a”2*b + b~3)*d"3%e"4
- 8*%(3*a”2*%b + b~3)*xc " 3*e*xf~3 - 4*x(6xaxb”2xd"3*xf"3 - (a”3 - 3*a"2*b + 3*xax
b"2 — b73)*xc*xd"2+%f74) *x"3 - 12*%(6*axb"2*xc”2*xd*e - (3*a"2*%b + b73)*c"2*d*e”2
Y*xf72 - 6% (12*a*xb”2xckd"2*xf"3 + 2*¥b"3*%d"3*f"2 - (2”3 - 3*a"2xb + 3*axb”2 -
b~3)*xc"2xd*f"4) *x"2 + 8% (9*kaxb"2xcxd"2%e”2 - 3*b " 3*kckd"2*e - (3*a"2*b + b”3
Yxcxd"2%e”3) *f - 4x(18*%axb~2xc”2%d*f"3 + 6*b”"3kckd"2xf"2 - (a”3 - 3*a”"2*b +
3*axb”2 - b73)*c"3*%f"4)*x)*cosh(f*x + e)*sinh(f*x + e)~3 + ((a~3 - 3*xa~2x*b
+ 3*%axb”2 — b73)*d"3kf"4*xx"4 - 24*xaxb”2xd"3*%e”3 + 12*b"3*%d"3*e”2 + 2% (3*xa”
2%b + b73)*d"3*e"4 - 8x(3*%a"2%b + b73)*c"3kexf"3 - 4*(6*axb”2xd"3*f"3 - (a”
3 - 3*%a”"2*%b + 3*axb”2 - b"3)*kckd"2xf"4)*x"3 - 12%(6*axb”2*c " 2xd*e - (3*a"2*

3*ax*xb
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b + b73)*c"2%d*e"2) *f"2 - 6% (12*%axb"2xc*xd"2+%f"3 + 2*b"3*d"3*f"2 - (a”3 - 3*
a~2xb + 3*axb”2 - b~3)*c"2*xd*f"4) *x"2 + 8*x(9*axb"2xc*kd"2%e”2 - 3*b"3kckd"2*
e - (3*¥a”2*xb + b73)*ckd"2%e”3)*xf - 4x(18*a*xb~2xc"2%d*f~3 + 6xb 3*kckd"2*f"2
- (a”™3 - 3*a”"2*b + 3*axb”2 - b~3)*c”3*kf"4)*x)*sinh(f*x + e)”4 + 8% (3*xaxb~2x
c”3 - (3*%a"2%b + b73)*c"3*e)*f"3 - 12%(6*axb”2xc"2xd*e - b~3*c”2+xd - (3*a”2
*b + b73)*kcT2xd*e"2)*f"2 - 2+%((a”3 - 3*a"2*b + 3*xa*b”2 - b"3)*d"3*f"4*xx"4 -
24*a*xb”2xd"3*%e”3 + 12%b"3*%d"3*%e”2 + 2% (3*a"2xb + b~3)*d"3*%e”4 - 4*x (2% (3*a”
2%b + b7"3)*c"3*e - (3*axb”2 + b"3)*c"3)*f"3 + 4*x((a”3 - 3*a"2xb + 3*axb”2 -
b~3)*xcxd"2+%f"4 - (3*a*b”2 - b73)*d"3*xf73)*x"3 - 6k (12*%a*b"2xc"2xdxe - b~ 3*
c72xd - 2% (3*a”2*b + bT3)*c"2xdxe"2)*f"2 - 6x(b73*d"3*xf"2 - (a”3 - 3*a”2*b
+ 3*a*xb”2 — b73)*c72*%d*f"4 + 2% (3*kaxb"2 — b73)*ckd"2*xf73) *x"2 + 8x(9xaxb”2*
cxd"2%e”2 - 3*b " 3kckd"2*e — (3*a"2%b + b"3)*kckd"2*xe"3)*xf — 4*(3*¥b"3kckd"2*f
"2 - (a”3 - 3*%a”2*b + 3*a*b”2 - b"3)*c"3*f"4 + 3*(3*axb”2 - b~3)*c”2xd*xf"3)
*x)*cosh(f*x + e)72 - 2x((a™3 - 3*a™2*b + 3*a*xb™2 - b~3)*d"3*f"4*x"4 - 24x*a
*b72+%d"3*%e”3 + 12*xb"3*%d"3%e”2 + 2% (3*a”2*b + b~3)*d"3xe”4 - 4% (2*%(3*a"2*b +
b~3)*c"3%e - (3*a*b”2 + b73)*c"3)*f"3 + 4*((a”3 - 3*a"2*b + 3*xaxb”2 - b~3)
*cxd"2+%f74 - (B*axb”2 - b~3)*d"3*f"3)*x"3 - 6x(12*xaxb"2*xc"2*d*e - b~ 3*c”2*d
- 2%(3*%a”2*%b + b~3)*c"2*d*e"2)*f"2 - 6x(b"3*xd"3*xf"2 - (a”3 - 3*a"2*b + 3*a
*b72 - b73)*cT2xd*f"4 + 2% (3*axb”2 - b73)*kckd"2+xf"3)*x72 - 3% ((a”3 - 3*a"2x
b + 3*a*xb”2 - b73)*xd"3*%f"4*xx"4 - 24xaxb"2%d"3*%e”3 + 12%b"3*d"3*e”2 + 2*(3*a
“2%b + b73)*d"3*e"4 - 8x(3*a"2%b + b73)*c"3*exf"3 - 4*(6*axb”"2xd"3*f"3 - (a
"3 - 3*%a”2*b + 3*axb”2 - b73)*kckd"2xf"4)*x"3 — 12%x(6*axb”2*c " 2*xd*e - (3*a”2
*b + b73)*kcT2xd*e"2)*f"2 - 6% (12*a*xb " 2xckd"2*xf"3 + 2*%b"3*%d"3*f"2 - (2”3 - 3
*a"2%b + 3*kaxb”2 - bT3)*xcT2*xd*f74) *x72 + 8% (9*axb"2xc*xd"2%e”2 - 3*b"3*kcxd"2
xe — (3*a”2*b + b73)*xcxd"2%e”3)*f - 4*x(18*axb"2xc”2*%d*f~3 + 6*b”3*kckd"2xf "2
- (a3 - 3*a"2*b + 3*a*b”2 - b”"3)*kc"3*f"4)*x)*xcosh(f*x + e)72 + 8x(9*axb~2
*cxd"2%e”2 - 3*b"3*cxd"2%e - (3*%a”"2*b + b73)*kcxd"2%e”3)*f - 4k (3*b"3kckd"2*
£f72 - (273 - 3*%a”2%b + 3*a*b”2 - b"3)*c"3*xf"4 + 3*%(3*xa*b”2 - b"3)*kc"2xd*f"3
Y¥x)*sinh(fxx + )72 + 8x(9%axb™2%c*xd"2%e”2 — 3*b~3xc*d"2*xe - (3*a"2*b + b~
3)*kckd"2xe"3)*xf + 12+ ((3*a”2*b + b73)*d"3*xf"2%x"2 + 6G*axb”2kckd"2xf + b~3*d
"3 + (3*%a"2*b + bT3)*xcT2xd*f72 + ((3*a”2*b + b73)*d"3*%fT2%x"2 + 6G*axb~2*xcxd
“2+%f + b73*d"3 + (3*a"2xb + b73)*c”T2kdA*f72 + 2% (3*xaxb”2+%d"3*xf + (3*a"2xb +
b~3) *cxd"2xf"2) *x) *cosh(f*x + e)~4 + 4% ((3*a™2*b + b~3)*d"3*f"2*xx"2 + 6*a*b
“2%ckxd"2*¢f + bT3*d"3 + (3*%a”2*b + bT3)*cT2xd*f72 + 2% (3*axb”2xd"3*f + (3*xa”
2%b + b73)*kckd"2xf72) *x)*cosh(f*x + e)*sinh(f*x + e)~3 + ((3*a”™2*b + b~3)*d
“3*fT2%xX72 + 6xaxbT2xcxd"2+f + bT3*d”3 + (3*a"2xb + bT3)*cT2*xdA*f72 + 2% (3*a
*b72+%d73*f + (3*a"2xb + b73) *ckd"2*xf"2) *x) *sinh(f*x + e)”4 - 2% ((3*a"2xb +
b~3) *d"3*xf"2*xx"2 + 6*xaxb " 2xckd"2xf + b~3*%d"3 + (3*%a"2xb + b~3)*kcT2xd*f"2 +
2% (3*xa*xb”~2xd"3*f + (3*a"2%b + b~3)*kckd"2*f"2) *x)*cosh(f*x + e)~2 - 2x((3*a”
2%b + b73)*d"3*fT2xx"2 + B*axb " 2*xc*kd"2*xf + b~3xd"3 + (3*a"2*b + b73)*cT2xdx
£f72 - 3% ((3*%¥a"2*b + b~3)*d"3*f"2*x"2 + 6*xaxb " 2xcxd"2*xf + b"3*xd"3 + (3*a”2*b
+ b7T3)kcT2xd*fT2 + 2% (3*axb”2+¢d"3*f + (3*a"2xb + b73)*c*kd"2*f”2) *x) *cosh (f
*¥x + e)72 + 2% (3*xaxb”2xd"3*f + (3*a"2*%b + b"3)*xcxd"2*f72) *x) *sinh(f*x + e)”
2 + 2% (3*axb”2xd"3*xf + (3*a"2xb + b~3)*cxd"2xf"2)*x + 4x(((3*a"2xb + b~3)*d
“3kfT2%x72 + 6*axbT2*xckd"2+f + b”T3*d"3 + (3*%a"2*b + bT3)*c”2xd*f"2 + 2% (3*a
*b72+%d"3*f + (3*a"2xb + b73) *c*d"2*f7"2) *x)*cosh(f*x + e)~3 - ((3*a"2*b + b~
3)*d"3*FT2xx72 + Bxaxb”2xcxd"2*xf + bT3*d"3 + (3*a"2%b + b73)*kcT2xd*f72 + 2%
(3*a*xb~2+%d"3*f + (3*a"2xb + b~3)*c*d"2*%f"2) *x) *cosh(f*x + e))*sinh(f*x + e)
)*dilog(cosh(f*x + e) + sinh(f*x + e)) + 12*%((3*a”2%b + b73)*d"3*xf"2*x"2 +
B6xaxb~2xcxd"2+%f + b7"3*d"3 + (3*a"2*b + b73)*c”2xd*f"2 + ((3*a"2%b + b~3)*d”
3*fT2%x72 + B6xaxb"2xc*xd"2+f + bT3kd”3 + (3*a"2xb + DT3)*cT2kdAAfT2 + 2% (3*xax
b~2xd"3*f + (3*a"2%b + b73)*kcxd"2*xf"2)*x)*cosh(f*x + e)™4 + 4x((3*%a"2%b + b
~3)*d"3*fT2xx"2 + 6*axb"2xckxd"2%f + b~3*d"3 + (3*a"2%b + b"3)*kc " 2xd*xf"2 + 2
*(3*xaxb”2xd"3*f + (3*a”2x%b + b~3) *c*kd"2xf"2) *x) *cosh(f*x + e)*sinh(f*x + e)
“3 + ((3*%a™2%b + b~3)*d"3*%f"2*xx"2 + 6xaxb"2xc*d"2xf + b~3%d”3 + (3*a"2%b +
b73)*cT2xd*xf 72 + 2% (3*ka*xb”2xd"3*f + (3*%a”2%b + b73)*kckd"2*xf72) *x) *sinh (f*x
+ e)74 - 2x((3*a"2xb + b~3)*d"3*f"2*x"2 + 6xaxb”2*xc*xd"2+f + b"3*d”3 + (3*a”
2%b + b73)kcT2xd*f72 + 2% (3*xaxb”2xd"3*f + (3*a"2xb + b73) *ckd"2*f72) *x) *cos
h(f*x + e)72 - 2%((3*%a”2*b + b~3)*d"3*f"2%x"2 + 6*axb™2xcxd~2*xf + b~3*d"3 +
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(3*%a”2%b + b73)*c ™ 2xd*f"2 — 3*x((3*a"2%b + b73)*d"3*xf"2*xx"2 + B*axb " 2*kc*kd”2
*f + b73*d"3 + (3*xa"2*b + b73) *c " 2kdA*f"2 + 2% (3*xaxb"2+%d"3*f + (3*a"2*b + b~
3)kckd"2xf"2) *x) *xcosh (f*x + e) 72 + 2% (3*axb~2xd~3*f + (3*a”2*b + b~3)*c*xd~2
*f72)*x)*sinh (f*x + e) 72 + 2% (3*a*b™2xd"3*f + (3*a”2%b + b~3)*ckxd™2*xf~2) *x
+ 4x(((3*a™2xb + b~3)*d"3*f"2*x"2 + 6xaxb"2xc*xd"2+xf + b"3*d"3 + (3*xa"2%b +
b73) *xcT2xd*f 72 + 2% (3*kaxb”2xd"3*f + (3*a”2%b + b73)*kckd"2*xf"2) *x) *cosh (f*x
+ e)73 - ((3*a™2xb + b~3)*d"3*f"2*x"2 + 6xaxb”2xc*xd"2+xf + b"3*d"3 + (3*xa"2*
b + b73)*cT2xd*f"2 + 2% (3*axb”2xd"3*xf + (3*a”"2xb + b~3)*ckd"2*f~2)*x)*cosh(
fxx + e))*sinh(f*x + e))*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 4*x((3*a”2%
b + b73)*d"3*%f"3%x"3 + Okaxb"2xcT2xd*f"2 + 3*¥b"3*kckd"2*xf + (3*a"2xb + b~3)*
c73*f"3 + ((3%a"2*%b + b~3)*d"3*f"3*x"3 + Okaxb " 2xc 2*xd*f"2 + 3*xb " 3kckd 2*f
+ (3*%a"2*%b + b~3)*c"3*%f"3 + 3k (3*kaxb"2xd"3*xf"2 + (3*a"2*b + b"3)*cxd"2xf"3)
*x72 + 3k (6xa*xb”2xcxd"2*xf72 + b73*kd"3xf + (3*%a”"2xb + b73)*c”2xd*f”3)*x)*cos
h(f*x + e)”4 + 4*x((3*%a"2*b + b~3)*d"3*f 3*x"3 + O*axb ™ 2xc~2*xd*f~2 + 3*b~3*c
*d72+f + (3*a”"2%b + b~3)*c”3*f73 + 3k (3*kaxb"2xd"3*xf"2 + (3*a"2*b + b~3)*cxd
T2+%f73)*x72 + 3% (6xaxb"2xcxd"2+xf72 + bT3kd73*f + (3*a"2%b + b~3) *c”2*xd*f"3)
*x)*cosh(f*x + e)*sinh(f*x + e)73 + ((3*a"2*b + b~3)*d"3*f"3*x"3 + 9*axb~2x
cT2xd*f72 + 3*b " 3kckd"2xf + (3*%a"2%b + b"3)*kc”3*f"3 + 3% (3*xaxb"2+%d"3*f"2 +
(3*%a"2%b + b73)*kckd"2*xf"3)*x"2 + 3k (6*a*b”2kckd"2xf"2 + b73*%d"3*f + (3*ka”"2*
b + b73)*xc72*%d*f"3) *x) *sinh(f*x + e)~4 + 3*(3*a*b”2*d"3*f~2 + (3*a”2%b + b~
3)kckd"2xF73)*xx72 - 2% ((3*%a”2*b + b73)*d"3*xf"3%x"3 + Okxaxb”"2kcT2xd*f"2 + 3%
b~ 3*cxd"2xf + (3*a”2%b + b73)*c"3*xf"3 + 3% (3xaxb”"2xd"3*f"2 + (3*%a"2%b + b”3
Yxcxd"2+%f73) *x72 + 3k (6kaxb"2xcxd"2+%f72 + bT3kd"3*f + (3*xa"2x%b + b”3)*c”2*d
*f73)*x)*cosh(f*x + e)72 - 2% ((3*a"2*b + b~3)*d"3*xf~3%x~3 + Q*ka*xb”™2xc~2xd*f
T2 + 3*b73kckdT2xf + (3%a”2%b + bT3)*kcT3*fT3 + 3% (3*axb”"2*xd"3*f72 + (3*xa"2x
b + b73)*xcxd"2+%f73)*x"2 - 3k ((3*a"2xb + b73)*d"3*f"3*x”3 + O*kaxb"2xcT2xd*f”
2 + 3*b73*kckd"2xf + (3*%a”2%b + b"3)*c”3*f"3 + 3% (3*xaxb”2+%d"3*xf"2 + (3*a”"2*b

+ b73)kckd"2xf"3) *x"2 + 3k (6*axb”2xckd"2*xf"2 + b~3*%d"3*f + (3*a"2*b + b~3)
*c72xd*xf"3) *x) *cosh(f*x + e)72 + 3*(6xa*b™2xc*d"2*xf~2 + b~ 3*d"3*f + (3*a~2x*
b + b73)*c72*%d*f73) *x) *sinh(f*x + )72 + 3*x(6*a*b”™2kckd"2*xf~2 + b~ 3*%d"3*f +

(3*a"2%b + b73)*kc”2xd*f~3)*x + 4% (((3*a"2*b + b~3)*d"3*xf"3*%x"3 + *xa*xb”2*c
“2%d*f72 + 3*b"3xkckd"2xf + (3*%a"2%b + bT3)*c"3*xf"3 + 3% (3xaxb”"2xd"3*f"2 + (
3*%a”"2*%b + b73)*xcxd"2+%f73) *x"2 + 3k (6kaxb"2xcxd"2+%f72 + bT3kd73*f + (3*xa"2%*Db

+ b73)*c”2xd*f"3) *x) *cosh(f*x + )73 - ((3*a"2*b + b~3)*d"3*f~3*x"3 + 9O*ax
b7 2%cT2xd*xf"2 + 3%b"3kckd"2*f + (3*a"2*xb + b73)*c"3*f"3 + 3% (3kaxb”"2%d"3*f"
2 + (3*%a"2*b + b73)*cxd"2*%f73) *x"2 + 3k (6xaxb"2xcxd"2+%f72 + bT3xd73*xf + (3%
a"2xb + b73)*c"2xd*f"3) *xx) *cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e)
+ sinh(f*x + e) + 1) + 4% (9*a*xb™2*d"3*e”2 - 3*%b~3*d"3*e - (3*a"2*b + b~3)*d
“3*%e”3 + (3%a"2*b + b73)*c”3*f"3 + (9xax*b”2xd"3*e"2 - 3*b"3*d"3*xe - (3*a”2x*
b + b73)*d"3%e"3 + (3*a"2*b + b73)*c"3*xf"3 + 3% (3*xa*b”"2xc”2xd - (3*xa"2%b +
b~3) *cT2xd*e) *f 72 - 3x(6*axb"2*xckd"2%e — b"3*kcxd"2 - (3*a"2xb + b73)*cxd"2*
e”2)*f)*cosh(f*x + e)~4 + 4% (9*axb~2*d"3*e”2 - 3*b~3*d"3*e - (3*a”2*b + b~3
)*d"3%e”3 + (3*%a”2*b + b~3)*c”3*%f"3 + 3k (3kaxb"2xc"2xd - (3*%a"2%b + b”3)*c”
2%d*xe) *f72 - 3*(6*axb"2xcxd"2%e - b 3*kckd"2 - (3*a"2xb + b"3)*kckd"2*e”2) *f)
*cosh(f*x + e)*sinh(f*x + e)~3 + (9*a*xb™2xd"3*e”2 - 3%b~3*d"3*e - (3*a~2*b
+ b73)*d"3*%e”3 + (3*%a"2%b + b”"3)*c”3*f"3 + 3% (3*xaxb”2*c”2*d - (3*a"2*b + b~
3)*kcT2xd*e) *f 72 — 3% (6*axb”2*xc*kd"2*%e — b"3*cxd"2 - (3*%a"2*b + b73)*cxd"2xe”
2)*f)*sinh(f*x + e)~4 + 3% (3*xa*xb™2*xc”2xd — (3*a"2xb + b~3)*c " 2*xd*e)*f"2 - 2
*(9*axb”2*d"3*e”2 - 3*b"3*%d"3*e - (3*%a”"2*b + b~3)*d"3*e”3 + (3*a”"2*b + b~3)
*c73*xf73 + 3% (3kaxb"2xcT2%d - (3*a”2xb + bT3)*c”T2xd*e)*f"2 - 3*x(6*axb”2*c*d
“2%e - b73*ckd"2 - (3*a"2%b + b73)*c*kd"2*xe”2)*f)*xcosh(f*x + e)”2 - 2*x(9*axb
“2%d"3%e”2 - 3*b"3*d"3xe - (3*a"2*b + b73)*d"3*e”3 + (3*a"2*b + bT3)*c"3xf"
3 + 3*(3*axb"2xc"2*%d - (3*a”2*b + b"3)*c"2xdxe)*f"2 - 3*%(9*kaxb"2xd"3*xe"2 -
3*b7"3*d"3*e — (3*a"2%b + b"3)*dA"3*e”3 + (3*a"2*b + b"3)*c”3*f"3 + 3*(3*xaxb”
2%c”2xd - (3%a"2*xb + b73)*c”2xd*e) *f"2 - 3% (6*axb"2*xckd"2%e - b~ 3*kckd"2 - (
3*a"2%b + b73)*cxd"2*xe"2) *f)*cosh(f*x + e)72 - 3x(6*a*xb™2*xcxd"2*e — b~ 3*c*xd
"2 - (3*%a"2*%b + b73)*cxd"2*xe"2)*f)*sinh(f*x + e)"2 - 3% (6*axb”2*c*d"2*%e - b
“3%c*d”2 - (3*a”"2xb + b73)*c*kd"2*e”2) *f + 4x((9*axb"2+%d"3*e”2 - 3*b"3*xd"3*e

- (3*%a”2*b + b~3)*d"3%e”3 + (3*a”2*b + b"3)*c"3*xf"3 + 3% (Ika*b"2xc"2xd - (
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3*a”"2*%b + b~3)*c"2xd*e)*f"2 - 3k (Bkaxb"2xcxd"2%e - b 3*kc*kd"2 - (3*a"2*b + b
~3)*c*kd"2*xe"2) *f)*xcosh(f*x + )73 - (9*a*xb™2*xd"3*e”2 - 3*b"3*d"3*e - (3*a”~2
*b + b73)*d"3*%e”3 + (3*a"2%b + b"3)*c”3*f”3 + 3% (3kaxb"2*c”2+xd - (3*a"2b +
b~3) *kcT2xd*e) *f"2 - 3% (B6*axb”2xckd"2%e - b 3*cxd”"2 - (3*%a"2%b + b~3)*c*xd"2
xe”2)*f)*cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e) + sinh(f*x + e) -
1) + 4x((3*a"2%b + b~3)*d"3*f"3*x"3 - O*axb”2+%d"3*e”2 + 3*b"3*d"3xe + (3*a”
2%b + b"3)*d"3*e”3 + 3*x(3*%a"2%b + b"3)*kc 2xd*exf"2 + ((3*a"2%b + b"3)*d"3*f
“3%x73 - 9*kaxb"2xd"3*e"2 + 3*%b”"3*d"3*e + (3*a"2xb + b~3)*d"3*e”3 + 3*(3*xa”"2
*b + b73)*kcT2kd*exf"2 + 3% (3*axb”2*xd"3*f72 + (3*%a"2%b + b73)*kckd"2xf"3) *xx72
+ 3k (B6*axb™2xcxd"2xe - (3*%a”2*b + b73)*kcxd"2xe"2)*xf + 3k (6*xaxbT2kckd"2xf "2
+ b73*d73*f + (3*a"2xb + b~3) *c”2*kd*f"3) *x)*cosh(f*x + e)”4 + 4*x((3*a"2*b
+ b73)*d"3*%f"3*x"3 - 9*axb”"2*xd"3*%e”2 + 3*xb~3*%d"3%e + (3*xa”2*b + b~3)*d"3*xe”
3 + 3*%(3*a"2%b + b"3)*c"2*xd*exf"2 + 3% (3*axb”"2xd"3*%f"2 + (3*a"2%b + b~3)*cx*
d"2*f73)*x72 + 3x(6*a*xb”2*c*d"2*%e - (3*a"2xb + Db73)*c*d"2*e”2)*f + 3*(6xaxb
“2%c*xd"2*%f72 + bT3xd"3xf + (3*%a"2%b + b73)*cT2xd*f"3)*x)*cosh(f*x + e)*sinh
(f*x + )73 + ((3*a™2*b + b~3)*d"3*f"3*x"3 - 9*axb~2xd"3*e”2 + 3*b~3*d"3*e
+ (3*a”™2*%b + b~3)*d"3*%e”3 + 3*%(3*a"2%b + b~3)*c"2*d*e*xf"2 + 3*(3*kaxb"2xd"3*
£f72 + (3*%a™2%b + b~ 3)*cxd"2*xf"3)*x"2 + 3*(6*a*b"2xc*xd"2xe - (3*%a"2*b + b~3)
xcxd"2xe 2) xf + 3k (6*xaxb”2xckd"2*xf72 + b73xd"3*xf + (3*a”2*b + b73)*kcT2*d*f”
3)*x)*sinh(f*x + e)74 + 3*(3*a*xb”™2xd"3*f~2 + (3*a”2%b + b~3)*ckxd"2*xf~3)*x"2
- 2% ((3*a"2*b + b~3)*d"3*f"3*x"3 - 9*kaxb"2*xd"3xe”2 + 3*¥b~"3*d"3*ke + (3*a"2x
b + b73)*d"3%e”3 + 3*%(3*a”"2*b + b~3)*c"2*d*exf"2 + 3k (3*kaxb"2xd"3xf"2 + (3%
a~2%b + b73)*kckd"2xf"3)*x"2 + 3k (6*kaxb"2xckd"2xe - (3*%a"2%b + b”"3)*kckd"2xe”
2)xf + 3*x(6*axb”2xckd"2+%f~2 + b"3*d"3xf + (3*a"2%b + b73)*c”2xd*f"3)*x) *cos
h(f*x + e)72 - 2%((3*a"2*b + b~3)*d"3*xf"3*x~3 - O*ka*b™2xd"3*e"2 + 3*b~3*d"3
xe + (3*a”2*%b + b~3)*d"3*e”3 + 3*%(3*a”2*b + b~3)*c"2xd*exf”2 + 3*(3*kaxb~2*d
“3*%f72 4+ (3*a"2%b + b73)*ckd"2+¢f73)*x72 - 3*((3*a"2%b + b~3)*d"3*f"3*x"3 -
9*axb~2*%d"3*e”2 + 3*b~3*%d"3*e + (3*a"2*b + b"3)*d"3*xe”3 + 3*%(3*a”2*b + b~3)
*CT2xd*xexfT2 + 3% (3*axb"2+%d"3*xf72 + (3*%a”2%b + bT3)*ckd"2*%f7"3)*x"2 + 3*(6*a
*b72%c*d"2%e — (3*a"2xb + D73)*c*kd"2*e”2)*f + 3x(B*axb”2*c*d"2*f”"2 + bT3xd”
3*xf + (3*a"2%b + b~3)*c”2*¢d*f"3) *x)*cosh(f*x + e)72 + 3*(6*xaxb™2xcxd " 2xe -
(3*%a"2%b + b7 3)*ckxd"2*xe”"2)*f + 3% (6*axb”2*ckd"2*f"2 + b~3xd"3*xf + (3*a”2*b
+ b73)*kcT2xd*f"3) *x) *sinh (f*x + e)72 + 3*(6xaxb~2*c*d"2*e - (3*a"2*b + b~3)
xckd"2%e”2) xf + 3x(6*axb"2*xckd"2+xf72 + bT3*xd"3*f + (3*a"2%b + b73)*kcT2*d*f"
3)*x + 4x(((3*a"2xb + b7"3)*d"3*f " 3*x"3 - 9*a*xb"2*d"3*e”2 + 3*b”"3*d"3*e + (3
*a"2%b + b73)*d"3*e”3 + 3% (3*%a"2%b + b73)*kcT2xd*xexf"2 + 3% (3*xaxb"2xd"3*f"2
+ (3*a”2*%b + b73)*c*kd"2+xf"3)*x"2 + 3*(6*axb"2*xc*xd"2%e - (3*a"2xb + b~3)*c*d
"2%e72)*f + 3k (6xaxb"2xcxd"2+%f72 + bT3kdA73*f + (3*a"2x%b + b73) *cT2kdA*f73) *x
Y*¥cosh(f*x + e)73 - ((3*a™2%b + b~3)*d"3*f " 3*x"3 — 9*a*b~2%d"3*e”2 + 3*b~3x*
d~3xe + (3*a”2%b + b73)*d"3%e”3 + 3*%(3*¥a"2xb + b73)*c"2xd*exf"2 + 3x(3*kaxb”
2%d"3*%f72 + (3*a"2xb + b73)*ckd"2*f"3)*x"2 + 3*(6xaxb”2*xc*xd"2*e - (3*a”"2*b
+ b73)*kckd"2xe"2)xf + 3k (6*axb”2xckd"2*xf"2 + b~3*%d"3*f + (3*a"2*b + b"3)*c”
2xd*xf~3) *x) *cosh(f*x + e))*sinh(f*x + e))*log(-cosh(f*x + e) - sinh(f*x + e
) + 1) + 24%((3*a”2*b + b~3)*d"3*cosh(f*x + e)”4 + 4*x(3*a~2%b + b~3)*d " 3*co
sh(f*x + e)*sinh(f*x + e)~3 + (3*a”™2*b + b~3)*d"3*sinh(f*x + e)”4 - 2x(3*a”
2%b + b~3)*d"3*cosh(f*x + e)72 + (3*a”™2*b + b~3)*d~3 + 2% (3%(3*a”2*b + b~3)
*d"3*cosh(f*x + e)72 - (3%a”2*b + b~3)*d"3)*sinh(f*x + e)~2 + 4x((3*a~2xb +
b~3) *d"3*cosh(f*x + e)”3 - (3*%a"2xb + b~3)*d"3*cosh(f*x + e))*sinh(f*x + e
))*polylog(4, cosh(f*x + e) + sinh(f*x + e)) + 24x((3*a”2*b + b~3)*d"3*cosh
(f*x + e)”4 + 4% (3*a"2*b + b~3)*d"3*cosh(f*x + e)*sinh(f*x + e)~3 + (3*xa~2x*
b + b73)*d"3*sinh(f*x + e)”4 - 2*x(3*a~2xb + b~3)*d"3*cosh(f*x + e)~2 + (3*a
“2%b + b73)*d”3 + 2% (3% (3*%a"2%b + b~3)*d"3*cosh(f*x + e)”2 - (3*a”"2*b + b~3
)*d"3)*sinh (f*x + )72 + 4*x((3*a"2%b + b~3)*d"3*cosh(f*x + e)~3 - (3*a™2*b
+ b73)*d"3*cosh(f*x + e))*sinh(f*x + e))*polylog(4, -cosh(f*x + e) - sinh(f
*X + e)) - 24%(3*xaxb”2xd"3 + (3*%a"2*b + b~3)*d"3xf*x + (3*a"2*b + b~3)*c*xd”
2xf + (3*a*xb”2xd"3 + (3*a”2*b + b~3)*d"3*xf*x + (3*xa~2*b + b~3)*cxd"2*f)*cos
h(f*x + e)74 + 4% (3*a*b™2*d"3 + (3*a~2xb + b~3)*d"3*f*x + (3*a"2xb + b~3)*c
*d"2+f)*cosh(f*x + e)*sinh(f*x + e)73 + (3*a*xb”2xd~3 + (3*a”2*b + b~3)*d"3*
fxx + (3*a"2xb + b~3)*c*d"2*f)*sinh(f*x + e)”4 - 2+ (3*a*xb™2*d"3 + (3*a~2%*Db
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+ b73)*d"3xfxx + (3*%a"2%b + b”"3)*ckd"2*xf)*cosh(f*x + e)72 - 2% (3*axb~2%d"3
+ (3*a”"2*%b + b~3)*d"3*f*x + (3*a"2*b + b~3)*xcxd"2*%f - 3% (3*kaxb”2xd"3 + (3*a
“2%b + b73)*d"3*xfxx + (3%a"2*b + b~3)*ckd"2xf)*cosh(f*x + e) " 2)*sinh(f*x +

e)”2 + 4x((3*axb™2*xd"3 + (3*a"2%b + b~3)*d"3*xf*x + (3*%a”2%b + b~3)*ckxd"2*f)
*cosh(f*x + e€)73 - (3*axb”2+%d"3 + (3*a"2*b + b~3)*d"3xf*x + (3*a”2*b + b~3)
xc*d"2xf) *cosh(f*x + e))*sinh(f*x + e))*polylog(3, cosh(f*x + e) + sinh(fxx
+ e)) - 24*x(3*xaxb”2xd"3 + (3*a”2*b + b"3)*d"3xfxx + (3*a"2*b + b"3)*kcxd"2*
f + (3*a*xb”2+%d"3 + (3*a"2*b + b~3)*d"3*f*x + (3*a~2*b + b~ 3)*c*d~2*f)*cosh(
f*x + e)74 + 4% (3*xaxb”™2+%d"3 + (3*a"2*b + b~3)*d"3*xf*x + (3*a”2%b + b~3)*cx*d
~2+f)*cosh(f*x + e)*sinh(f*x + e)73 + (3*axb™2xd"3 + (3*a"2*b + b~3)*d~3*fx*
X + (3*a”2xb + b73)*c*d"2*f)*sinh(f*x + e)”4 - 2+ (3*axb™2xd"3 + (3*a~2%b +
b~3)*d"3xfxx + (3*a"2%b + b73)*kckd"2xf)*xcosh(f*x + e)72 - 2% (3*a*xb~2xd"3 +

(83%¥a”2*b + b~3)*d"3xf*x + (3*a”"2%b + b~3)*cxd"2*f - 3*(3*axb”~2*xd~3 + (3*a”2
*b + b73)*d"3*kf*xx + (3*%a"2%b + b~3)*c*kd"2*f)*cosh(f*x + e) 2)*sinh(f*x + e)
"2 + 4% ((3*axb”2xd"3 + (3*a"2%b + b73)*d"3xf*xx + (3*%a"2%b + b73)*kckxd"2*f)*c
osh(f*x + e)73 - (3*axb”2%d"3 + (3*a”2*b + b~3)*d"3*f*x + (3*a"2*b + b~3)*c
xd"2xf)*cosh(f*x + e))*sinh(f*x + e))*polylog(3, -cosh(f*x + e) - sinh(f*x
+ e)) + 4x(((a”3 - 3*a"2%b + 3*axb”2 - b~3)*d"3*kf"4*x"4 - 24*axb"2*xd"3*e”3

+ 124b73%d"3*%e"2 + 2% (3*a"2*b + b~3)*d"3*xe”4 - 8% (3*a"2*b + b73)*c " 3xexf”3

- 4x(6*axb™2%d"3*xf"3 - (a”3 - 3*%a”2*b + 3*axb”2 - b 3)*kckd"2*xf"4)*x"3 - 12%
(B6xa*xb~2*xc”2*d*e — (3*a"2xb + b73)*c " 2*xd*e”2)*f"2 — 6x(12*a*xb~2*xc*d"2*f"3 +
2+%b73*d"3*f"2 - (a”3 - 3*a"2*b + 3*axb"2 — b73)*cT2*xd*f"4)*x"2 + 8*(9*axb”
2%c*xd"2%e”2 - 3*b"3kckd"2%e - (3*%a"2*b + b"3)*cxd"2%e”3) *f - 4*x(18*axb"2xc”
2%d*f~3 + 6xb"3xcxd"2xf"2 - (a3 - 3*a"2*b + 3*xaxb”2 - b~3)*c"3*f"4)*x)*cos
h(f*x + )73 - ((a”™3 - 3*a™2*b + 3*a*xb”2 - b~ 3)*d"3*f"4*x"4 - 24*xaxb~2+d~3*
e”3 + 12+%b73*d"3*e”2 + 2x(3*a"2%b + b"3)*d"3*e"4 - 4x (2% (3*%a"2*b + b~3)*c”3
xe — (3*axb”™2 + b73)*c”3)*f"3 + 4*x((a”3 - 3*a"2xb + 3*axb”2 - b73)*kckd"2xf"
4 - (3*axb”2 - b73)*d"3*f"3)*x"3 — 6x(12*a*xb"2*xc"2*d*e - b~ 3*xc"2xd - 2*(3*a
“2%b + b73)*cT2*xd*e"2)*f"2 - 6x(b"3*xd"3*f"2 - (a”3 - 3*a"2%b + 3*a*xb”2 - b~
3)*kcT2xd*f74 + 2% (3*a*xb”2 - bT3)kckd"2*xFT3)*xx"2 + 8% (9*xax*b " 2kckd"2xe”2 - 3%
b~3*cxd"2xe - (3*%a”2%b + b73)*kcxd"2xe"3)*f - 4% (3*b”3kckd"2xf"2 - (a”3 - 3%
a~2xb + 3*axb”2 - b"3)*xc"3*%f"4 + 3*%(3*kaxb”2 - b"3)*c"2%d*f"3) *x) *cosh(f*x +
e))*sinh(fxx + e))/(f 4xcosh(f*x + e)”4 + 4xf 4xcosh(f*x + e)*sinh(f*x + e
)73 + f74*sinh(f*x + e)”4 - 2*%f~4xcosh(f*x + e)72 + £74 + 2% (3*f~4*cosh(f*x
+ e)”2 - f74)*sinh(f*x + e)72 + 4x(f"4*cosh(f*x + e)~3 - f~4xcosh(f*x + e)
)Y*sinh(f*x + e))

giac [F] time = 0.00, size = 0, normalized size = 0.00
3
f(dx + c)3(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e))~3,x, algorithm="giac")
[Out] integrate((d*x + c)”3*(b*coth(f*x + e) + a)~3, x)

maple [B] time = 0.88, size = 2777, normalized size = 4.99

Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) ~3*(at+bxcoth(f*x+e))”~3,x)

[Out] 1/4*%a”3%d"3*x"4-1/4%b~3*d"3%x"4+c~3%a"3*x+c~3*%b 3*x+a~3*kc*kd 2%x"3-b"3*c*d"2
*x73-3*%a"2%b*xcxd"2*x " 3+3*%axb T2k ckd"2%x"3-9/2%a " 2%bxcT2xd*x"2+9/2%axb 2% c 2%
d*xx"2+1/f*b"3*d"3*1n (exp (f*x+e)+1) *x~3+3/f"2xb~3*%d"3*polylog(2,-exp (f*x+e))
*x"2-6/f"3*xb~3%d"3*polylog(3,-exp(f*x+e) ) *x+1/fxb~3*d"3*1n(1-exp(f*x+e) ) *x~
3+1/£74xb"3*d"3*1n(1-exp (f*x+e) ) *e~3+3/f " 2%b~3*d"3*polylog(2,exp (f*x+e) ) *x~
2-6/f73*b"3*d"3*polylog(3, exp (f*x+e))*x-3/f"4*b~3+d " 3*e*x1ln(exp(f*x+e)-1)-18
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/£ 4xb~2*%axd"3*polylog(3,-exp (f*x+e))-18/f"4*b~2*a*xd"3*polylog(3,exp(f*x+e)
)+18/f~4*b*a~2xd"3*polylog(4,exp(f*x+e))-6/f73*xb~3*c*xd " 2xpolylog(3,-exp(f*x
+e))-6/f73%b"3xc*d"2*polylog(3,exp(f*x+e))+3/f*b*a~2*c~3*1n(exp (f*x+e)+1)+3
/f*¥b*xa~2*xc”3*1n (exp (f*x+e)-1)-3/4%a”2xb*d~3*x"4+3/4*a*xb~2xd"~3*x~4+3/2*a”3*c
T2xd*x72-3/2%b73*CcT2xd*x T 2+3%Cc T 3%a " 2kbkx+3*c”3kaxb " 2xx—-9/2/f "4*xbke"4*a"2%d”
3+4/£73%b"3*kcxd"2%e”3-3/f724b " 3%c"2xd*e”2-6/f*b " 2*a*xd " 3*x"3+12/f "4*b"2*%axd”
3%e~3-2/f73%b"3xe"3*%d"3*x+3/f " 3*%b"3xc*d"2*1n (exp (f*x+e)+1)+3/f " 3*b~3kckxd 2%
1In(exp(f*x+e)-1)+18/f 4xb*a~2*%d"3*polylog(4,-exp(f*x+e))-6/f*xb*a~2*c"3*1n(e
xp(f*x+e))-6/£"3*%b~3*cxd"2*1n(exp (f*x+e))+3/f72%b"3*c"2xd*polylog(2,—exp (f*
x+e))+3/f72%b"3*c"2*xd*polylog(2,exp(f*x+e))-1/f"4*xb~3*d"3*e”3*1n (exp (f*x+e)
-1)+6/£74%b"3*d"3*e*1n(exp (f*x+e))+2/f"4xb~3*d"3*e~3*1n(exp (f*x+e))+3/£73%b
~3%d"3*1n(exp(f*x+e)+1)*x+3/f " 3*b"3*d"3*1n(1-exp (f*x+e) ) *x+3/f 4*b~3*d~3*1n
(1-exp(f*xte) ) *e-3/f74*b"3%e”2xd"3-3/2/f74*b"3%e”4*d~3-3/f"2xb~3*d"3*x"2+6/
f74%b~3%d"3*polylog(4,-exp(f*x+e))+6/f74*xb"3*xd"3*polylog(4,exp(f*x+e))+1/f*
b~3*c”3*1n(exp (f*x+e)+1)+1/f*b~3*c~3*%1n(exp(f*x+e)-1)+3/f"4*xb~3*d"3*polylog
(2,-exp(f*x+e))+3/£74*b~3*d"3*polylog(2,exp(f*x+e))-2/f*b"3*c~3*1n (exp (f*x+
e) ) -b~2x (6*axd " 3*f*x"3xexp (2*f*x+2%e) +2+b*d~3*f*xx " 3*xexp (2xf*xx+2%e) +18*ax*c*d
“2xf*xx72%exp (2*f*x+2%e) +6xbxckd"2xf*xx 2% exp (2xfxx+2%e) +18*axc~2xd*fxx*xexp (2
xfkx+2%e) —6xa*xd " 3*f*x"3+6%bxc2xd*xfxx*exp (2% f*x+2%e) +3*b*d " 3*x " 2*xexp (2*xf *x+
2%e) +6*axc”3*xfxexp (2xf*x+2%e) —18*axc*xd™2xf*x~2+2*%b*xc”~3xfxexp (2*f*x+2%e) +6%b
xCkd”2xxkexp (2% fxx+2xe) —18*a*xc™2*xd*fxx+3xb*c”2*d*exp (2*f*x+2xe) ~3*b*d~3*x "2
—6*axc”3*f-6xbkxcxd"2xx-3*%b*xc”"2xd) /£72/ (exp (2xf*x+2%e) -1) “2-36/f " 2*b"2*a*xcxd
“2%e*xx-18/f*bxa”2xc”2xd*e*x+18/f " 2xb*a”~2xc*d"2%e " 2xx-18/f " 3*b*a~2*cxd"2*e"2
*x1n (exp (f*x+e))+9/f " 3xb*a~2xc*d"2*xe”2x1n (exp (f*x+e)-1)+18/f72*b~2*1n (1-exp(
fxx+e))*axcxd~2xx+18/f72xb"2x1n (exp (f*x+e) +1) *a*xc*kd™2*x-9/f " 3*b*1n(1l-exp (f*
x+e))*a~2xcxd"2xe”2+18/f " 2*%bxa”~2xc”2*xd*e*1n (exp (f*xx+e) ) +36/f " 3xb~2*kaxc*d 2%
exln(exp(fxx+e))-9/f72%b*a~2*c " 2*d*ex1n (exp (f*x+e)-1)-18/f"3xb~2*a*xc*xd 2*ex*
1n(exp(f*xxt+e)-1)+18/f73*%b~2x1n(1-exp (f*x+e))*a*ckd 2xe+9/f*bx1n(1-exp (f*x+e
))*a”2xc”2xd*x+9/f " 2*xb*1n (1-exp (f*x+e) ) *a~2xc~2*xd*e+9/f*b*1n (exp (f*x+e)+1) *
a”~2xc*d"2%x72+18/f"2xb*polylog(2,-exp (f*x+e) ) *a~2*c*xd~2*x+9/f*b*1n (1-exp (f*
x+e))*a~2xcxd"2xx"2+18/f " 2*xbxpolylog (2, exp (f*x+e) ) *a~2*c*xd~2*x+9/f*bx1n (exp
(fxx+e)+1)*a~2xc™2xd*x—6/f"3%b"3*d " 3*ke*xx+12/f " 3*b*a~2%c*d " 2%e~3-18/£ " 3*%b"2x
axcxd~2xe”2-6/f"3xb*xe”3%a"2xd " 3*x+18/f " 3*b~2*a*d"3*e"2%x-9/f " 2xb*xa”~2*c"2xd*
e72-6/f*b"3*%cT2xd*e*x+6/f 7 2%b " 3*kckd T 2%e " 2%x—-18/f*b " 2xa*xckd T 2xx"2+18/£ " 3%b72
xaxcxd~2*polylog(2,-exp (f*xt+e))+18/f " 3*%b~2*a*xc*d"2xpolylog(2,exp(f*x+e))+9/
f74%b"2xa*d"3*e”2x1n (exp (f*x+e)-1)-18/f"3*b*a~2xc*d"2*polylog(3,-exp (f*x+e)
)-18/£73*b*a~2*cxd"2*polylog (3, exp(f*x+e) ) +9/f " 2*b*a~2*xc~2*d*polylog(2,exp(
fxxt+e))-3/f 4xbxa~2*%d"3xe"3*1n(exp(f*xt+e)-1)-6/f73xb~3*c*kd " 2xe~2*1n (exp (f*x
+e))+3/£73%b73xc*kd"2%e " 2x1n (exp (f*x+e)-1) +6/f 4*b*a~2*d " 3*e”3*1n (exp (f*x+e)
)+9/f72%b*xa”~2xc~2*xd*polylog(2,-exp(f*x+e))+3/fxb*a”2+d~3*1n (exp (f*x+e)+1) *x
~3+9/f72%b*xa”2*xd"3*polylog(2,-exp (f*x+e) ) *x~2-18/f"3*b*a~2*d"3*polylog(3,-e
xp (f*x+e) ) *x+3/f*bxa~2xd"3*1n(1-exp (f*x+e) ) *x~3+9/f " 2*b*a~2*d~3*polylog(2,e
xp(f*x+e) ) *x72-18/£"3*b*a~2*d"3*polylog(3,exp (f*x+e) ) *x-3/£73%b~3x1n(1-exp(
fxxt+e))*ckd"2xe”2-18/f72*b"2xaxc”2*d*1ln (exp (f*x+e) ) +6/f " 2%b~3*%c~2xd*e*1n(ex
p(f*xx+e))-18/f74*b"2*%a*d"3*e~2*x1n (exp (f*x+e) ) +9/f " 2%b~2xa*c~2*xd*1n (exp (f*x+
e)+1)+9/f72xb"2*axc”2xd*1n (exp (f*x+e)-1) -3/£72%b"3*xc~2xd*e*x1ln(exp (f*x+e)-1)
+3/f74*b*xa~2*xd"3*e"3*1n(1-exp(f*x+e))+3/fxb~3%1n(exp (f*x+e)+1)*c~2*xd*x+3/f*
b~3*1n(1-exp(f*x+e) ) *c™2*d*x+3/f72%b"3*1n (1-exp (f*x+e) ) *c~2xd*e+3/f*b~3*1n(
exp (fxx+e)+1)*cxd™2%x"2+6/f " 2+b~3*polylog(2,-exp (f*xx+e) ) *c*d™2xx+3/f*b"3*1n
(1-exp(f*xte) ) kcxd™2xx"2+6/f"2xb~3*%polylog(2, exp (f*x+e) ) *ckxd™2%x-9/f "4xb~2%
axd~3xe”"2*1n(1-exp(f*x+e))+9/f " 2xb~2xa*xd " 3*1n (exp (f*x+e)+1) *x~2+18/f " 3*b~ 2%
axd~3*polylog(2,-exp(f*x+e))*x+9/f " 2+b"2xa*d"3*1n(1-exp (f*x+e))*x"2+18/f 3%
b~2*a*xd~3*polylog(2,exp(f*x+e))*x

maxima [B] time = 0.53, size = 1531, normalized size = 2.75

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e)) 3,x, algorithm="maxima")
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[Out] 1/4*a”3*d"3*x74 + a~3*c*d"2*x"3 + 3/2*a~3*c™2*%d*x"2 + a”~3*c"3*x + 3*a~2xb*c
~3xlog(sinh(f*x + e))/f + 1/4%(24*axb~2+c”3*f + 12%b~3xc”2*d + (3*%a”2xb*xd~3
*f72 + 3*axb"2xd"3*%f72 + bT3*d"3*xf72)*x"4 + 4% (3*a"2*bxckxd"2*xf"2 + b~ 3*c*xd”
2%f72 + 3k (ckd"2xf72 + 2%d73*f) *a*b”2) *x"3 + 6% (3*xa"2%b*xc”2xd*f"2 + 3x(cT2x
d*f72 + 4dxcxd"2xf)*xa*xb”2 + (c72xd*f72 + 2*xd"3)*b"3)*x"2 + 4*x(3*(c73*f72 + 6
*CcT24d*f) *axb"2 + (c73*%f72 + 6%c*d”2)*b73)*x + ((3*a"2%b*d"3*xf"2*e” (4*xe) +
3kaxb"2xd"3*xf"2xe” (4*e) + b 3*dA"3kf"2*%e” (4*e) )*x"4 + 4% (3*ka”2xbkckd"2xf"2*e
“(4xe) + 3*xaxb”2xckxd"2xf"2%e” (4%e) + b 3kckd"2*f"2%e” (4*xe) ) *x"3 + 6% (3*a”2x*
bxcT2xd*xf"2xe” (4*e) + 3kaxb~2xcT2xd*xf"2xe” (4*e) + b7 3kcT2xd*f"2xe” (4%*e) ) *x”
2 + 4x(3*kaxb™2xc"3*xf"2xe” (4*e) + bT3*kcT3*fT2xe” (4xe) ) *x) *e” (4xfxx) - 2% (12x
axb”2*xc”3kf*xe” (2%xe) + (3*a”2%b*xd"3*f"2*xe” (2*%e) + 3*xaxb”2xd"3*xf"2*xe” (2*xe) +
b~3%xd"3*xf"2xe” (2%e) ) *x"4 + 2% (2xc"3xfxe” (2%e) + 3kc T 2xd*e” (2*e) )*b"3 + 4%(3
*a”"2xbkxckd 2% "2xe” (2*%e) + 3k (ckxd"2xf"2*e” (2%e) + d73*fxe”(2*e))*axb”2 + (c
xd"2%f"2%e” (2%e) + d"3xf*xe”(2%e))*b"3)*x"3 + 6% (3*ka"2xbkcT2xd*f"2%e” (2%e) +
3k (cT2xd*f"2xe” (2%xe) + 2*c*xd"2*xf*e” (2*e) )*xaxb”2 + (c72xd*f " 2*xe” (2*%e) + 2*c
*d"2+f*xe” (2%e) + d73xe”(2%e))*b"3)*x"2 + 4*x(3*x(c"3*%f"2%e” (2%e) + 3kcT2xdxfx
e~ (2%e))*axb”2 + (c~3*xf"2%xe”(2%e) + 3Bkc"2xdxfxe”(2%e) + 3*kckd"2*xe” (2*e) ) *b”
3)*kx) ke (2xf*xx)) /(£ 2%e” (4*f*x + 4d*xe) — 2xf"2xe” (2*f*x + 2%e) + £72) - 2% (9
*a¥xb"2*xcT2kd*f + (cT3*%fT2 + 3*xc*d"2)*b73)*x/f72 + (9%axb”2xc”2kd*f + (cT3*f
T2 + 3*c*d"2)*b”3) *log(e” (fxx + e) + 1)/f73 + (9*kaxb™2xc~2xd*f + (c™3*f72 +
3xc*xd"2)*b~3) *log(e” (f*x + e) - 1)/£7°3 + (£73*x"3*log(e”(f*x + e) + 1) + 3
*f72xx"2*%dilog(-e~ (f*xx + e)) - 6*f*xx*polylog(3, -e~(f*x + e)) + 6*polylog(4
, —e”(f*x + e)))*(3*xa"2*b*xd”3 + b"3xd"3)/f74 + (£73*x"3xlog(-e~(f*x + e) +
1) + 3%xf72*xx"2*dilog(e”(f*x + e)) - 6*xf*xx*polylog(3, e~ (f*x + e)) + 6xpolyl
og(4, e~ (fxx + e)))*(3*%a"2+bxd"3 + b~3xd"3)/f74 + 3*(3*a~2xbkckxd 2+f + b~ 3x
ckd"2+f + 3*axb”2xd"3)*x(£72*xx"2*log(e” (f*x + e) + 1) + 2xfxx*xdilog(-e” (f*x
+ e)) - 2*polylog(3, -e (f*x + e)))/f74 + 3*(3*%a"2*bkcxd"2*xf + b~ 3*cxd ~2*f
+ 3xaxb”2*%d"3) * (f"2*x"2xlog(-e~ (f*x + e) + 1) + 2*f*xxdilog(e”™(f*x + e)) -
2*xpolylog(3, e~ (fxx + e)))/f74 + 3*(3xa”2%b*xc™2xd*f"2 + Gxaxb ™ 2*ckd™2xf + (
CcT2%d*f72 + d73)*b73) *x(f*rx*log(e” (f*xx + e) + 1) + dilog(-e”(f*x + e)))/f"4
+ 3% (3*%a”2%b*xc72*xd*f"2 + 6*axb”2kcxd"2xf + (cT2xd*f72 + d73)*b73)* (f*xx*1log(
—e”(f*x + e) + 1) + dilog(e”(fxx + e)))/f74 - 1/2%((3*a"2xb*d”"3 + b~3*d~3)*
f74xx"4 + 4% (3%a~2xbxcxd"2*f + b " 3kckd"2xf + 3kaxb"2xd"3)*f"3%xx"3 + 6% (3*xa”
2%bxc 2%d*f 72 + 6xaxb”2xckxd”"2*xf + (cT2%d*f72 + d73)*b"3)*xf"2*xx"2) /f"4

mupad [F] time = 0.00, size = -1, normalized size = -0.00
3
jxa+baﬂn@+fx» @+dxfdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x)) 3*(c + d*x)~3,x)
[Out] int((a + bxcoth(e + f*x)) 3*x(c + d*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
f (a + b coth (e + fx)) (c+ dx)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(atb*coth(f*x+e))**3,x)

[Out] Integral((a + bxcoth(e + f*x))**3*(c + d*x)**3, x)
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348  [(c+dx)*(a+bcoth(e + fx))*dx

Optimal. Leaf size=401

a3(c +dx)? 3a?bd(c + dx)Liy (2¢*/9) 3a2b(c + dx)? log (1 — 2*f9)  g2p(c + dx)3 3a?bdLiz (2€+/)
+ + - - -
3d 2 f d 2f3

[Out] b~ 3*ckd*xx/f+1/2%b~3%d"2*x"2/f-3*a*b”™ 2% (d*x+c) ~2/f+1/3%a”3* (d*x+c) ~"3/d-a"2*b
* (d*xx+c) ~3/d+axb” 2% (d*x+c) "3/d-1/3*b~ 3% (d*x+c) "3/d-b~3*d* (d*x+c) *coth (f*x+e

) /£72-3%axb~2* (d*x+c) "2*coth (f*x+e)/f-1/2+b~3* (d*x+c) "2*coth(f*x+e) "2/f+6xa
*xb~2xd* (d*x+c) *1n(1-exp (2*xf*x+2%e) ) /£72+3%a~2*b* (d*xx+c) "2x1n (1-exp (2% f*x+2%
e))/f+b~ 3% (d*x+c) “2*1n(1-exp (2xfxx+2%e)) /f+b~3*d"2*1n(sinh (f*x+e) ) /£~ 3+3xax
b~2*%d"2*polylog (2, exp (2xf*x+2%e) ) /£~ 3+3%a~2*%bxd* (d*x+c)*polylog(2,exp (2*f*x

+2%e) ) /£72+b73xd* (d*x+c) *polylog(2,exp (2*xf*x+2%e)) /f72-3/2%xa~2xb*d~2*polylo
g(3,exp(2xf*x+2%xe) ) /£73-1/2%b"3*d"2xpolylog (3, exp (2*f*x+2*e)) /£~3

Rubi [A] time = 0.70, antiderivative size = 401, normalized size of antiderivative
= 1.00, number of steps used = 22, number of rules used = 11, integrand size = 20,

number of rules _ ),550, Rules used = {3722, 3716, 2190, 2531, 2282, 6589, 3720, 2279, 2391,

integrand size

32, 3475}

3a2bd(c + dx)PolyLog (2,¢2¢+/%))  3a2bd?PolyLog (3,¢2¢*/¥)) 3ab?d?PolyLog (2,2¢+/™)) b3d(c + dx)Px
Iz B 213 + 13 +

Antiderivative was successfully verified.
[In] Int[(c + d*x)~"2*(a + b*Coth[e + f*x])~3,x]

[Out] (b7 3*cxd*x)/f + (b~3*d"2*x72)/(2*xf) - (3*axb™2*(c + d*x)"2)/f + (a"3x(c + d
*x)73)/(3*%d) - (a~2*b*(c + d*x)"3)/d + (a*xb™2*(c + d*x)~3)/d - (b"3*x(c + d*
x)"3)/(3%d) - (b"3*d*x(c + d*x)*Cothl[e + fx*x])/f~2 - (3*a*xb~2x(c + d*x) " 2*xCo
thle + fxx])/f - (b”3*(c + d*x)~2*xCothl[e + £*x]72)/(2*f) + (6*xaxb~2xdx(c +
dxx)*Log[1 - E7(2x(e + fxx))])/f72 + (3*a"2*b*x(c + d*x) 2xLog[l - E"(2x(e +
f*x))]1)/f + (b7™3*%(c + d*x) " 2xLog[l - E(2x(e + f*x))])/f + (b~3*d"2xLog[Si
nhle + fxx]])/£73 + (3*%a*xb”~2xd"2*PolyLog[2, E"(2x(e + £*x))])/f~3 + (3*a~2x
bxd*(c + d*x)*PolyLog[2, E~(2x(e + f*x))])/f72 + (b~3*d*(c + d*x)*PolyLogl[2
, ET(2x(e + £*xx))])/f72 - (3*a”"2xb*d"2*PolyLogl[3, E~(2*(e + f*x))])/(2xf73)
- (b™3*d"2xPolyLog[3, E~(2*(e + f*x))])/(2xf~3)

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[1l + (b*(F~(g*(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + dx*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2282
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_ ))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2531

Int[Logll + (e_.)*((F_)~((c_)*((a_.) + (b_.)*(x_)))) " (n_)I*x((£f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(c*(a + bx*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, &, n}, x] & GtQ[m, 0]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, %] /; FreeQ[{c, d}, x]

Rule 3716

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*xE~(2*%(-(Ixe) + fxfzxx)))/(E™(2xI*k*Pi)*(1 + E~(2%(-(Ix*
e) + f*xfz*x))/E~(2xIxkxPi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (d_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(f*(n - 1)), Int[(c + d*x)~(m - 1)*(bxTanl[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) “m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3722

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)1)"(n_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + bxx)"pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bx*d, axel

Rubi steps
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f (c + dx)?(a + bcoth(e + fx))3dx = f (a3(c + dx)? + 3a2b(c + dx)? coth(e + fx) + 3ab?(c + dx)? coth®(e +

3 d 3
_ “(C3+x) + (342) f (c + dx)2 coth(e + fx)dx + (3ab?) f (c+ dx)?
_d(c+dx)®  a?b(c+dx)®  3ab*(c +dx)? coth(e + fx)  bP(c+dx)?
Y J 7
3ab’(c + dx)*> a*(c+dx)® a?b(c+dx)> ab’(c+dx)® b3 (c+c
= — + — + —
7 3d J q 3d
Bedx DbPd?x* 3ab?(c +dx)?> a®(c+dx)® a?b(c+dx)® ab?(c
7Ty 7 3d d
Pedx DPd?x*  3ab?(c +dx)*> a*(c+dx)® a?b(c+dx)® ab?(c
= —+ — + — +
[T 7 3d q
Pedx bPd?x* 3ab?(c +dx)*> a*(c+dx)® a?b(c+dx)® ab?(c
= + — + — +
7o 7 3d d
Bedx bPd?x*  3ab?(c +dx)?> a®(c+dx)® a?b(c+dx)® ab?(c
= + — + — +
[T 7 3d d

Mathematica [C] time = 13.39, size = 2029, normalized size = 5.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)~2%(a + b*Cothl[e + f*x])~3,x]

[Out] -1/2*(a"~2*xbxd"2*%E~e*Csch[e] *((2*xf~3*x"3) /E~(2%e) - 3*(1 - E~(-2*e) ) *f"2%x"2
*xLogl[l - E7(-e - f*xx)] - 3*%(1 - E7(-2%e))*f"2xx"2%Log[l + E"(-e - fxx)] + 6
x(1 - E7(-2%e))*(f*x*xPolyLog[2, -E"(-e - f*x)] + PolyLogl[3, -E~(-e - fx*x)])
+ 6%(1 - E7(-2%e))*(f*xx*PolyLog[2, E"(-e - f*x)] + PolyLogl[3, E"(-e - fx*x)
1)))/£73 - (b73*xd"2*E"exCschle] * ((2*xf~3*x"3) /E~(2%xe) - 3% (1 - E~(-2%e))*f"2
*x"2%Log[1l - E"(-e - fxx)] - 3%(1 - E~(-2%e))*f"2xx"2*Log[1l + E~(-e - fx*x)]
+ 6%(1 - E~(-2xe))*(f*x*PolyLog[2, -E~(-e - f*x)] + PolyLogl[3, -E~(-e - f*
x)]) + 6%x(1 - E7(-2%e))*(f*x*xPolyLog[2, E"(-e - f*x)] + PolyLogl[3, E"(-e -
fxx)1)))/(6%x£73) - (b~3*d"2xCschle] *(-(f*x*Cosh[e]) + Log[Cosh[f*x]*Sinh/[e]
+ Coshl[e]l*Sinh[f*x]]*Sinh[e]))/(f"3*x(-Cosh[e]”2 + Sinh[e]"2)) - (6*xa*xb”2x*c
*d*Csch[e] * (- (f*x+xCosh[e]) + Logl[Cosh[f*x]*Sinh[e] + Cosh[e]*Sinh[f*x]]*Sin
hlel))/(f"2x(-Cosh[e] "2 + Sinh[e]~2)) - (3*a~2xbxc~2*Csch[e]*(-(f*x*Cosh[e]
) + Log[Cosh[f*x]*Sinh[e] + Cosh[e]*Sinh[f*x]]*Sinh[e]))/(f*(-Cosh[e]"2 + S
inh[e]"2)) - (b~3%c™2*Cschle]*(-(f*x*Cosh[e]) + Log[Cosh[f*x]*Sinh[e] + Cos
h[e]l*Sinh[f*x]]1*Sinh[e]))/(f*(-Cosh[e]”2 + Sinh[e]"2)) + (Cschl[e]l*Cschle +
f*x] 2% (-6xb"3*xcxd*Cosh[e] - 18*axb™2xc 2xf*Cosh[e] - 6*b~3*d"2*x*Cosh[e] -
36*xa*xb”~2xckd*xfxx*xCosh[e] - 18*a”2*bxc™2xf " 2xx*Cosh[e] - 6%b~3*xc”~2*xf " 2*xx*Co
shle] - 18*axb”™2xd"2xfxx"2*Cosh[e] - 18*a”2xbxcxd*xf~2*x~2*Cosh[e] - 6*b~3*c
*dxf~2+x"2*Cosh[e] - 6*%a~2*bxd~2+xf " 2xx~3*Cosh[e] - 2*b~3%d"2*xf~2*x~3*Coshl[e
] + 6*b"3*xcxd*Cosh[e + 2*f*x] + 18*axb™2xc~2xf*Coshl[e + 2*f*x] + 6xb~3*xd~ 2%
x*Cosh[e + 2xf*x] + 36*axb™2xckxd*xf*x*Coshl[e + 2*f*x] + 9*a”2xbxc~2xf~2*x*Co
shle + 2*f*xx] + 3*xb~3*xc™2*%f " 2*x*Coshl[e + 2*xf*x] + 18*a*xb~2*d " 2*xf*x"2*Cosh[e
+ 2xf*x] + 9%a”2xb¥xcxd*xf " 2*xx"2%Coshl[e + 2xf*x] + 3*b~3*c*d*f~2*%x"2*Coshl[e
+ 2*xf*xx] + 3*%a"2xbxd"2+%f"2+x"3*Coshl[e + 2*xf*x] + b~3*d"2*f " 2*x"3*Cosh[e + 2
*f*x] + 9*ka " 2xbxcT2xf"2xx*Cosh[3*e + 2*xf*xx] + 3*b~3%c™2+f " 2*x*Cosh[3*e + 2%
fxx] + 9*%a”2xbxcxd*xf " 2+%x"2*%Cosh[3*e + 2xf*xx] + 3*b~3*xc*d*f " 2*xx"2*Cosh[3*e +
2%f*x] + 3*a"2xbxd"2*%f"2+x"3*Cosh[3*e + 2xf*x] + b~ 3*d"2*f " 2*x"3*Cosh[3*e
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+ 2xfxx] - 6%b~3xc”2xf*Sinh[e] - 12*b~3*cxd*f*x*Sinh[e] - 6*a”~3*c™2xf " 2*x*S
inh[e] - 18*axb”2*c”2+f " 2*x*Sinh[e] - 6*b~3*d"2*f*x"2*Sinh[e] - 6*a”3*c*d*xf
“2xx72*Sinh[e] - 18*a*b~2xcxd*f~2*x"2xSinh[e] - 2%a~3*d"2*f~2xx"3*Sinh[e] -
6*axb~2xd"2*xf"2xx"3*Sinh[e] - 3*a”~3*c”2xf " 2*x*Sinh[e + 2*xf*x] - O9xaxb~2*c”
2xf " 2*xx*Sinh[e + 2*f*x] - 3*a”3*kckd*f~2xx"2*Sinh[e + 2xf*x] - 9*axb~2xc*d*f
“2xx72*Sinh[e + 2xf*x] - a~3*d"2*f "2%x"3*Sinh[e + 2xf*x] - 3*axb~2xd”"2*f 2%
x"3*8inh[e + 2*f*x] + 3*%a”3*c 2xf " 2*xx*Sinh[3*e + 2*f*x] + 9*xaxb ™ 2%c 2xf " 2*x
*3inh [3*e + 2*xf*xx] + 3%a~3*c*d*f " 2*x"2*Sinh[3*e + 2%f*x] + Okaxb™2kckxd*xf 2%
x72%Sinh[3*%e + 2*fxx] + a~3*d"2*f " 2*x"3*Sinh[3*e + 2*f*x] + 3*a*xb”~2xd"2xf"2
*x~3*Sinh [3*e + 2xf*x]))/(12*xf~2) - (3*xaxb~2*d"2+Cschl[e]*Sech[e]*((£f72*x~2)
/E"ArcTanh[Tanh[e]l] - (Ix(-(f*x*(-Pi + (2*I)*ArcTanh[Tanh[e]])) - PixLogl[1
+ E7(2*f*x)] - 2% (I*f*x + IxArcTanh[Tanh([e]])*Logl[l - E~((2*I)*(I*xf*xx + I*A
rcTanh[Tanh[e]]))] + Pi*Log[Cosh[f*x]] + (2*I)*ArcTanh[Tanh[e]]*Log[I*Sinh[
fxx + ArcTanh[Tanh[e]]]] + I*PolyLogl[2, E~((2*I)*(I*f*x + I*ArcTanh[Tanh/[e]
1))1)*Tanh([e])/Sqrt[1 - Tanh[e]~2]))/(£"3*Sqrt[Sech[e] “2*(Cosh[e] "2 - Sinh[
e]"2)]) - (3*a~2xbxcxd*Cschl[e]*Sech[e]*((f72*x~2)/E~ArcTanh[Tanh[e]] - (I*(
—(fxx*(-Pi + (2*I)*ArcTanh[Tanh[e]])) - PixLog[l + E~(2*f*x)] - 2*(I*xf*xx +

IxArcTanh[Tanh[e]])*Log[1 - E~((2*I)*(Ixf*x + I*ArcTanh[Tanh[e]]))] + PixLo
g[Cosh[f*x]] + (2*I)*ArcTanh[Tanh[e]]*Log[I*Sinh[f*x + ArcTanh[Tanh[e]]]] +
I*¥PolyLog[2, E~((2*I)*(I*f*x + IxArcTanh[Tanh[e]]))])*Tanh[e])/Sqrt[1l - Ta
nh[e]~2]))/(£f72xSqrt[Sech[e] “2*(Cosh[e] "2 - Sinh[e]"2)]) - (b~ 3*cxd*Cschle]
*Sech[e] *((f72*x"2) /E"ArcTanh[Tanh[e]] - (I*(-(f*x*x(-Pi + (2*I)*ArcTanh[Tan
hle]]l)) - PixLogl[l + E~(2xf*x)] - 2x(Ixf*x + I*ArcTanh[Tanh[e]])*Log[l - E~
((2+#I)*(I*f*x + I*ArcTanh[Tanh[e]l]))] + Pi*Logl[Cosh[f*x]] + (2*I)*ArcTanh[T
anh[e]]*Log[I*Sinh[f*x + ArcTanh[Tanh[e]]]] + I*PolyLogl[2, E~((2+I)*(I*xf*x
+ I*ArcTanh[Tanh([e]]))])*Tanh[e])/Sqrt[1 - Tanh[e]~2]))/(£72%Sqrt[Sech[e] "2
*(Cosh[e]”2 - Sinh[e]~2)])

fricas [C] time = 0.62, size = 6356, normalized size = 15.85

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “2x(atb*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/3*((a~3 - 3*a”2%b + 3*a*b”™2 - b~3)*d"2xf~3*x~3 + 3*(a”3 - 3*xa~2xb +
"2 - b73)*cxd*f"3%x"2 + 18*axb"2*%d"2%e”2 + 3% (a”3 - 3*a"2%b + 3xaxb”2 - b”3
)*xcT2+%f73%x - 6*b73*d"2%xe — 2% (3*a"2%b + b"3)*d"2*e”3 + ((a”3 - 3*a"2*b + 3
*axb~2 - b~3)*d"2*xf"3*x"3 + 18*%axb”"2xd"2%e”2 - 6xb~3*%d"2%e - 2% (3*%a"2*b + b
~3)*d"2%e”3 - 6% (3*a"2xb + D73)*c”"2*ke*xf"2 - 3*(6xaxb”2*%d"2*xf"2 - (a”3 - 3*a
“2%b + 3*a*xb”2 - bT3)*kcxd*f73)*x"2 - 6k (6xaxb"2xcxdxe - (3*a”"2*b + b73)*cx*d
*e72)*f - 3k (12*axb~2xcxd*f~2 + 2*b7"3xd"2xf - (a”3 - 3*a"2*b + 3*axb”2 - b~
3)kc2xf"3) *x) *cosh (f*x + e)74 + 4*x((a”3 - 3*a”2%b + 3*a*xb”™2 - b~3)*d"2xf~3
*x73 + 18*axb"2*xd"2*xe"2 - 6*b"3*d"2*e - 2% (3*a"2xb + b~3)*d"2*e”3 - 6% (3*a”
2%b + b73)*c 2*exf"2 - 3% (6*axb”2¢d"2xf"2 - (a3 - 3*a"2*b + 3*axb”2 - b~3)
*cxd*f73)*x"2 — 6x(6*xaxb”2xckd*e - (3*a"2xb + b73)*ckd*xe”2)*f - 3k (12*axb”~2
*cxd*f72 + 2xb73xd"2xf - (a”3 - 3*a”2*b + 3*axb”2 - b73)*c"2*f"3)*x)*cosh(f
*x + e)*sinh(f*x + e)”3 + ((a”™3 - 3*a”2*b + 3*a*xb™2 - b~ 3)*d"2*f"3*x"3 + 18
*a*xb”"2%d"2*%e”"2 - 6*b"3*xd"2%e - 2% (3*%a”2*b + b~3)*d"2*e”3 - 6%(3*a”2*b + b”3
Y¥cT2xexf72 — 3% (6xaxb”2xd"2*xf"2 - (2”3 - 3*a"2*b + 3*a*b”2 - b~3)*cxdxf~3)
*x72 - 6*(6*axb”2xckxdxe - (3*%a"2%b + b73)*kckdxe"2)*xf - 3% (12*a*b”2kxckd*xf~2

+ 2%b73%d"2xf - (a”3 - 3*a"2*b + 3*axb”2 - b73)*c”2*f"3)*x)*sinh(f*x + e)74
+ 6% (3*kaxb™2xc”2 - (3*%a"2%b + b”"3)*kc"2*xe)*f"2 - 2% ((a”3 - 3*a"2*b + 3*xaxb”
2 - b73)*d"2*%f"3*%x"3 + 18*axb"2x%d"2*%e"2 - 6xb"3*d"2%xe - 2% (3*a"2*b + b~3)*d
~2%e73 - 3k (2% (3*a"2*b + b"3)*c"2%e - (3*a*xb”2 + b~3)*c"2)*f"2 + 3*x((a”3 -

3*a”"2*%b + 3*axb”2 - b73)*kckd*f"3 - (3*axb”2 - bT3)*A"2*f7"2)*xx"2 - 3*x(12xaxb
“2%c*d*e - b73*xckxd - 2x(3*%a"2%b + b~3)*kckd*e"2)*xf - 3x(b"3%d"2*f - (a”3 - 3
*a"2%b + 3*axb”2 - b"3)*xcT2*xf73 + 2% (3*kaxb”2 - b~3)*ckd*f~2)*x)*cosh(f*x +

e)”2 - 2%((a”3 - 3*a"2xb + 3*axb”2 - b73)*d"2*xf"3*x"3 + 18*axb”2*xd"2*e”2 -

6xb"3*d"2%e - 2*x(3*a”2%b + b~3)*d"2%e”3 - 3% (2% (3*xa"2*b + b~ 3)*c"2*e - (3*a

3*ax*xb



203

*b72 + bT3)*kcT2)*f"2 + 3% ((a”3 - 3*a"2*b + 3*axb”2 - b”3)*kckd*f"3 - (3*axb”
2 - b73)*dA"2xf"2)*x"2 - 3% ((a”3 - 3*a”"2*b + 3*axb”2 - b~3)*d"2*f"3*x"3 + 18
*a*xb”"2*%d"2*%e”2 - 6*b"3xd"2xe - 2% (3*a”2*b + b~3)*d"2*xe”3 - 6*(3*a”"2*b + b”3
Y*xCcT2%exfT2 - 3k (B6xaxbT2xd"2xf72 - (a3 - 3*a”"2%b + 3*axb”2 - b~3)*ckd*f”3)
*x72 - 6*%(6*axb"2xcxdxe - (3*a”2%b + b73)*kckdxe"2)*xf - 3% (12*a*b”2*xckxd*f”2
+ 2xb73*d"2*xf - (a”3 - 3*a"2*b + 3*a*xb"2 — b~3)*c"2*%f"3)*x)*cosh(f*x + e)”2
- 3*%(12*a*b"2*xckxd*xe - b~ 3*c*kd - 2*(3*a"2*b + b~3)*ckd*e”2)*f - 3*x(b"3xd"2*
f - (a™3 - 3*a”™2%b + 3*a*xb”2 - b"3)*c"2*f"3 + 2% (3*axb”2 - b"3)*ckd*xf"2)*x)
*sinh(f*x + e)72 — 6*x(6*a*xb™2xckd*e - b~ 3xckxd - (3*a~2xb + b~3)*cxd*xe”2) *f
+ 6% (3*axb”2xd"2 + (3*a"2%b + b73)*kd"2xf*x + (3*a*xb”2+%d"2 + (3*a"2*b + b~3)
*d"2+f*x + (3*a”"2xb + b~3)*ckd*f)*cosh(f*x + e)~4 + 4+ (3*xa*xb™2xd"2 + (3*a”2
*b + b73)*kd"2*xf*x + (3*%a”2%b + b~3)*kckd*f)*cosh(f*x + e)*sinh(f*x + e)~3 +
(B*axb™2+%d"2 + (3*a"2%b + b~3)*d"2*f*x + (3*a"2*b + b~3)*c*d*f)*sinh(f*x +
e)”4 + (3*a”2*b + b~ 3)xcxd*f - 2% (3*axb”2xd"2 + (3*a”2%b + b~3)*d"2*xf*xx + (
3*a”"2*%b + b~3)*cxdxf)*cosh(f*x + e)72 — 2*x(3*xaxb”2+%d"2 + (3*a”2*b + b~3)*d~
2+%f*xx + (3*a”"2*%b + b~ 3)xckd*f - 3*(3*kaxb”2xd"2 + (3*a"2%b + b”3)*kd"2*xf*x +
(3*%a~2%b + b~ 3)*ckxd*f)*cosh(f*x + e) 2)*sinh(f*x + e)~2 + 4+ ((3*a*xb™2xd"2 +
(3*a~2%b + b"3)*d"2*xf*x + (3*a~2%b + b~3)*ckd*f)*cosh(f*x + e)~3 - (3*xaxb™
2%d72 + (3*a”2*b + b~3)*d"2*f*x + (3*a”"2*b + b~3)*cxd*f)*cosh(f*x + e))*sin
h(fxx + e))*dilog(cosh(f*x + e) + sinh(f*x + e)) + 6x(3*%a*b”™2*d”2 + (3*a™2x%
b + b73)*d"2*xf*x + (3*a*xb™2*d"2 + (3*a”2%b + b~3)*d"2*xf*x + (3*a"2%b + b~3)
xckd*f)*cosh(f*x + e)74 + 4+ (3*xa*xb™2xd"2 + (3*a"2xb + b~ 3)*d"2*xf*x + (3*a”~2
*b + b73)*kckd*f)*cosh(f*x + e)*sinh(f*x + e)~3 + (3*a*xb~2+*d"2 + (3*a"2*b +
b~3)*d"2xfxx + (3*a”2%b + b7 3)*ckxd*f)*sinh(f*x + e)”4 + (3*a"2xb + b~3)*c*d
*f — 2% (3*axb™2xd"2 + (3*a”2%b + b~3)*d"2*xf*x + (3*a~2%b + b~3)*c*d*f)*cosh
(f*x + e)72 - 2% (3*axb™2*xd"2 + (3*a"2%b + b~3)*d"2xf*x + (3*a~2%b + b~3)*c*
d*f - 3*(3*axb”2xd"2 + (3*a"2*b + b~3)*d"2xf*xx + (3*a~2%b + b~ 3)*c*xd*xf)*cos
h(f*x + e)"2)*sinh(f*x + e)72 + 4*x((3*a*b™2+%d"2 + (3*a"2*b + b~3)*d"2*f*x +
(3%a”2*b + b~ 3)*ckd*f)*cosh(f*x + e)”3 - (3*axb™2xd"2 + (3*a”2*b + b~3)*d~
2xfxx + (3*a”2*%b + b~ 3)*ckdxf)*cosh(f*x + e))*sinh(f*x + e))*dilog(-cosh(fx*
X + e) - sinh(f*x + e)) + 3*((3*a"2xb + b~3)*d"2*f " 2*x"2 + 6*xaxb™2xcxd*xf +
b73*xd"2 + (3*a”2%b + b 3)*kcT2xf"2 + ((3*a”2%b + b73)*dA"2*fT2*xx"2 + Bxaxb”2*
cxd*xf + b"3*%d"2 + (3*a"2xb + b"3)*c"2*xf"2 + 2% (3*axb"2xd"2*xf + (3*a"2*b + b
“3)*cxd*f~2)*x) *cosh(f*x + e)74 + 4x((3*a”2xb + b~3)*d™2%f " 2*x"2 + 6xaxb”2x*
cxd*xf + b7"3*%d"2 + (3*a"2xb + b73)*cT2*xf72 + 2% (3*axb"2xd"2*xf + (3*a"2*b + b
~3)*xcxd*f~2) *x) *cosh(f*x + e)*sinh(f*x + e)~3 + ((3*a”™2xb + b~3)*d"2xf " 2*xx~
2 + 6*axb " 2xckd*f + b73*%d"2 + (3*%a”2*b + bT3)*xcT2xf72 + 2% (3kaxb"2xd"2xf +
(3*%a~2%b + b7 3)*kckd*xf~2)*x)*sinh(f*x + e)74 - 2% ((3*a~2xb + b~3) *d"2*f " 2*x"~
2 + 6xa*xb”2xckd*f + b73*%d"2 + (3*%a”"2%b + bT3)*cT2xf"2 + 2% (3*axb”"2xd"2*f +
(3*%a"2%b + b~ 3)*kckd*f~2)*x)*cosh(f*x + e)72 - 2x((3*a"2xb + b~3) *d"2*f " 2*x"~
2 + 6*xaxb”2*xckd*xf + b73x%d"2 + (3*a”"2*b + bT3)*cT2xf72 - 3% ((3*a”"2*%b + b~3)*
d72*%f72*%x72 + 6xaxb"2kxckd*f + bT3kd72 + (3*a"2xb + b73)*cT2*f72 + 2% (3*axb”
2+%d72+f + (3*a”"2*%b + b~3)*ckd*f"2)*x)*cosh(f*x + e)~2 + 2% (3*xa*xb”™2xd"2*xf +
(3*%a~2%b + b 3)*ckd*xf~2)*x)*sinh(f*x + e)72 + 2*x(3*xaxb~2+%d"2+xf + (3*a"2*b +
b73) kckd*xf~2) *x + 4% (((3*a”2+b + b~3)*xd"2*f 2xx”"2 + 6*xaxb"2xckd*f + b~3*d”
2 + (3*%a"2*b + b73)*cT2xf72 + 2% (3*xaxb”2xd"2*xf + (3*%a"2%b + b73)*kckd*fT2) *x
Yxcosh(f*x + e)73 - ((3*a™2xb + b~3)*d"2*f " 2*x"2 + 6*xaxb~2xcxd*f + b~3*d"2
+ (3*a”2*%b + b73)*c72+xf72 + 2% (3kaxb"2xd"2xf + (3*a"2%b + b73)*kckd*f"2)*x)*
cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 3%(6
*axb"2%d"2%e - b73%d"2 - (3*a"2%b + b~3)*d"2%e”2 - (3*a"2%b + b"3)*kc"2*f"2
+ (6*axb™2xd"2*xe - b~3*%d"2 - (3*a”"2*b + b~3)*d"2%e”2 - (3*a"2*b + bT3)*c"2x
£f72 - 2% (3*axb"2xcxd - (3*a”2*b + b~ 3)*ckxdxe)*f)*cosh(f*x + e)”4 + 4x(6xaxb
“2%d"2%e - b73*%d"2 - (3%a"2*b + b”"3)*d"2*e”2 - (3%a"2*b + b"I)*xc"2xf"2 - 2%
(3*a*xb~2*c*d - (3*a"2*b + b~3)*c*d*e)*f)*cosh(f*x + e)*sinh(f*x + e)”3 + (6
*axb"2%d"2%e - b73%d"2 - (3*a"2%b + b~3)*d"2%e”2 - (3*a"2%b + b"3)*kc"2*xf"2
- 2% (3*a*xb”2*xcxd - (3*a"2%b + b~3)*ckd*e)*f)*sinh(fxx + e)~4 - 2*x(6*xaxb~2*d
“2%e - bT3*d72 - (3*a"2xb + b”3)*d"2*e”2 - (3*a"2xb + b73)*cT2*f72 - 2% (3*a
*b72%c*d - (3*a"2%b + b~3)*c*d*e)*f)*cosh(f*x + e)”2 - 2% (6*a*xb™2*d"2*e - b
~3%d"2 - (3*a"2*b + b"3)*d"2%e"2 - (3*a"2*b + b~3)*c"2+xf"2 - 3*(Bkaxb"2xd"2
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¥e — b73*d72 - (3*a"2xb + b~3)*d"2%e”2 - (3*a"2xb + b"3)*c"2*xf"2 - 2% (3*ax*b
~2%c*xd - (3*a"2*b + b~3)*ckd*e)*f)*cosh(f*x + e)72 - 2% (3*xa*xb”™2*xckxd - (3*a”
2%b + b73)*kckd*xe)*f)*xsinh(f*x + e)”2 - 2% (3*axb™2xcxd - (3*a”2*b + b~ 3)*cx*d
xe)*xf + 4*x((6*a*xb™2xd"2xe - b~"3*d"2 - (3*a”"2*b + b~3)*d"2%e”2 - (3*a”"2*b +
b~3)*xcT2xf72 - 2% (3*a*xb”2*xckd - (3*a"2xb + b~3)*ckd*e)*f)*cosh(f*x + e)~3 -
(6xaxb~2+%d"2%e - b73*d"2 — (3*a”2%b + b~3)*d"2*e”2 - (3*a"2xb + b"3) *c”2*f
"2 - 2%(3*axb"2*xcxd - (3*%a"2%b + b"3)*ckd*e)*f)*cosh(f*x + e))*sinh(f*x + e
))*xlog(cosh(f*x + e) + sinh(f*x + e) - 1) + 3*%((3*a”2%b + b73)*d"2+f " 2*x"2
+ 6*axb”2xd"2xe - (3*a"2%b + b”T3)*d"2*e”2 + 2% (3*a"2%b + b~ 3)*kckdxexf + ((3
*a"2%b + b73)*d"2xf"2xx"2 + 6*xaxb”"2*xd"2*%e — (3*a"2%b + b~3)*d"2*e”2 + 2% (3%
a~2xb + b73)*kckdxexf + 2% (3*xaxb”2xd"2*xf + (3*a"2xb + b73) *c*kd*f”2)*x) *cosh(
fxx + e)74 + 4x((3*a"2%b + b73)*d"2*xf"2*x"2 + 6xa*xb”2+%d"2%e - (3*a"2*b + b~
3)*d"2*%e”2 + 2*%(3%a”2*xb + b7 3)*ckdxexf + 2% (3*kaxb"2xd"2xf + (3*%a”"2*b + b~3)
*ckd*xf~2) *x)*cosh(f*x + e)*sinh(f*x + e)73 + ((3*a"2%b + b~ 3)*d"2*f " 2*xx"2 +
B6*xa*xb"2xd"2xe — (3*a”2%b + b~3)*d"2*e”2 + 2x(3*a"2%b + b73)*kckdrexf + 2x(3
*axb”"2%d72*%f + (3*a"2%b + b73) *ckd*f72)*x)*sinh(f*x + e)”4 - 2x((3*a"2xb +
b~3) *d"2*xf"2%x"2 + 6*axb”2xd"2%e — (3*a"2%b + b”3)*kd"2*e”2 + 2*x(3*%a"2*b + b
~3) kckdkexf + 2% (3*xaxb”2+%d"2+f + (3*a"2%b + b~3)*ckd*f"2)*x)*cosh(f*x + e)”
2 - 2%((3*%a"2*%b + b~3)*d"2*%f"2%x"2 + 6*xaxb”2xd"2xe - (3*a"2*b + b73)*d"2*xe”
2 + 2%(3*a”2*%b + b73)*cxd¥exf - 3*((3*a”"2*b + b~3)*d"2*%f"2*x"2 + 6*xaxb”2xd”
2%e - (3*a”2*%b + b73)*d"2%e”2 + 2% (3*a”"2%b + b~3)*ckdkxexf + 2*x(3*kaxb"2xd"2x
f + (3*a™2*%b + b~ 3)*c*kd*f~2)*x)*cosh(f*x + e)~2 + 2% (3*xa*b™2xd"2*f + (3*a”~2
*b + b 3)kckd*fT2)*x)*sinh (f*x + e)72 + 2% (3*axb~2*%d"2+xf + (3*a"2*b + b~3)*
cxd*f~2)*x + 4% (((3*a”2%b + b~ 3)*d"2*xf"2%x”2 + 6*a*xb”2*xd"2*e - (3*a"2*b + b
“3)*d"2%e”2 + 2% (3*a"2xb + b73)*kckd*exf + 2% (3*axb”2xd"2*f + (3*a”"2*b + b”3
Yxcxd*f72) *x) *cosh(f*x + e)~3 - ((3*¥a™2*b + b7~3)*d"2*xf"2xx"2 + 6G*a*xb™2*xd”2x*
e - (3*%a”2*b + b73)*d"2*xe"2 + 2% (3*a”2*b + b73)*ckdrxexf + 2% (3kaxb”"2xd"2*f
+ (3*%a"2xb + b73)*ckd*f~2)*x)*cosh(f*x + e))*sinh(f*x + e))*log(-cosh(f*x +
e) - sinh(f*x + e) + 1) - 6%x((3*a"2*b + b~3)*d"2*xcosh(f*x + e)”4 + 4%(3*a”
2%b + b~"3)*d"2*cosh(f*x + e)*sinh(f*x + e)”~3 + (3*a~2%b + b~3)*d"2*sinh(f*x
+ e)74 - 2x(3*a"2xb + b~3)*d"2*cosh(f*x + e)72 + (3*a™2%b + b~3)*d"2 + 2% (
3% (3*a”"2*%b + b~3)*d"2*cosh(f*x + e)72 - (3*a"2xb + b~3)*d"2)*sinh(f*x + e)”
2 + 4%((3*a"2*b + b~3)*d"2*cosh(f*x + e)”3 - (3*a"2xb + b~3)*d"2*cosh(f*x +
e))*sinh(f*x + e))*polylog(3, cosh(f*x + e) + sinh(f*x + e)) - 6x((3*%a~2*b
+ b73)*d"2*cosh(f*x + e)~4 + 4*(3*a"2*%b + b~3)*d"2*cosh(f*x + e)*sinh(f*x
+ e)73 + (3*%¥a"2*b + b~3)*d"2*sinh(f*x + e)~4 - 2% (3*a"2%b + b~3)*d"2*cosh(f
*x + e)72 + (3*a"2xb + b~3)*d"2 + 2% (3*(3*a”"2*xb + b~3)*d"2*cosh(f*x + e)”2
- (3*%¥a”2*b + b73)*d"2)*sinh(f*x + e)72 + 4*x((3*a"2*b + b~3)*d"2*cosh(f*x +
e)”3 - (3*%a"2xb + b~3)*d"2*cosh(f*x + e))*sinh(f*x + e))*polylog(3, -cosh(f
*x + e) - sinh(f*x + e)) + 4*x(((a~3 - 3*a”2xb + 3*a*b”2 - b~3)*d~2%f " 3*x"3
+ 18%a*b”™2x%d"2*%e”2 - 6xb"3kd"2%e - 2% (3*a"2%b + b~3)*d"2*%e”3 - 6% (3*xa"2*b +
b~3) *c"2xexf72 - 3k (B6kaxb”2xd"2xf"2 - (a”3 - 3*a”2*b + 3*axb"2 - b~3)*ckd*
f73)*x"2 - 6x(6*axb”2xckxd*e - (3*a”"2*%b + b~3)*xcxd*e”2)*f - 3k (12*a*xb~2xcxd*
£f72 + 2xb73xd"2*xf - (a”3 - 3*a"2*b + 3*axb”2 - b"3)*c"2*xf"3)*x)*cosh(f*x +
e)”3 - ((a”™3 - 3*a™2xb + 3*a*xb”2 - b73)*d"2*xf"3xx"3 + 18*a*b”2*d"2*e”2 - 6%
b~3*xd"2xe - 2% (3*a”2*b + b73)*d"2*xe"3 - 3% (2% (3*a"2*b + b~3)*c"2xe - (3*ax*b
T2 + bT3)*cT2)*f72 + 3x((a”3 - 3*a”"2xb + 3*axb”2 — b7 3)*xckd*f~3 - (3xaxb”2
- b73)*A"2*f"2)*x"2 — 3*x(12*axb”2*ckd*e — b~ 3*xcxd - 2% (3*a”2*b + b~3)*ckxd*xe
“2)*xf - 3k(b73xd"2xf - (a”3 - 3*%a”"2*b + 3*axb”2 - b"3)*c”2*%f"3 + 2% (3*xaxb”"2
- b73)*cxd*f~2)*x)*cosh(f*x + e))*sinh(f*x + e))/ (£ 3*cosh(f*x + e)~4 + 4x
f~3*xcosh(f*x + e)*sinh(f*x + e)~3 + £~ 3*sinh(f*x + e)”4 - 2*f~3*cosh(f*x +
e)”2 + £73 + 2% (3*xf"3*xcosh(f*x + )72 - £f73)*sinh(f*x + e)~2 + 4x(f"3*cosh(
fxx + e)”3 - f73xcosh(f*x + e))*sinh(f*x + e))

giac [F] time = 0.00, size = 0, normalized size = 0.00
3
[ @+ (beoth (fx +e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c) 2x(atb*coth(f*x+e))~3,x, algorithm="giac")
[Out] integrate((d*x + c)~2*(bxcoth(f*x + e) + a)~3, x)

maple [B] time = 0.75, size = 1542, normalized size = 3.85

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2% (a+bxcoth(f*x+e)) ~3,x)

[Out] 6/f"2*xb*polylog(2,-exp(f*x+e))*a”2+d"2xx+3/f*b*1ln(1-exp(f*x+e))*a”2+d"2xx"2
+6/f72*b*polylog (2, exp(f*x+e) ) *a”~2xd"2xx+6/f " 3*b"2*1n (1-exp (f*x+e) ) *a*xd ™ 2*e
+2/fxb"3*%1n(exp (f*x+e) +1) *xcxd*x+2/f*b~3*1n(1-exp (f*x+e) ) *cxd*x+2/f"2%b~3%1n
(1-exp(f*x+e) ) *cxd*e+6/f"2xb~2x1n (exp (f*x+e)+1) *a*xd~2xx+6/f " 2*b~2*1n(1-exp(
fxxt+e))*a*xd 2xx+12/f73*b"2*%a*xd"2*ex*1n(exp (f*x+e))-3/f"3xbx1n(1-exp (f*x+e)) *
a~2xd"2xe”2-2/f"2xb"3*%c*xd*ex1n(exp (f*x+e)-1)+6/f"2xb"2xa*xckd*1n (exp (f*x+e)+
1)+6/£72xb"2xa*cxd*1n (exp (f*x+e) -1)+4/f~2%b~3*c*kd*e*1n (exp (f*xx+e) ) -3*a”2xbx*
ckd*x"2+3*a*xb"2*ckd*xx"2-12/f¥bka~2*kcxd*exx-6/f " 2*b*a~2*ckd*ex1ln (exp (f*x+e) -
1)+12/£72xb*a~2xc*d*e*1n (exp (f*x+e) ) +6/f*bx1n (1-exp (f*x+e))*a~2xc*xd*x+6/f"2
*bx1n(1-exp (f*xx+e))*a~2kcxdxe+6/f*bx1n(exp (f*x+e) +1)*xa~2*ckxd*x-2%b~ 2% (3*xa*xd
T2%fxx"2%exp (2xf*xx+2%e) +hkd 2% f*xx " 2%kexp (2% f*xx+2%e) +6kakckd*xfxxkexp (2% f*xx+2%
e) +2*b*xckd*f*x*exp (2*xf*xx+2%e) +3*%akxc”™ 2xfxexp (2xf*xx+2%e) —3*ka*xd ™ 2xf*x~2+b*c™ 2%
frexp (2+f*x+2%e) +b*xd~2*kx*exp (2*f*x+2%e) —6xa*xcxd*f*xx+b*xckxd*xexp (2*f*x+2%e) -3*
axc”2*xf-b*xd"2xx-cxb*d) /£72/ (exp (2*f*x+2%e) -1) "2-a"2%b*d~2xx " 3+a*xb”"2xd"2*x"3
+a”3xckd*x"2-b " 3*kckd*x"2+1/3%a"3%d"2*x"3-1/3%b"3%d"2*%x " 3+c"2%a" 3*x+b"3*Cc 2%
x+4/£73%b*a"2*%d"2%e"3-2/f72%b " 3*c*kd*e"2-6/f*b"2*a*xd " 2*x"2-6/f " 3*%b"2*a*xd " 2*e
T2+2/£72%b73%d"2%e”2xx~-6/f " 3*%b*a”~2xd"2*polylog(3,exp (f*x+e))-1/f73*b"3x1n (1
—exp (f*x+e) ) *d"2%e”2-2/f73%b"3*xd"2xe~2*1n(exp (f*x+e) ) +4/3/£ " 3*%b~3*d " 2%e”~3-2
/£73%b~3*%d"2*polylog(3,-exp(f*x+e))-2/f"3*%b~3*d"2*polylog(3,exp(f*x+e))+1/f
~3xb~3*%d"2x1n(exp (f*x+e) +1)+1/£"3*%b"3xd"2*1n (exp (f*x+e)-1)-2/f73*b~3*d"2%1n
(exp(f*x+e))-2/f*b"3xc”2x1n(exp (f*x+e) ) +1/fxb~3*c”2x1In(exp (f*x+e)+1)+1/f*b~
3xc"2*1n(exp (f*x+e)-1)+3*%Cc™2xa” 2xb*x+3*c” 2%axb~2xx-6/f*xb*a~2xc~2x1n (exp (f*x
+e))+6/f73%b"2xa*d"2*polylog(2,-exp (f*x+e) ) +6/f~3*b~2*a*xd~2*polylog(2,exp(f
xx+e) ) +3/fxb*a~2+c”2x1n (exp (f*x+e)+1)+3/f*xb*xa~2xc”2x1n(exp (f*xx+e)-1)+1/£73%
b~3*%d"2%e”2x1n (exp (f*x+e)-1)+2/£72%b~3*xc*d*polylog(2, —exp (f*x+e))+2/£724b"3
xcxd*polylog(2,exp(fxx+e))+1/fxb~3*1n(exp (f*xt+e)+1)*d~2xx~2+2/f"2xb~3*polyl
0g(2,-exp(f*xx+e))*d~2*xx+1/fxb~3*%1In(1-exp (f*x+e))*d"2%x"2+2/f72%b"3*polylog(
2,exp (f*xx+e))*d"2xx-6/f"3*b*a~2*d"2*polylog(3,-exp(f*x+e))-12/f72*b"2*a*xc*d
*x1n (exp(f*x+e)) -6/ "3*%bxa~2xd"2*e~2*1n(exp (f*x+e))+3/f"3*b*a~2*xd"2*e”2x1n (e
xp(f*x+e)-1)+6/f"2xb*a~2*c*kd*polylog(2,-exp(f*x+e))+6/f " 2*b*a~2*cxd*polylog
(2,exp(f*x+e))-6/f"3*%b~2xa*xd~2*ex1n(exp (f*x+e)-1)+3/f*b*1n(exp (f*x+e)+1)*a”
2%d72%x72-4/f*xb"3xckd*kexx—-12/f 7 2%b"2%a*xd " 2*e*xx+6/f " 2*b*a"~2xd " 2%e”"2%x-6/f " 2%
bxa~2*cxdxe”2

maxima [B] time = 0.51, size = 997, normalized size = 2.49

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “2x(atb*coth(f*x+e))”~3,x, algorithm="maxima")

[Out] 1/3%a”3%d"2%x"3 + a”3*c*kd*x"2 + a~3*%c”2*%x + 3*%a~2*%bxc”2xlog(sinh(f*x + e))/
f + 1/3%(18*axb~2xc™2+f + 6*xb " 3*kckd + (3*a~2%b*d"2+%f72 + 3*xaxb™2xd"2xf~2 +
b~3*xd"2*xf"2) *x~3 + 3% (3*ka”"2xbkxckxd*f~2 + b 3kckd*f72 + 3k (ckxd*fT2 + 2%d72x*f)
*a¥xb"2) *x72 + 3% (3 (cT2*xf72 + 4xckd*kf)*axb”2 + (cT2*%f72 + 2%d72)*b"3)*x + (
(83*%a~2xb*d"2*xf"2*%e” (4*e) + 3*axb~2*xd"2xf " 2*xe” (4*e) + b~ 3*xd"2*xf"2%e” (4xe) ) *x

3 + 3*%(3*ka"2xbkcxdxf"2xe” (4%e) + 3kaxbT2kckxd*xf"2xe” (4%e) + bT3kckd*fT2xe”(
4xe) ) *x"2 + 3% (3*xaxb”2xcT2xf"2xe” (4*e) + bT3*xcT2*xf"2*e” (4*xe) ) *x) *xe” (4*f*x)

- 2% (9*axb”2xc"2xfxe” (2xe) + 3*x(c72*f*e”(2*%e) + cxdxe”(2*e))*b"3 + (3*a”~2*b
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*xd"2xf"2%e” (2xe) + 3xaxb"2xd"2xf"2%e”(2%e) + b7 3*d"2*f"2xe” (2%e) ) *x”3 + 3x(
3xa”2xbxckd*xf"2%xe” (2%e) + 3x(ckxd*xf72*e”(2xe) + d72*f*e”(2%e))*axb”2 + (ckxdx
f72%e”7(2%e) + d72xf*xe”(2xe))*b"3)*x72 + 3% (3x(c"2*xf"2%e” (2%e) + 2kckdkfxe”(
2%e) ) *axb”2 + (c72*xf72%e” (2%e) + 2kckxd*xfxe”(2%e) + d"2*xe”(2%e))*b~3)*x)*e”(
2xfxx) )/ (£72%e” (4xf*x + 4*e) - 2*%f72xe” (2xfxx + 2%e) + £72) - 2x(6*a*xb~2*cx*
d*xf + (c72+f72 + d72)*b"3)*x/f72 + (3*a"2xb*d"2 + b~3*d”"2)*(£72*x"2x1log (e (
fxx + e) + 1) + 2xf*x*kdilog(-e~(f*x + e)) - 2xpolylog(3, -e~(f*x + e)))/f"3
+ (3%a"2%bxd"2 + b73xd"2)*x(£72xx"2*log(-e” (f*x + e) + 1) + 2xfxx*dilog(e”(
fxx + e)) - 2*polylog(3, e (f*x + e)))/f73 + 2x(3*a”2*bkckd*f + b~ 3kckd*f +
3xaxb”"2xd"2) * (f*xxxlog(e~ (f*x + e) + 1) + dilog(-e~(f*x + e)))/f73 + 2% (3*a
“2%bkxckd*f + bT3kckdxf + 3xaxb”2*xd"2) *x (fxx*log(-e”(f*x + e) + 1) + dilog(e”
(fxx + €)))/f73 + (6*%axb™2*ckd*xf + (c™2+%f72 + d72)*b"3)*log(e”(f*x + e) + 1
)/£73 + (6*%axb™2kckd*f + (c™2%f72 + d72)*b"3)*log(e”(f*x + e) - 1)/£7°3 - 2/
3x((3*%a~2*%bxd"2 + b~3*%d"2)*f73%x”3 + 3*(3*xa”2xbkckd*xf + b 3kcxd*f + 3kaxb”2
*d"2)*xf"2%x72) /£73

mupad [F]  time = 0.00, size = -1, normalized size = -0.00
3
f(a + bcoth(e+fx)) (c+dx)2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + fx*xx)) 3%(c + d*x)~2,x)
[Out] int((a + b*coth(e + f#*x)) " 3*(c + d*x)~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

[ (a+beoth (e+ fx)) (e + dv? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2x(a+b*xcoth(f*x+e))**3,x)

[Out] Integral((a + bxcoth(e + f*x))**3*(c + d*x)**2, x)
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349  [(c+dx)(a+beoth(e + fx))* dx

Optimal. Leaf size=261

a3(c + dx)? +3ﬂzb(c +dx) log (1 — e2e+f x)) 3a2b(c + dx)? +3112de12 (32(€+f x)) 3ab?(c + dx) coth(e + fx) .
2d f 2d 2f2 f ‘

[Out] 3*a*b”™2xc*x+1/2%b~3*d*x/f+3/2%a*xb”2xd*x"2+1/2%a”3* (d*x+c) "2/d-3/2*a”2xb* (d*
X+c)"2/d-1/2%b"3* (d*x+c) "2/d-1/2%b~3*d*coth (f*xx+e) /£ ~2-3*a*b~2* (d*xx+c) *coth
(fxx+e) /£-1/2*%b~3* (d*x+c)*coth(f*x+e) "2/f+3*a”2xbx (d*x+c) *1n(1-exp (2*f*x+2%

e)) /f+b73* (d*x+c) *1n(1-exp (2xf*x+2%e) ) /f+3*a*xb~2*xd*x1n(sinh (f*x+e)) /£72+3/2%
a~2xbxd*polylog(2,exp (2xf*x+2%e)) /£72+1/2+b~3*d*polylog(2, exp (2*xf*x+2%e) ) /f

2

Rubi [A] time = 0.35, antiderivative size = 261, normalized size of antiderivative

= 1.00, number of steps used = 16, number of rules used = 9, integrand size = 18,

number of rules _ ) 500, Rules used = {3722, 3716, 2190, 2279, 2391, 3720, 3475, 3473, 8)

integrand size

3a?bdPolyLog (2, e2(e+f x)) bidPolyLog (2, e2(e+f X)) 3a?b(c + dx) log (1 — g2(etf x)) 3a2b(c + dx)? a3(c +
272 i 272 i 7 T 2d T 24

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + bxCothl[e + f*x])~3,x]

[Out] 3*a*b™2*c*x + (b~3xd*x)/(2*xf) + (3*a*xb™2*d*x~2)/2 + (a~3*(c + d*x)~2)/(2*d)
- (3*a”2xbx(c + dxx)~2)/(2*%d) - (b73*(c + d*x)"2)/(2*d) - (b~3*d*Coth[e +
fxx])/(2%x£72) - (3*axb”™2x(c + dxx)*Cothl[e + f*x])/f - (b~3*(c + d*x)*Cothl[e

+ £xx]72)/(2%f) + (3xa~2*b*x(c + d*x)*Log[l - E~(2x(e + f*x))]1)/f + (b~3x(c

+ d*x)*Log[1l - E"(2%(e + f*x))])/f + (3*%axb~2*xd*Log[Sinh[e + f*x]])/f"2 +
(3*a~2xb*d*PolyLog[2, E~(2x(e + fxx))])/(2%f72) + (b~3*d*PolyLogl[2, E~(2*(e

+ £*x))])/(2%£72)

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2190

Int [(CCF_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (bx(F~(g*(e + fxx)))"n)/al)/(bxf*xgn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*xLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + dxx))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(b*(b*Tan[c + d
*x])"(m - 1))/(@*x(n - 1)), x] - Dist[b™2, Int[(b*Tan[c + d*x])"(n - 2), x],
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x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQ[{c, d}, xI

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_ ])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) m*E~(2%(-(Ixe) + fxfzxx)))/(E~(2*xIxk*xPi)*x(1 + E~ (2% (-(Ix*
e) + f*xfzxx))/E~(2xIxkxPi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4*k] && IGtQ[m, O]

Rule 3720

Int[((c_.) + (@_)*x)) " (m_.)*((b_.)*tan[(e_.) + (£_)*(x_)1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])"(n - 1))/(fx(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x) " (m - 1)*(bxTan[e + f*xx])"(n - 1), x],
x] - Dist[b”2, Int[(c + d*xx) m*(b*xTan[e + f*x])~(n - 2), x], x]) /; FreeQl
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3722

Int[(Cc_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] &% IGtQ[m, 0] && IGtQ[n, O]

Rubi steps

f(c +dx)(a + beoth(e + fx))>dx = f (a3(c + dx) + 3a2b(c + dx) coth(e + fx) + 3ab?(c + dx) coth®(e + fx) + |

3 d 2
sty N 1 (34%) [ e+ v cothie + faydx + (3at2) [ (c-+dx) coth’
_ a3(c +dx)? ~ 3a2b(c + dx)? ~ 3ab?(c + dx) coth(e + fx) ) B3(c + dx) coth
- 2d 2d f 2f
= 3ab?cx + Eabzdx2 + a(c + dxy” _ 3a%b(c + dx)? 3 b3(c + dx)? ~ b3d coth
= 3ab2cx + bdx L3 s ®(c+dx)*  3aPb(c+dx? b(c+dx)? L
2f 2 2d 2d 2d
bdx 3 Bc+dx)?  3a2b(c+dx)? (c+dx)? b
= 3ab? T abdx? B _ b
= 3ab“cx + 2f +2ab dx> + ¥ > o
= 3ab%cx + Ddx + Eabzalx2 + a(c+dx)*  3a’b(c+dx)* D(c+dx)* L
2f 2 2d 2d 2d

Mathematica [A] time = 3.77, size = 266, normalized size = 1.02

sinh(e + fx)(a + bcoth(e + fx))? (—bd (3a% + 1?) Liy (¢2¢+/9) sinh®(e + fx) + sinh®(e + fx) (~2blog(sinh(e-

Antiderivative was successfully verified.
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[In] Integrate[(c + d*x)*(a + bxCoth[e + f*x])~3,x]

[Out] ((a + b*Coth[e + f*x]) 3*Sinh[e + f*x]*((-((e + f*x)*(-3*a”"2xbxd*x(e + f*x)
- b"3*d*(e + f*xx) + a~3x(-2%ckxf + d*(e - f*x)) + 3*xaxb™ 2% (-2*c*f + d*x(e - f
*xx)))) + 2xb*(3*%a”2 + b~2)*d*(e + f*x)*Log[l - E7(-2%(e + f*x))] - 2%bx(-3%
axbxd + 3*a”2x(d*e - c*f) + b~2x(d*e - cxf))*Log[Sinh[e + f*x]])*Sinh[e + f

*xx] 72 - b*(3*a”2 + b~2)*d*PolyLog[2, E~(-2*(e + f*x))]*Sinh[e + f*x]"2 - (b

~2% (2%b*xfx(c + d*x) + (b*d + 6*a*xf*x(c + d*x))*Sinh[2*%(e + £*x)]))/2))/(2*f~

2% (b*xCoshl[e + f*x] + a*Sinh[e + fx*x])~3)

fricas [B] time = 0.54, size = 2907, normalized size = 11.14

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/2*((a”3 - 3*a”2%b + 3*a*b™2 - b~3)*d*xf~2%x"2 - 12*a*b”~2*xd*e + 2x(a~3 - 3%
a~2%b + 3*axb”2 - b73)xckf72%x + ((a”3 - 3*a"2xb + 3*axb”2 - b73)*kd*f"2xx"2
- 12*%axb”2*xd*e + 2x(3*a"2%b + b~3)*kd*e”2 — 4*x(3*%a"2%b + b~3)*kckexf — 2% (6%
axb”2*xd*xf - (2”3 - 3*%a"2%b + 3*a*b”2 - b73)*kckf"2)*x)*cosh(f*x + e)”"4 + 4x*(
(a”3 - 3*a"2*b + 3*a*xb”2 - b~3)*d*f"2*x"2 - 12*axb"2xdxe + 2% (3*a”2*b + b~3
)xd*e”2 - 4x(3*%a”2%b + b73)*kckexf - 2x(6xaxb”2xdxf - (a3 - 3*xa"2*b + 3xaxb
"2 - bT3)*kckfT2)*x)*cosh(f*x + e)*sinh(f*x + e)”3 + ((a”3 - 3*a™2*b + 3*ax*b
T2 - bT3)kAXFT2xx7T2 — 12xaxb"2xd*xe + 2*%(3*a"2%b + b~3)*d*e”2 - 4*(3*a”"2*b +
b~3) xcxexf - 2% (6*axb”2xd*xf - (a”3 - 3*a”2*b + 3*axb”2 — b73)*ckf72)*x)*si
nh(f*x + e)~4 + 2%b"3*d + 2*(3*a"2*b + b~3)*d*e”2 - 2x((a"3 - 3*a~2*b + 3*a
*b72 - b73)*xd*f72xx"2 - 12%axb"2+d*e + b"3xd + 2*x(3*a”"2*b + b"3)*d*e”2 - 2%
(2% (3*xa"2%b + b~3)*cxe - (3*a*xb”2 + b~3)*c)*f + 2*x((a”3 - 3*a"2xb + 3*a*xb”~2
- bT3)*c*f"2 - (3*axb”2 - b~3)*d*f)*x)*cosh(f*xx + e)72 - 2x((a”3 - 3*xa~2%Db
+ 3*axb”2 - b73)*xd*xf"2%x72 - 12*axb"2*xd*e + b~3*d + 2% (3*a”2*b + b~3)*d*xe”
2 - 3%((a”"3 - 3*a"2xb + 3*axb”2 - bT3)kd*f"2*xx"2 - 12*axb”2*d*e + 2% (3*xa"2x
b + b73)*xd*e”2 - 4*(3*a"2*b + b7 3)xckexf - 2x(6xaxb”2xd*f - (a”3 - 3*a”2*b
+ 3*a*xb”2 - b73)xcxf72)*x)*cosh(f*x + e)72 - 2x(2%(3*%a"2*b + b~ 3)*c*xe - (3%
axb”2 + b73)*kc)*f + 2x((a”3 - 3*a"2*b + 3*axb”2 - b"3)*xc*kf"2 - (3*axb”2 - b
~3)*d*f)*x) *sinh(f*x + e)~2 + 4*(3*a*xb™2*xc — (3*a~2xb + b~ 3)*c*e)*f + 2% ((3
*a"2%b + b73)*d*cosh(f*x + e)”4 + 4*x(3*a”"2*b + b~3)*d*cosh(f*x + e)*sinh(fx*
X + e)”3 + (3*xa"2*b + b"3)*d*sinh(f*x + e)”4 - 2*%(3*a"2*b + b~ 3)*d*cosh(f*x
+ e)72 + 2x(3*(3*xa"2xb + b~3)*d*cosh(f*x + e)~2 - (3*%a"2%b + b~ 3)*d)*sinh(
f*x + e)72 + (3*%a"2%b + b~3)*d + 4*x((3*a"2*b + b~ 3)*d*cosh(f*x + e)~3 - (3%
a"2xb + b~3)*d*cosh(f*x + e))*sinh(f*x + e))*dilog(cosh(f*x + e) + sinh(fxx
+ e)) + 2x((3*a"2xb + b~ 3)*d*cosh(f*x + e)~4 + 4%x(3*a"2%b + b~ 3)*d*cosh(f*
x + e)xsinh(f*x + )73 + (3*a"2*b + b~3)*d*sinh(f*x + e)"4 - 2x(3*%a"2*%b + b
~3)*d*cosh(f*x + e)~2 + 2x(3%(3*a"2*b + b~ 3)*d*cosh(f*x + e)”2 - (3*a™2*b +
b~3)*d)*sinh(f*x + e)”2 + (3*a"2*b + b~3)*d + 4*((3*a"2*b + b~3)*d*cosh(f*
X + e)73 - (3*%a”2%b + b~3)*dxcosh(f*x + e))*sinh(f*x + e))*dilog(-cosh(f*x
+ e) - sinh(f*x + e)) + 2%((3*axb™2*d + (3*a"2%b + b~3)*d*xf*x + (3*xa~2%b +
b~3)*xcxf)*xcosh(f*x + e)”4 + 4*x(3*xaxb~2*%d + (3*a”2*b + b~ 3)*dxfxx + (3*a~2*b
+ b73)*ckf)*cosh(f*xx + e)*sinh(f*x + e)~3 + (3*xaxb”2+xd + (3*a”2*b + b~3)*d
*f*xx + (3*a"2*%b + b~ 3)*cxf)*sinh(f*x + e)~4 + 3*xaxb~2xd + (3*a”2*b + b~3)*d
*f+xx + (3*a"2%b + b~ 3)xckxf - 2+ (3*axb™2xd + (3*a"2%b + b~ 3)*d*f*x + (3*xa~2x
b + b~3)*cxf)*cosh(f*x + e)72 — 2% (3*xaxb”2*%d + (3*a”2*b + b~3)*d*xfxx + (3*a
~2%b + b73)*kckf - 3% (3xaxb”2+xd + (3*a"2%b + b~ 3)*xd*xf*x + (3*ka"2*b + b~3)*cx
f)*xcosh(f*x + e) 2)*sinh(f*x + e)72 + 4*x((3*a*xb™2*xd + (3*a”2xb + b~3)*d*f*x
+ (3*%a”2*b + b~3)*cxf)*cosh(f*x + )73 - (3*xaxb”2+%d + (3*a”2*b + b~ 3)*dxfx*
x + (3*%a”2*b + b~3)*cxf)*cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e) +
sinh(f*x + e) + 1) + 2x((3*a*b™2*d - (3*a"2*b + b~3)*d*e + (3*a™2*%b + b~3)x*
cxf)*cosh(f*x + e)74 + 4x(3*a*xb”2+xd - (3*a"2*b + b~3)*d*xe + (3*a”2*b + b~3)
*c*xf)xcosh(f*x + e)*sinh(f*x + e)”3 + (3*axb™2*xd - (3*a”™2xb + b~3)*d*e + (3
*a"2%b + b73)*kckxf)*sinh(f*x + e)”4 + 3*xaxb™2xd - (3*%a”2%b + b~3)*d*e + (3*a
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“2%b + b73)*kckf — 2% (3*xaxb”2+%d - (3*%a”"2*b + b~3)*dxe + (3*a"2%b + b”3)*cx*f)
xcosh(f*x + e)72 — 2% (3*a*xb™2+xd - (3*a”™2*b + b~3)*d*e + (3*a”2*b + b~3)*c*f
- 3*%(3*axb”2xd - (3*a”2%b + b~3)*d*e + (3*a"2xb + b~3)*c*f)*cosh(f*x + e)”
2)*sinh(f*x + e)72 + 4x((3*a*xb~2*d - (3*a”"2*b + b~3)*d*e + (3*a"2*%b + b~3)x*
cxf)*cosh(f*x + e)73 - (3*axb”2*xd - (3*a”2*b + b~3)*d*e + (3*a"2%b + b~3)*c
xf)xcosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e) + sinh(f*xx + e) - 1) +
2% (((3%a"2%b + b~3)*dxf*x + (3*a~2%b + b~3)*d*e)*cosh(f*x + e)~4 + 4x((3%a”
2%b + b~ 3)*d*xf*x + (3*a"2%b + b~3)*d*e)*cosh(f*x + e)*sinh(f*x + e)”3 + ((3
*a"2%b + b73)*kdxf*xx + (3*%a”2%b + b~3)*d*e)*sinh(f*x + e)”4 + (3*a”™2*b + b~3
Yxdxf*x + (3*a”2*b + b73)*dxe - 2% ((3*a”2*b + b73)*dxfxx + (3*a"2%b + b~3)*
d*e)*cosh(f*x + e)72 - 2%((3*a”2*b + b~ 3)*xd*xf*x + (3*a"2*b + b~3)*d*xe - 3*(
(3*%a"2%b + b~ 3)*d*f*x + (3*a~2%b + b~3)*d*e)*cosh(f*x + e) 2)*sinh(f*x + e)
"2 + 4% (((3*a"2*b + b~3)*xd*xf*x + (3*a”"2*b + b~3)*d*e)*cosh(f*x + )3 - ((3
*a"2%b + b73)*dxf*xx + (3%a"2%b + b~3)*d*e)*cosh(f*x + e))*sinh(f*x + e))x*lo
g(-cosh(f*x + e) - sinh(f*x + e) + 1) + 4x(((a”3 - 3*%a”2*b + 3*%a*xb”™2 - b~3)
*d*f72%x72 - 12*%axb"2xdxe + 2% (3*a”2*b + b"3)*d*e”2 - 4% (3*a”2*b + b"3)*c*e
*f — 2% (6xaxb”2xd*xf - (a”3 - 3*a”2*b + 3*axb”2 — b~3)*ckf"2)*x)*cosh(f*x +
e)”3 - ((a”3 - 3*xa"2*b + 3*a*xb”2 - b"3)*kd*xf"2*xx"2 - 12*axb”2*d*e + b~3*xd +
2% (3*%a"2*%b + b73)*d*e”2 - 2% (2% (3*a"2*b + b~3)*cxe - (3*axb”2 + b"3)*kc)*f +
2% ((a”3 - 3*a"2%b + 3*a*xb”2 - b"3)*kc*kf"2 - (3*xaxb”2 - b~3)*d*f)*x)*cosh(f*
x + e))*sinh(f*xx + e))/(f 2xcosh(f*x + e)”4 + 4xf " 2*xcosh(f*x + e)*sinh(f*x
+ e)73 + f 2xsinh(f*x + e)”4 - 2xf"2*xcosh(f*x + e)72 + 2x(3*xf"2xcosh(f*x +
e)”2 - £72)xsinh(f*x + e)”2 + 72 + 4x(f"2*xcosh(f*x + e)~3 - f~2xcosh(f*x +
e))*sinh(f*x + e))

giac [F] time = 0.00, size = 0, normalized size = 0.00
3
f(dx + c)(bcoth( X+ e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))~3,x, algorithm="giac")
[Out] integrate((d*x + c)*(b*coth(f*x + e) + a)~3, x)
maple [B] time = 0.64, size = 651, normalized size = 2.49
6badex 3bIn(ef**¢+1)a2dx 3bIn(1-ef**)a2dx 3bIn(1-e/**¢)ade 6bda2eln (e/**¢) 3ba’deln

+ + +

Fr f f P P ]

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(a+b*coth(f*x+e))~3,x)

[Out] -6/f*b*a~2*d*e*xx+3/f*b*1n(exp(f*x+e)+1)*a~2*xd*x+3/f*b*1ln(1-exp(f*x+e))*a~2%
d*xx+3/f"2*%b*1n(1-exp (f*x+e) ) *a~2*d*e+6/f " 2xb*d*a~2xex1n (exp (f*x+e)) -3/~ 2%b
xa”~2xd*ex1n(exp (fxx+e)-1)-3/2%a”2%b*d*x~2+3*c*a”2*b*xx+1/2%a”~3*d*x"2-1/2%b"3
*d*x"2+c*ka"3*x+b "3k c*kx+3/f72%b"2xd*a*1n (exp (f*x+e)-1)+3/f"2xb~2xd*a*1n (exp (
fxx+e)+1)+3/f*xb*a~2*cx1ln(exp (f*x+e)+1)-6/f*b*xa~2xc*1n(exp (f*x+e))-6/f"2xb"2
xd*ax1ln(exp (fxx+e))+3/fxb*a~2*c*x1ln(exp(f*x+e)-1)+1/f*b~3*1n (exp (f*x+e)+1)*d
*x+1/f*b"3*1n(1-exp (f*x+e) ) *d*x+3/f " 2xb*a~2*d*polylog(2,-exp (f*x+e) ) +3/f 2%
b*a~2xd*polylog(2,exp (f*x+e))+1/f72xb"3*%1In(1-exp (f*x+e) ) *d*xe+2/f " 2%b~3*d*e*
In(exp(f*x+e))-1/£72%b"3*d*e*x1ln (exp (f*x+e)-1) b~ 2% (6xa*xd*f*x*exp (2*f*x+2xe)
+2*xbxd*fxx*xexp (2*f*xx+2%e) +6*xa*xcxf*xexp (2xf*xx+2%e) +2*xbkcxf*exp (2xf*xx+2xe) —6*a
xd*fxx+bkdxexp (2+f*x+2%e) —6xa*xckxf-b*d) /£72/ (exp (2*f*x+2%e) -1) "2+3*a*xb~2*c*x
+3/2*%a*xb~2xd*x"2-1/f"2%b"3*%d*e"2+1/f"2xb~3*d*polylog(2,-exp (f*x+e))+1/£72%b
~3*d*polylog(2,exp(f*x+e))+1/fxb~3*c*1n(exp (f*x+e)-1)+1/fxb~3*c*1n(exp (f*x+
e)+1)-2/f*¥b"3*c*1n(exp (f*x+e))-3/f"2xb*a"2xd*e”2-2/f*b~3*d*e*x
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maxima [B] time = 0.47, size = 528, normalized size = 2.02

—(32bd + 1 d)xz_z (P%cf +f Balfd)x 12abPcf +26% +(3a%bd

3a%bclog (sinh (fx + e))
f

1
> a3dx?+adcx+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atb*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/2*%a”3*d*x~2 + a”3%c*xx + 3*a”2xbkxcxlog(sinh(f*x + e))/f - (3*a"2xb*xd + b~3
*d)*x72 - 2% (b7 3xcxf + 3*axb”2+d)*x/f + 1/2x(12*xaxb~2*c*xf + 2*b~3*xd + (3*a”
2%b*xd*f"2 + 3*kaxb"2xd*f"2 + b 3kA*fT2)*x72 + 2% (b7 3kckf72 + 3k (ckfT2 + 2xdx
f)*axb~2)*x + ((3%a”2xbxd*f " 2xe” (4d*xe) + 3*xaxb~2xdxf " 2*xe” (4*e) + b~ 3xd*f " 2x*e
“(4*e))*x”2 + 2% (3xaxb”"2xc*xf"2xe” (4d*e) + b7 3kc*kfT2xe” (4*xe)) *x) *e” (4dxfxx) -
2% (6*xa*xb”2kcxf*xe” (2xe) + (2kcxf*xe”(2*e) + d*xe”(2xe))*b~3 + (3*a~2xbxd*xf " 2*e
“(2xe) + 3*kaxbT2xd*xf"2xe” (2%e) + bT3kd*fT2xe”(2%e) )*¥x72 + 2k (3k(ckfT2xe” (2%
e) + dxf*xe”(2*e))*axb”2 + (cxf "2%e” (2%e) + dxfxe”(2%e))*b"3)*x)*e” (2xf*x))/
(f72%e” (4*f*x + 4*xe) — 2xf"2xe” (2*f*x + 2%e) + £72) + (3*a~2*b*xd + b~ 3*d) *(
frxxlog(e™(f*x + e) + 1) + dilog(-e~(f*x + e)))/f72 + (3*%a™2xb*d + b~ 3xd)*(
fxx*xlog(-e~(f*x + e) + 1) + dilog(e™(f*xx + e)))/f72 + (b~ 3*c*f + 3*axb~2%d)
xlog(e”(f*x + e) + 1)/f72 + (b7 3*c*xf + 3xaxb~2xd)*log(e”(f*x + e) - 1)/f72

mupad [F] time = 0.00, size = -1, normalized size = -0.00
3
f(a + bcoth(e +fx)) (c+dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bx*coth(e + f*x)) 3*(c + d*x),x)
[Out] int((a + b*coth(e + f*x)) " 3*(c + d*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
[ (a+beoth(e+ f2))” e + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))**3,x)

[Out] Integral((a + bxcoth(e + f*x))**x3*x(c + d*x), x)
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3.50

Optimal. Leaf size=23

f (a+b coth(e+fx))3 dx

c+dx

Int ((a + beoth(e + fx))3lx)
c+dx

[Out] Unintegrable((at+b*coth(f*x+e)) 3/ (d*x+c),x)

Rubi [A] time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0.000, Rules used = {}

3
f (a + bcoth(e + fx)) i

c+dx

Verification is Not applicable to the result.
[In] Int[(a + b*Coth[e + f*x])~3/(c + dx*xx),x]
[Out] Defer[Int][(a + b*Cothl[e + f*x])~3/(c + d*xx), x]

Rubi steps

f (a + bcoth(e + fx)) i

c+dx B

f (a + bcoth(e + fx))> "

c+dx

Mathematica [A] time = 65.84, size = 0, normalized size = 0.00

f (a + b coth(e + fx))° i

c+dx

Verification is Not applicable to the result.

[In] Integrate[(a + bxCoth[e + f*x])~3/(c + d*x),x]
[Out] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x), x]

fricas [A] time = 0.43, size = 0, normalized size = 0.00

3 2
b coth (fx + e) + 3 ab? coth (fx + e) + 3 a%b coth (fx + e) +a’
integral e ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/ (d*x+c),x, algorithm="fricas")
[Out] integral((b~3*coth(f*x + e)~3 + 3*axb~2*kcoth(f*x + e)~2 + 3*%a~2*bxcoth(f*x

+e) + a"3)/(dxx + ¢c), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

f (bcoth (fx + e) + a)3 0

dx +c¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~3/(d*x+c),x, algorithm="giac")

[Out] integrate((b*coth(fxx + e) + a)~3/(d*x + c), x)
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maple [A] time = 1.40, size = 0, normalized size = 0.00

f(a+bcoth(fx+e))3

d
dx +c¢ X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e)) "3/ (d*x+c),x)
[Out] int((a+b*coth(f*x+e)) 3/ (d*x+c),x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

a®log (dx +c) (3a%b+3ab? +b%)log (dx +c) 6ab?dfx + 6ab?cf — bd - (6 abPcfe?) + (2cfe
+ +
d d d2f2x2 + 2 cdf2x + 22 + (dzfzxze(‘le) + 2 cd f2xe™e) + (2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/(d*x+c),x, algorithm="maxima"

[Out] a”3*log(d*x + c)/d + (3*a"2*b + 3*a*b™2 + b~3)*Llog(d*x + c)/d + (6xaxb™2*dx*
f*x + 6xaxb™2xcxf - b~3*xd - (6*xaxb™2xcxfxe”(2%e) + (2*ckxf*xe”(2xe) - dxe” (2%
e))*b~3 + 2*x(3*axb"2xdxfxe” (2%e) + b7 3kdxf*xe” (2xe) ) *x)*e” (2*xf*x))/(d~2*xf 2%
X72 + 2xcxd*xfT2%x + cT2*%f72 + (dT2xfT2xx72%e” (4*e) + 2kckd*fT2xx*e” (4xe) +
cT2xf"2%xe” (4*e) ) ke (Axf*xx) — 2% (d72+f72%x"2*%e” (2*%e) + 2xckd*xf " 2*x*ke” (2%e) +
c"2xf72xe” (2xe) ) ke” (2%f*x)) - integrate((3*a”2%b*xc™2*xf72 - 3kaxb 2kckd*xf +

(c72%f72 + d72)*b73 + (3*a"2xbxd"2+%f72 + b~3*d"2*f"2)*x"2 + (6*a”2¥b*c*dx*f
T2 + 2%b73kckd*fT2 - 3xaxbT2+¢d72*f) *x) /(d73*FT2xx "3 + 3kckdT2*FT2*x7T2 + 3%
“2xd*xfT2%x + cT3*fT2 + (d73kfT2%x"3*%e"e + 3xckdT2xfT2xx"2%e"e + 3kcT2xd*f"2
xx*xe”e + c73xf"2*e"e)*e” (f*x)), x) + integrate(-(3*a”2xb*c"2xf"2 - 3kaxb~2x
ckd*f + (c™2*xf72 + d72)*b"3 + (3*a"2xbxd"2*f"2 + bT3%d"2xf"2)*x"2 + (6*xa”2x*
bxcxd*f~2 + 2xb 3kckxd*f"2 - 3*xaxb"2xd"2*f)*x)/(d"3*f"2%x"3 + 3kckdT24fT2xx”
2 + 3%c72xd*xf"2%x + cT3*%f72 - (d73*fT2%x"3*%e"e + 3kckd"2xfT2xx"2%e"e + 3*xc”
2%dxf2%x*e"e + c”3*f"2xe"e)*e” (f*x)), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

f (a + bcoth (e + fx))3 i

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcoth(e + f*x))~3/(c + d*x),x)
[Out] int((a + b*coth(e + f*x))~3/(c + d*x), x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

dx

f (a + bcoth (e + fx))3

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))**3/(d*x+c),x)

[Out] Integral((a + bkcoth(e + fx*x))**3/(c + d*x), x)
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3
3.51 f (a+b coth(e+fx)) dx

(c+dx)?

Optimal. Leaf size=23

. (a + bcoth(e + fx))>
( (c + dx)? ’ x)

[Out] Unintegrable((atb*coth(f*x+e)) 3/ (d*x+c)”2,x)

Rubi [A] time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size

0.000, Rules used = {}

f (a + bcoth(e + fx)) i

(c + dx)?

Verification is Not applicable to the result.
[In] Int[(a + b*Coth[e + f*x])~3/(c + d*x)~2,x]
[Out] Defer[Int] [(a + b*Coth[e + f*x])~3/(c + d*x)~2, x]

Rubi steps

(a+bcoth(e+ fx))>  (a+bcoth(e+ fx))?
(c + dx)? ax = f (c + dx)? ax

Mathematica [A] time = 60.84, size = 0, normalized size = 0.00

f (a + bcoth(e + fx)) i

(c + dx)?

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x)~2,x]
[Out] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x)~2, x]

fricas [A] time = 0.46, size = 0, normalized size = 0.00

3 2
b® coth (fx + e) + 3 ab? coth (fx + e) + 3 a%b coth (fx + e) +a’
integral , X
d?x? + 2 cdx + c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~3/(d*x+c)”~2,x, algorithm="fricas")
[Out] integral((b~3*coth(f*x + e)~3 + 3*axb~2*xcoth(f*x + e)~2 + 3*%a~2*bxcoth(f*x
+ e) + a”3)/(d"2*xx"2 + 2¥ckd*x + ¢c72), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

f (bcoth (fx + e) + a)3 0

(dx + c)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~3/(d*x+c)~2,x, algorithm="giac")
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[Out] integrate((b*coth(f*x + e) + a)~3/(d*x + c)~2, x)

maple [A] time = 1.78, size = 0, normalized size = 0.00

dx

f (a + bcoth (fx + e))3

(dx + ¢)?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e)) "3/ (d*x+c)”2,x)
[Out] int((a+b*coth(f*x+e)) 3/ (d*x+c)"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/ (d*x+c)”2,x, algorithm="maxima"

[Out] -a~3/(d"2*x + c*d) - (3*a”2*xbxc™2*xf"2 + 3*x(c™2+%f72 - 2kckxd*xf)*axb™2 + (c™2%
72 + 2%d72)*b73 + (3*a"2%b*d"2+%f"2 + 3*axb"2xd"2xf"2 + bT3kdT2*xf"2)*x"2 +
2% (3*a"2*bkckd*f~2 + b7 3%ckd*f72 + 3k (ckd*f~2 - d72%f)*a*xb”2)*x + (3*a"2xbx
cT2xf72%e” (4*e) + 3Bkaxb"2xcT2xf2%e” (4*e) + bT3kcT2xf"2xe” (4%e) + (3*ka”2*bx*
d"2*xf72*%e” (4d*e) + 3*axb " 2+xd"2*xf " 2*e” (4*e) + b~ 3*xd"2+f " 2%e” (4*e) ) *x"2 + 2% (3
*a " 2%bkckdxf"2%e” (4dxe) + 3kaxb " 2kckdkf"2*xe” (4*e) + b 3kckd*f " 2*e” (4d*e) ) *x)*
e” (4xfxx) — 2% (3*a~2%bxc™2+xf"2%xe” (2%e) + 3*x(c"2*f"2%xe” (2%e) - cxd*f*xe” (2*e)
Y*¥axb”2 + (cT2*¢f72*xe” (2%e) - cxd*xfxe”(2%e) + d72*xe”(2*e) )*b~3 + (3*a”2*b*xd”
2% 2%e” (2%e) + 3*axb"2xd"2+xf"2%e” (2%e) + bT3xd"2xf"2xe” (2%e) ) *x"2 + (6*%a”2
*bkckd*f"2xe” (2%e) + 3x(2kckxd*xf~2%e” (2%e) - d™2xfxe”(2%e))*a*xb™2 + (2*xcxd*f
"2%xe” (2%e) - d72xfxe”(2%e) ) *¥b"3) *x) ke” (2xF*x) )/ (d74*f"2%x"3 + 3kckd"3kfT2*x
T2 4+ 3%cT2xdT2*fT2%x 4+ cT3*d*fT2 4+ (dT4*fT2xx73*%e” (4*e) + 3kckd"3kfT2%x"2*e
“(4xe) + 3xcT2xd72xf"2*xx*e” (d*xe) + cT3*xdA*f"2xe” (4xe))ke” (4*f*xx) - 2x(d74*f"
2%x"3*%e” (2*%e) + 3xckd 3L T2*xx"2%e” (2%e) + 3xcT2xd"2xfT2xx*xe” (2%e) + ¢ 3*xdxf
“2%e” (2%xe) ) ke~ (2%f*x)) - integrate((3*a~2xbxc”2*xf"2 - 6kaxb”2kcxd*f + (c72x%
£f72 + 3%d"2)*b"3 + (3*%a"2%b*d"2*f"2 + b"3*xd"2*xf"2)*x"2 + 2% (3*ka”"2xbkckxdxf "2
+ b73kckd*f72 - 3*axb”2+%d"2*f) *x) / (A74*fT2%xx"4 + 4xc*kd"3*f72%x"3 + 6*xc”2*d
T2xfT2xx T2 4+ AxcT3kd*fT2%x + cT4xfT2 + (dT4%fT2xx"4*e"e + 4dxcxd"3xfT2*xx " 3*e
Te + 6%xcT2xdT2*¢fT2xx"2%e"e + 4xcT3kd*xfT2*x*e"e + cT4xfT2xe"e)*e” (f*x)), x)
+ integrate(-(3*%a~2*bxc~2*xf"2 - 6*axb~2kcxd*f + (c™2*xf72 + 3*%d"2)*b~3 + (3%
a"2xbxd"2xf"2 + b73*%d"2*xf"2) *x"2 + 2% (3*a"2xbkxcxd*f~2 + b 3kckxd*xf"2 - 3*axb
“2xd72%f) xx) / (A74*ET2%x"4 + 4dxckxd"3*xfT2%x”T3 + 6xcT2%dT2%xfT2%xT2 + 4kc”3kdxf
T2%x + cT4AxfT2 - (AT4xfT2%x74%e"e + 4dxckdT3kfT2xx"3*%e"e + BxcT2%d72*fT2%x 72
xe"e + 4*xcT3xd*xfT2xx*e"e + cT4*xf"2%e"e)*e” (f*x)), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

dx

f (a+booth (e + fx))

(c +dx)*
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*coth(e + f*x))~3/(c + d*x)~2,x)
[Out] int((a + b*xcoth(e + f*x))~3/(c + d*x)~2, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

[ (a+beoth (e + fx))° N

(c+ clx)2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))**3/(d*x+c)**2,x)

[Out] Integral((a + bxcoth(e + f*x))*x3/(c + d*x)**2, x)
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3
3.52 [ &

a+b coth(e+fx)
Optimal. Leaf size=210

(a_b)e—2(€+fx)
a+b

a_b)e—2(6+fx)

_h)p—2(e+fx) _
36d(c + dx)Lis ) sbd(e +dopLiy (¢ | ble+dxplog (1- SR by (&

a+b +b

2£3 (a2 _ bz) * 2£2 (az _ bz) f (az _ bz) - 4f4 (az _

[Out] 1/4*(d*x+c) 4/ (a+b)/d-b*(d*x+c) ~3*1n(1+(-a+b)/(a+b) /exp(2xf*x+2xe))/(a"2-b~
2) /£+3/2%bxd* (d*x+c) “2*polylog(2, (a-b)/(atb) /exp (2xf*x+2*e))/(a~2-b~2) /£72+
3/2%b*xd~2* (d*x+c)*polylog(3, (a-b)/(a+b) /exp (2xf*x+2%e) )/ (a"2-b"2) /£73+3/4%Db
*xd~3*polylog(4, (a-b)/(a+b) /exp(2*xf*x+2*e))/(a"2-b"2)/f"4

Rubi [A] time = 0.34, antiderivative size = 210, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 20,

number of rules _ ) 30, Rules used = {3731, 2190, 2531, 6609, 2282, 6589}

integrand size

( —b) —2(e+fx) ( —b) —2(e+fx)
3bd?(c + dx)PolyLog (3, %) +3bd(c + dx)?PolyLog (2, %

23 (a2 - 12) 2f2 (a2 - 12) ' 4f* (a2 - 12)

—2(e+fx)
+b )

3 (a—b)e
) 3bd PolyLog (4, —

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + b*Coth[e + f*x]),x]

[Out] (c + d*x)~4/(4x(a + b)*d) - (b*(c + d*x)~3*xLogl[l - (a - b)/((a + b)*E~(2*(e
+ £xx)))1)/((@”2 - b~2)*f) + (3*%bxdx(c + d*x) 2xPolyLog[2, (a - b)/((a + b

Y¥ET (2% (e + £*x)))])/(2*%(a”2 - b~2)*£f72) + (3*b*d~2x(c + d*x)*PolyLog[3, (a

- b)/((a + b)*E"(2x(e + f*xx)))])/(2%x(a”2 - b~2)*f73) + (3xb*d~3*PolyLogl4,

(a - b)/((a + b)*E"(2%(e + f*x)))])/(4x(a"2 - b~2)*f74)

Rule 2190

Int [(((F_)~((g_)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_ )" ((g_I)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1l + (bx(F~(gx(e + fx*x))) n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_.)*(x_)))) " (n_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}y, x] && GtQ[m, 0]

Rule 3731

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (f_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)~(m + 1)/(d*(m + 1)*(a + I*b)), x] + Dist
[2%Ixb, Int[((c + d*x) m*xE~(2*Ixk*Pi)*E~Simp[2*I*(e + f*x), x])/((a + Ixb)~
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2 + (2”2 + b 2)*E~ (2xI*k*Pi)*E~Simp [2%I*(e + f*x), x]), x], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*x(a + b*x) pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*xd, axe]

Rule 6609

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxc*prLog[F1), x] - Dist[(f*m)/(b*ckp*Log[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, pt, x] && GtQ[m, 0]

Rubi steps

f (c + dx)® i _ (c+dx)* _on) f e 2+ (0 4 dx)?
a+bcoth(e+ fx) ~  4(a+Db)d (a + b)? + a2 + bz) ~2(e+fx)

(_a2+b2)e—2(e+_

_b)e2(e+fx)
(c4dvt ble+dnlog (1 - (“”:7) (3bd) [(c +dx)*log (1 e

= - +
4(a + b)d (a2 - bZ)f (az _ bz)f
~b)e~2e+fx) _p)e—2e+fx) ;
(c+dyt  ble+dnilog (1 - %) 3bd(c + dx)?Li, (%) (3bd
= —_— + _
4(a +b)d (az - bz)f 2 (az _ bz) 72
_h)p—2(e+fx) 2(e+fx)
(c + dx)4 b(c + dx)3 10g (1 - %) 3bd(c + dx)lez (%) 3bd?
4(a + b)d (a2 — bZ)f (a _ bz) 12
_pye20e+fY) 2e+fx)
cdot  ble+dxPlog (1 - %) 3bd(c + dx)?Li, (“—b) 302
4(a + b)d (az - bz)f (a _ bz) 12
— —2(e+fx) 2(8 fx)
(c+dnt bt dx)>log (1 - %) 3bd(c + dx)*Li, (%) 3bd?
4(a +b)d (az _ bz)f (a _ bz)f

Mathematica [A] time = 3.35, size = 239, normalized size = 1.14

) _p)e—2(e+fx) ) _p)e—2(e+fx) ) _pye—2(e+fx) |\
. 3d(2f2(c+dx)2L12(%)+d(2f(c+dx)h3(%)HILM(%)))

f4a-b)

x sinh(e) (403 + 6c%dx + ded?x® + d3x3)
4(asinh(e) + bcosh(e)) " Ha+b)

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~3/(a + b*Cothl[e + f*x]),x]

[Out] (bx((2%(c + d*x)~4)/(d*(ax(-1 + E7(2%e)) + bx(1 + E7(2%e)))) - (4*x(c + d*x)
“3xLogl[l + (-a + b)/((a + DI*E"(2x(e + £xx)))])/((a - D)*f) + (3xd*(2xf72x(
c + d*x)"2*PolyLog[2, (a - b)/((a + D)*E~(2x(e + f*x)))] + dx(2xfx(c + dxx)
*PolyLog[3, (a - b)/((a + b)*E~(2*(e + f*x)))] + d*PolyLogl[4, (a - b)/((a +
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b)*E~ (2% (e + £*x)))]1)))/((a - b)*x£74)))/(4x(a + b)) + (x*x(4xc™3 + 6*c™2*dx*
x + 4*xcxd"2*x"2 + d"3%x"3)*Sinh[e] )/ (4*x(b*Cosh[e] + a*Sinh[e]))

fricas [C] time = 0.45, size = 730, normalized size = 3.48

(a + b)d® fAx* + 4 (a + b)cd? 443 + 6 (a + b)c2d f*x® + 4 (a + b)® f4x — 24 bd®polylog (4, \ /Li (cosh (fx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3/ (atb*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/4*%((a + b)*d"3*f~4*x"4 + 4*(a + b)*c*kd™2xf74*x"3 + 6x(a + b)*c™2*d*f 4*x"
2 + 4x(a + b)*c™3xf"4*x - 24*bxd"3*polylog(4, sqrt((a + b)/(a - b))*(cosh(f
*x + e) + sinh(f*x + e))) - 24xb*d~3*polylog(4, -sqrt((a + b)/(a - b))*(cos
h(f*x + e) + sinh(f*xx + e))) - 12*%(b*d™3*f72%x72 + 2%b*c*kd 2*f"2%x + b*c™2%
dxf~2)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*xx + e))) - 12*(b
*xd"3%f72%x 72 + 2%bkcxd"2xf72%x + bxcT2xdxf"2)*dilog(-sqrt((a + b)/(a - b))x*
(cosh(f*x + e) + sinh(f*x + e))) + 4x(bxd~3*e”3 - 3xb*c*d 2xe”2*f + 3xbxc™2
*xd*xe*xf"2 - bxc”3*%f73)*log(2*(a + b)*cosh(f*x + e) + 2*%(a + b)*sinh(f*x + e)
+ 2x(a - b)*sqrt((a + b)/(a - b))) + 4x(b*d"3*e”3 - 3*xbkxcxd " 2*xe ™ 2xf + 3*b*
c"2xd*exf~2 - b*c"3xf"3)*log(2x(a + b)*cosh(f*x + e) + 2x(a + b)*sinh(f*x +
e) - 2%(a - b)xsqrt((a + b)/(a - b))) - 4x(bxd"3*xf"3*%x"3 + 3*bkcxd™2xf ~3*x
T2 + 3xb*cT2*d*f73%x + b*d"3%e”3 - 3xbkcxd"2xe”2*xf + 3xbxc"2xd*exf~2)*log(s
grt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)) + 1) - 4*x(b*d™~3*f~3xx~
3 + 3xbxckd"2+f73*x72 + 3xbkxcT2*d*f"3xx + b*d"3*e”3 - 3xbxckd"2%e”2xf + 3%b
xc"2xd*exf~2)*xlog(-sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)) +
1) + 24%(b*d"3*f*x + bxc*d~2xf)*polylog(3, sqrt((a + b)/(a - b))*(cosh(f*x
+ e) + sinh(f*x + e))) + 24x(b*xd~3xf*x + b*xcxd~2*xf)*polylog(3, -sqrt((a + b
)/(a - b))*x(cosh(f*x + e) + sinh(f*x + e))))/((a"2 - b™2)*f~4)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (dx + ¢)®
dx
bcoth(fx+e) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c) 3/ (atb*coth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)~3/(b*coth(f*x + e) + a), x)

maple [B] time = 0.84, size = 1145, normalized size = 5.45

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)~3/(a+b*coth(f*x+e)),x)

[Out] -1/fx*b/(a+b)*d~3/(a-b)*1n(1-(a+b)*exp (2xf*x+2xe)/(a-b))*x"3-1/f"4xb/(a+b)*d
~3/(a-b)*1n(1-(a+b) *exp (2xf*x+2*e) /(a-b) ) *e~3-3/2/£72%b/ (a+b) *d~3/ (a-b) *pol
ylog(2, (a+b)*exp (2xf*x+2%e) / (a-b) ) *x~2+3/2/£~3*b/ (at+b) *d~3/(a-b) *polylog(3,
(a+b) *xexp (2xfxx+2%e) / (a-b) ) *x-3/2/£~2*b/ (a+b) *c"2*d/ (a-b) *polylog(2, (a+b) *e
xp (2*f*x+2%e) /(a-b))-2/f"4*b/ (a+tb) *d"3*e~3/ (a-b) *1n(exp (f*x+e) ) +1/f~4*b/ (a+
b)*d~3*%e~3/(a-b) *1n(a*exp (2*f*x+2*e) +bxexp (2*xf*x+2%e) -a+b)+3/2/£~3*b/ (a+b) *
c*d~2/(a-b) *polylog(3, (a+b) *exp (2xf*x+2xe) /(a-b))+1/(a+b) *cxd~2xx~3+3/2/ (a+
b) *c~2xd*x"2-3/f73%b/ (atb) *c*xd~2*e~2/ (a-b) *1n (a*xexp (2*f*x+2%e) +bkexp (2*f *x+
2*%e)-a+b)+3/£73*b/ (at+b) *c*d~2*e”2/(a-b) *1n(1-(a+b) xexp (2*f*x+2*e) /(a-b)) -3/
fxb/ (a+b) *c"2*d/ (a-b) *1n(1-(a+b) *xexp (2xf*x+2xe) / (a-b) ) *x-3/£"2%b/ (a+tb) *c~ 2%
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d/ (a-b)*1n(1-(a+b)*exp (2xf*x+2xe) /(a-b) ) *e-3/f*b/ (atb) *c*d~2/(a-b) *1n(1-(a+
b) *exp (2*f*x+2%e) / (a-b) ) *x~2-3/£72*b/ (a+b) *c*d~2/ (a-b) *polylog(2, (a+b) *exp(
2xf*x+2xe) / (a-b) ) *x-6/£72%b/ (a+b) / (a-b) *e~2xc*d~2xx+6/f*b/ (a+b) /(a-b) *c™2*d
xe*xx-6/f"2xb/ (a+b) *c"2*d*e/ (a-b) *1n (exp (f*x+e) ) +6/f"3*b/ (a+b) *c*xd"2xe~2/ (a-
b)*1n(exp(f*x+e))+3/£72%b/ (atb) *c"2xd*e/ (a-b) *1n (a*exp (2*f*x+2*xe) +b*exp (2*f
*xx+2%e)—a+b)+1/2*xb/ (a+b) / (a-b) *d"3*x~4+3/2/£74*b/ (a+b) / (a-b) *d"3*e~4-1/f*b/
(at+b)*c~3/(a-b)*1n(a*xexp (2*f*x+2xe) +tbxexp (2*f*x+2xe) —a+b) +2/f*b/ (a+b) *c~3/(
a-b)*1n(exp(f*x+e))-3/4/£"4xb/ (a+b)*d~3/(a-b) *polylog(4, (a+b) *xexp (2*xf*x+2%*e
)/ (a-b))+1/4/ (a+b) *d~3*x"4+1/ (a+b) *c~3*x-4/£"3*b/ (a+b) / (a-b) *e"3*c*xd~2+2/£"
3*b/ (a+b) / (a-b)*d~3*e”~3*x+2xb/ (a+b) / (a-b) *c*d~2*x~3+3*b/ (atb) / (a-b) *c~2xd*x
~2+3/£72xb/ (a+b) / (a-b) *c™2*d*e”2

maxima [B] time = 0.52, size = 521, normalized size = 2.48

20) 4 pp2)\p(2 /) 26) 4 pe20))p(2 /%) 20) 4 pp20))p(2 /)
3(2 fxlog(—(ae S e +1]+L12((”€ S L ))bczd 3(2 fzleog(—(ae S T )2 g

2(a2f2 - 12f2) 2(a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(atb*coth(f*x+e)),x, algorithm="maxima"

[Out] -3/2%(2*xf*xx*log(-(a*xe™(2xe) + b*xe”(2xe))*e” (2*xf*x)/(a - b) + 1) + dilog((ax
e”(2xe) + bxe”(2*xe))*e” (2xf+*x)/(a - b)))*bkc™2xd/(a"2%f72 - b"2%f72) - 3/2x
(2%f72xx"2x1og (- (a*e™ (2xe) + bxe”(2%e))*e” (2xfxx)/(a - b) + 1) + 2xf*xxdilo
g((axe™(2*xe) + bxe~(2xe))*e”(2*f*x)/(a - b)) - polylog(3, (axe”(2xe) + b*xe~
(2xe))xe” (2xfxx)/(a - b)))*b*cxd~2/(a"2+%f"3 - b72+f73) - 1/3*(4xf~3*x"3*log
(-(axe™(2xe) + bxe~(2xe))*e”(2xf*xx)/(a - b) + 1) + 6xf72xx"2*dilog((axe™ (2%
e) + bxe”(2xe))*e”(2xf*xx)/(a - b)) - 6*xf*xx*polylog(3, (axe”™(2xe) + bkxe” (2xe
))xe~(2xfxx)/(a - b)) + 3*polylog(4, (axe”(2xe) + bxe”(2xe))*e” (2*xf*x)/(a -
b)) *b*d~3/(a"2%xf"4 - b"2xf74) - c”3*x(bxlog(-(a - b)*e” (-2xf*x - 2%e) + a
+ b)/((@a”2 - b™2)*f) - (fxx + e)/((a + b)*f)) + 1/2%(b*d~3*f74xx"4 + 4xbxcx
d™2%xf74*x73 + 6xb*xc”2xd*xf74*x72)/(a"2+%f74 - b72%f74) + 1/4x(d"3*x"4 + 4*cxd
T2%x73 + 6xc72xd*x"2)/(a + b)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f (c+dx)3
dx
a+bcoth(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + b*coth(e + f*x)),x)
[Out] int((c + d*x)~3/(a + bxcoth(e + f*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (c + dx)® N
a + b coth (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(a+b*coth(f*x+e)),x)

[Out] Integral((c + d*x)*x3/(a + bk*coth(e + f*x)), x)
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2
353 [

a+b coth(e+fx)

Optimal. Leaf size=156

. (a_b)e—2(€+fx) (a_b)e—2(€+fx) . (a_b)e—2(€+fx)
bd(c + dx)Li, (T) b(c + dx)?log (1 - T) +bd2L13 (T) . (c + dx)?
f2(a2 - 1) f(a2-12) 2f3(a2-12)  3d(a+b)

[Out] 1/3*(d*x+c)”3/(a+b)/d-b*(d*x+c) " 2*1ln(1+(-a+b)/(a+b)/exp(2*f*x+2%e))/(a"2-b~
2) /f+b*dx (d*x+c) *polylog(2, (a-b)/(a+b) /exp (2*f*x+2*xe))/(a~2-b"2) /£"2+1/2%b*
d~2*polylog(3, (a-b)/(a+b) /exp(2xf*x+2xe))/(a"2-b"2) /£"3

Rubi [A] time = 0.28, antiderivative size = 156, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 20,

number of rules _ ) 250, Rules used = {3731, 2190, 2531, 2282, 6589}

integrand size

_h)p—2(e+fx) _p)p—2(e+fx) _p)p—2(e+fx)
bd(c + dx)PolyLog (2, %) bd?PolyLog (3, %) b(c + dx)? log (1 - ”’)T) c+d)
+ —
12 (az _ bz) 213 (az _ b2) f (a2 _ bz) 3d(a + 1

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + b*Cothl[e + f*x]),x]

[Out] (c + d*x)"3/(3*(a + b)*d) - (b*(c + d*x) 2*Log[l - (a - b)/((a + b)*E~(2*(e
+ £xx)))]1)/((a”2 - b~2)*f) + (b*xd*(c + d*x)*PolyLogl[2, (a - b)/((a + b)*E~

(2x(e + £xx)))])/((a"2 - b~2)*f72) + (b*d~2xPolyLogl[3, (a - b)/((a + b)*E~(

2x(e + f*x)))1)/(2%(a”2 - b~2)*£73)

Rule 2190

Int [(CF_)"((g_)*x((e_.) + (£_)*(x_)))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
((a_) + (b_)*x((F_)~((g_.)*x(Ce_.) + (£f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, £, g, n}, x] & IGtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Logll + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_)))) " (m_)I*x((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(cx(a + bxx
)))"n)]1)/(b*cxn*xLog[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 3731

Int[((c_.) + (@_)*x D))" (m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£f_.)x*(
x_)]1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Dist
[2%Ixb, Int[((c + d*x) m*xE~ (2*%Ixk*Pi)*E~Simp[2*I*(e + f*x), x])/((a + Ixb)~
2 + (2”2 + b"2)*E~ (2xI*k*Pi)*E~Simp[2*I*x(e + f*x), x]), x], x] /; FreeQ[{a,
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b, ¢, d, e, £}, x] && IntegerQ[4xk] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]
Rule 6589
Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/Cd_.) + (e_.)*x(x_)), x_

S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x) pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}y, x] & EqQ[bxd, axel]

Rubi steps

f (c + dx)? PG dx)® _ o) f 200 4 dx)?
a + bcoth(e + fx) " 3(a+Db)d (a+b)2 + az 4 bz) —2(e+fx)
_h)p—2(e+fx) (_a2+b2)e—2(e+f:
(c+dvp blc+du?log (1 _ %) (2bd) [(c + dx)log (1 R
+

" 3a+byd (-1 f (@)
_h)p—2(e+fx) 2(e+fx)
(c +dx)? b(c + dx)?log (1 - W);T) bd(c + dx)Li, (“b)e—b) (bdz) j
= —_ + _
3(a + b)d (a2 - bZ)f (a _ bz) 2
a—b)e2(e+fx —2(e+fx 2
Codyp  DE+dvPlog (1 - %) bd(c + dx)Li, (”)e—zb()) (b%)S
= - +
3(a + b)d (a2 _ bz)f (a _ bz) 72
_p)p—2(e+fx) _h)po—2(e+fx)
(c + dx)? b(c + dx)?log (1 _ %) bd(c + dx)Li, (%) bd?Li,
3(a +b)d (a2 - bz)f (u2 - b2) 12 2 (a

Mathematica [A] time = 3.69, size = 191, normalized size = 1.22

_py—2(e+fx) _py—2(e+fx) _—2(e+fx)
3d(2f(c+dx)mz((” 23 )+dL13((“ ble )) 6(c+dx)? log((ba)e—+l)
b

+b a+b a+b

fa-b) - f(a=b) d(a(e2e—

x sinh(e) (3c2 + 3cdx + dzxz)
3(asinh(c) + beosh(@) 6(a + D)

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)"2/(a + b*Coth[e + f*x]),x]

[Out] (b*x((4*(c + d*x)~3)/(d*x(ax(-1 + E~(2*e)) + b*x(1 + E~(2%e)))) - (6%(c + d*x)
~2xLog[l + (-a + b)/((a + D)*E~(2x(e + fxx)))])/((a - b)*f) + (3xd*x(2*f*(c

+ d*x)*PolyLog[2, (a - b)/((a + b)*E~(2*%(e + f*x)))] + d*PolyLog[3, (a - b)

/((a + D)*E~(2%(e + f*x)))]))/((a - b)*£73)))/(6%(a + b)) + (x*x(3*c™2 + 3*c

*d*x + d72*x"2)*Sinh[e])/ (3% (b*Cosh[e] + a*Sinh[e]))

fricas [C] time = 0.44, size = 492, normalized size = 3.15

(a +b)d? £33 + 3 (a + b)ed f3x2 + 3 (a + b)c? f3x + 6 bd*polylog (3, ,/Z%Z (cosh (fx + e) + sinh (fx + e))) +6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (at+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/3%((a + b)*d"2*xf"3%x"3 + 3x(a + b)*cxd*f~3*x"2 + 3x(a + b)*c™2*xf"3*x + 6%
bxd~2*polylog(3, sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))) + 6
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*xb*d~2*polylog(3, -sqrt((a + b)/(a - b))*x(cosh(f*x + e) + sinh(f*x + e))) -
6% (b*d~2xfxx + bkcxdxf)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(
fxx + e))) - 6x(b*d"2*f*x + b*ckxd*f)*dilog(-sqrt((a + b)/(a - b))*(cosh(f*x
+ e) + sinh(f*xx + e))) - 3*%(b*d™2%e™2 - 2*bkcxdxexf + bxc™2xf~2)*log(2*(a
+ b)*xcosh(f*x + e) + 2*%(a + b)*sinh(f*x + e) + 2x(a - b)*sqrt((a + b)/(a -
b))) - 3x(b*xd"2xe”2 - 2*bxckdkexf + b*xc”2+xf~2)*log(2x(a + b)*cosh(f*x + e)
+ 2%(a + b)*sinh(f*x + e) - 2x(a - b)*sqrt((a + b)/(a - b))) - 33k (bxd~2*f"2
*x"2 + 2%bxckd*xfT2%x — bxd"2%e”2 + 2xbkxcxdkexf)*log(sqrt((a + b)/(a - b))*(
cosh(f*x + e) + sinh(f*x + e)) + 1) - 3*(b*d™2*f72%x72 + 2kbkckd*f™2%x - bx
d"2%e”2 + 2xbxckdxexf)*log(-sqrt((a + b)/(a - b)) *(cosh(f*x + e) + sinh(f*x

+e)) + 1))/((a"2 - b72)*£73)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (dx+c)2
dx
bcoth(fx + e) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(atb*coth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)~2/(b*coth(f*x + e) + a), x)

maple [B] time = 0.85, size = 722, normalized size = 4.63

2y x 20AIn(e*) bPIn(ae2f 4 pe2f % — g1 b) 2bd%eIn(ef**) bd2eIn (
3a+3b a+b atb fa+tb@-b) Fa+b)a-b "B @i @a-b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2/ (atb*coth(f*x+e)),x)

[Out] 1/3/(a+b)*d~2*x~3+1/(at+b)*cxd*x~2+1/(a+b)*c~2*xx+2/f*b/ (a+b)*c~2/(a-b) *1n(ex
p(fxx+e))-1/fxb/(a+b)*c~2/(a-b) *1n(a*xexp (2*xf*x+2*e) +tb*xexp (2*f*x+2%e) —a+b) +2
/£73%b/ (a+tb) *d"2*e~2/ (a-b) *1n(exp (f*x+e) ) -1/£"3*b/ (a+b) *d"2*e~2/ (a-b) *1n(a*
exp (2*xf*x+2%e) +tb*xexp (2*f*x+2%e) —a+b) +2/3*b/ (a+b) / (a-b) *d~2*xx~3-2/£"2*b/ (a+b
)/ (a-b) *d"2*xe~2xx-4/3/£"3xb/ (a+b) / (a-b) *d"2*e~3-1/f*b/ (a+b) *d"2/ (a-b) *1n(1-
(at+b)*xexp (2*xf*x+2xe) /(a-b) ) *x~2+1/£73*b/(atb) *d~2/(a-b) *1n(1- (a+b) *exp (2*xf*
x+2%e)/(a-b))*e"2-1/£72%b/ (a+b)*d~2/(a-b) *polylog(2, (a+tb) *exp (2*f*x+2%e)/(a
-b) ) *x+1/2/£73%b/ (a+b) *d"2/ (a-b) *polylog(3, (a+b) *exp (2xf*x+2xe) / (a-b))-4/f~
2*%b/ (a+b) *cxd*e/ (a-b) *1n(exp (f*x+e))+2/£72%b/ (atb) *c*d*e/ (a-b) *1n (axexp (2xf
xx+2%e) +tb*xexp (2*f*x+2%e) —a+b) -2/f*b/ (a+b) *c*d/ (a-b) *1n(1-(a+b) *exp (2*f*xx+2%
e)/(a-b))*x-2/£"2xb/ (a+b) *cxd/ (a-b) *1n(1-(a+b) xexp (2*f*x+2*e) /(a-b) ) xe+2*b/
(atb) /(a-b) *dxc*x~2+4/f*xb/ (a+b) / (a—b) *d*ckexx+2/f~2%b/ (a+b) / (a-b) *d*c*xe”~2-1
/£72%b/ (a+b) *c*d/ (a-b) *polylog(2, (a+b)*xexp (2*xf*x+2*e)/(a-b))

maxima [B]  time = 0.49, size = 332, normalized size = 2.13
2620) 4 pe20))p(2f%) (20) 1p20))o(2/%) (20) 15020)o(2/%)
(2 fxlog (—( - +:_b L + 1) + Liy ((ae +:_b L )]bcd (Zfzx2 log (— e +:_b L + 1) +2 fxl
- 2f2 B2 f2 B 7 (ﬂz.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(atb*coth(f*x+e)),x, algorithm="maxima")

[Out] -(2*f*x*log(-(axe”(2%e) + bxe”(2*xe))*e” (2xf*x)/(a - b) + 1) + dilog((axe”(2
xe) + bxe”(2xe))*e” (2*xf*x)/(a - b)))*bkcxd/(a”2*xf72 - b™2xf72) - 1/2%(2*f"2
xx"2x1log(-(axe”™ (2xe) + bxe~(2xe))*e” (2xfxx)/(a - b) + 1) + 2xf*x*dilog((axe
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~(2xe) + bxe”(2%e))*e”(2xfxx)/(a - b)) - polylog(3, (axe~(2*e) + bxe”(2*e))
xe” (2xfxx)/(a - b)))*bxd~2/(a"2*f"3 - b"2*f~3) - c”2x(bxlog(-(a - b)*e” (-2x
fxx - 2%e) + a + b)/((a"2 - b™2)*f) - (fxx + e)/((a + b)*£f)) + 2/3*(b*xd"2xf
T3%x73 + 3xbxckd*f"3*%x72)/(a”2%xf73 - bT2%x£73) + 1/3%(d72%x73 + 33xckd*x"2)/(
a + b)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f (c +dx)*
dx
a +bc0th(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~2/(a + bxcoth(e + f*x)),x)
[Out] int((c + d*x)~2/(a + bxcoth(e + f*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (c+ clx)2 i
a + bcoth (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(a+b*coth(f*x+e)),x)

[Out] Integral((c + d*x)**2/(a + b*coth(e + fxx)), x)
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3.54  [—ST gy

a+b coth(e+fx)

Optimal. Leaf size=108

(a_b)e—2(8+f36) ) (a—b)e‘z(“fx)
Herdvlog (1 ~ T) + L, ( a+b ) + (c + dx)?
f (‘12 - bz) 2f2 (a2 - bz) 2d(a +b)

[Out] 1/2*(d*x+c)~2/(a+b)/d-b*(d*x+c)*1n(1+(-a+b)/(a+tb) /exp(2*xf*x+2xe))/(a”~2-b"2)
/f+1/2xbxd*polylog(2, (a-b)/(a+tb) /exp(2xf*x+2%e))/(a~2-b"2) /£72

Rubi [A] time = 0.16, antiderivative size = 108, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 18,

number of rules _ 3 222, Rules used = {3731, 2190, 2279, 2391}

integrand size

_\p—2(e+fx) _p)p—2(e+fx)
bdPolyLog (2, %) b(c + dx)log (1 - %) (c + dx)?
- +
2f2 (u2 _ bz) f (,12 - bZ) 2d(a + b)

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + b*Coth[e + fx*x]),x]

[Out] (c + d*x)~2/(2x(a + b)*d) - (b*x(c + d*x)*Log[l - (a - b)/((a + b)*E~(2*(e +
fxx)))1)/((a”2 - b~2)*f) + (b*d*PolyLog[2, (a - b)/((a + D)*E~(2x(e + f*x)
))1)/(2*%(a”2 - b™2)*£72)

Rule 2190

Int [(CCF_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[1l + (bx(F~(g*(e + fxx)))"n)/al)/(bxf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + dx*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*x(x_ )" (n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3731

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (f_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Dist
[2%Ixb, Int[((c + d*x) m*xE~(2*Ixk*Pi)*E~Simp[2*I*(e + f*x), x])/((a + Ixb)~
2 + (2”2 + b™2)*E~ (2*xI*k*Pi)*E~Simp [2+I*(e + f*x), x]), x], x] /; FreeQ[{a,
b, c, d, e, £}, x] &% IntegerQ[4xk] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rubi steps
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f c +dx " _ (c+dx)? o )f e 2+ (¢ + dx)
a+bcoth(e+ fx) ~ 2(a+b)d (a+ b2+ a2 + bZ) ~2(e+fx)

(c + dx)? b(c + dx)log (1 - %) ) (bd) flog (1 + s dx

T 2a+bd (a2 -12) f (@-17) f
22
log(1+( (a+bl;2) )
(a=b)e~2(e+f) (bd) Subst f E— dx, x, o2

(c+dv? ble+dnlog (1 — T)

T 2a+byd (- 12) f 27 0)
—b)e2(e+f%) _h)p—2(e+fx)

(c + dx)? b(c + dx) log (1 — W):T) bdLi, (%)
B - +

2(a +b)d (aZ - bZ) f ) (az _ bz) 2

Mathematica [A] time = 3.18, size = 144, normalized size = 1.33

(b-a)e”2(e+f%) { (a-bye=2e+f)
; _2(c+dx) log(—u +h ) 2(c+dr)? N dle(—th )
f(a=b) d(a(e2e~1)+b(e2e+1 f2(a-b)
AR x sinh(e)(2c + dx)
2(a+ D) 2(a sinh(e) + b cosh(e))

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)/(a + b*Cothl[e + fx*x]),x]

[Out] (bx((2*x(c + d*x)~2)/(dx(ax(-1 + E"(2%e)) + b*x(1 + E7(2%e)))) - (2x(c + d*x)
*xLog[l + (-a + b)/((a + D)*E~(2*(e + £*x)))])/((a - b)*f) + (d*PolyLogl2, (

a - b)/((a+ b)*xE"(2x(e + £xx)))])/((a - b)*£72)))/(2*%(a + b)) + (x*x(2%c +
d*x)*Sinh[e])/(2*x(b*Cosh[e] + a*Sinh[e]))

fricas [B] time = 0.46, size = 300, normalized size = 2.78

(a +b)df2x* + 2 (a + b)cf?x — 2 bdLi, (\/7 (cosh (fx + e) + sinh (fx + e))) 2bdLi, ( ﬂ(cosh (fx + e}

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(atb*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/2*%((a + b)*d*f~2xx"2 + 2%(a + b)*c*xf~2*x - 2*bxd*dilog(sqrt((a + b)/(a -
b)) *(cosh(f*x + e) + sinh(f*x + e))) - 2*bxd*dilog(-sqrt((a + b)/(a - b))*(
cosh(fxx + e) + sinh(f*x + e))) + 2x(b*d*e - bxc*f)*log(2*(a + b)*cosh(f*x

+ e) + 2x(a + b)*sinh(f*x + e) + 2x(a - b)*sqrt((a + b)/(a - b))) + 2x(b*d*

e - bkxcxf)xlog(2*(a + b)*cosh(f*x + e) + 2*(a + b)*sinh(f*xx + e) - 2x(a - b
)ksqrt((a + b)/(a - b))) - 2*(b*dxf*x + b*d*xe)*log(sqrt((a + b)/(a - b))*(c
osh(f*x + e) + sinh(f*x + e)) + 1) - 2*x(bkxd*f*x + bkxdxe)*log(-sqrt((a + b)/

(a - b))*(cosh(f*x + e) + sinh(f*x + e)) + 1))/((a"2 - b~2)*£72)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx +c
f dx
bcoth(fx+e) +a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)/(a+bxcoth(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)/(b*coth(f*x + e) + a), x)

maple [B] time = 0.75, size = 357, normalized size = 3.31

(a+b)e?f*+2 (a4
dx>  cx  2bcin(ef**¢)  beln(ae*+% 4 pe2f¥2 — g+ b) bdln(l—T)x bdln( -
2b+2a a+b flatrb)@-b) F@a+b)a-b T f@rb@-b  fra+b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+b*coth(f*x+e)) ,x)

[Out] 1/2/(a+b)*d*x~2+1/(a+b)*c*xx+2/f*b/(a+tb)*c/(a-b)*1n(exp(f*x+e))-1/fxb/(atb)*
c/ (a-b) *1n(a*xexp (2*f*x+2*e) +b*xexp (2*xf*x+2xe) —a+b)-1/f*b/(at+b) *d/(a-b) *1n(1-

(a+b) *exp (2*xf*x+2xe) / (a-b) ) *x-1/£"2*b/ (a+b) *d/ (a-b) *1n (1- (a+b) *exp (2*f*x+2*
e)/(a-b))*e+b/(a+b)/(a-b) *d*x~2+2/f*b/ (a+b) / (a-b) *d*xexx+1/f"2xb/ (a+b) / (a-Db)
xd*e~2-1/2/£"2xb/ (a+b) *d/ (a-b) *polylog(2, (a+b) *exp (2*f*x+2%e)/(a-b) ) -2/f"2x%

b/ (a+b) *d*e/ (a-b) *1n(exp (f*x+e) ) +1/£72xb/ (a+b) *d*xe/ (a-b) *1n(axexp (2*f*x+2*e

) +bxexp (2xf*x+2%e) -a+b)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
. N 2 blog (—(a _p)el 229 gy b)
|40 [ - dx - —— ld—c -
2 a2 - b? - (aze(z ©) + 2 abe®) + p2e e))e(fo) a+b (az - bz)f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(atb*coth(f*x+e)),x, algorithm="maxima")

[Out] -1/2%(4*b*xintegrate(-x/(a”2 - b~2 - (a”2*e”(2xe) + 2*xaxb*xe”(2xe) + b~ 2*e” (2
xe))*e” (2xf*x)), x) - x72/(a + b))*d - cx(bxlog(-(a - b)*e” (-2xf*x - 2*xe) +
a +b)/((a”2 - b™2)*f) - (f*xx + e)/((a + b)*f))

mupad [F] time = 0.00, size = -1, normalized size = -0.01

c+dx
f dx
a+ bcoth(e+fx)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + b*coth(e + f*x)),x)
[Out] int((c + d*x)/(a + b*coth(e + f*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

c+dx
f dx
a + bcoth (e + fx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+b*coth(f*x+e)),x)

[Out] Integral((c + d*x)/(a + bxcoth(e + f*x)), x)
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1
3.55 f (c+dx)(a+b coth(e+fx)) ax

Optimal. Leaf size=23

1
Int ((c T dx)(a + beoth(e + fx))'x)

[Out] Unintegrable(1/(d*x+c)/(a+b*coth(f*x+e)),x)

Rubi [A] time = 0.06, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size

0.000, Rules used = {}
1
f dx
(c + dx)(a + bcoth(e + fx))

Verification is Not applicable to the result.
[In] Int[1/((c + d*x)*(a + b*Cothle + f*x])),x]
[Out] Defer[Int][1/((c + d*x)*(a + bxCoth[e + f*x])), x]

Rubi steps

! dx = ! d
f (c +dx)(a + bcoth(e + fx)) r= f (c +dx)(a + bcoth(e + fx)) *

Mathematica [A] time = 15.09, size = 0, normalized size = 0.00

1
f c % d0)@+ beothe + f)

Verification is Not applicable to the result.

[In] Integrate[1/((c + d*x)*(a + b*Coth[e + f*x])),x]
[Out] Integrate[1/((c + d*x)*(a + b*Coth[e + fxx])), x]

fricas [A] time = 0.39, size = 0, normalized size = 0.00

1

integral , X
adx + ac + (bdx + bc) coth (fx + e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(atb*coth(f*x+e)),x, algorithm="fricas")
[Out] integral(1l/(a*d*x + a*xc + (bxd*x + b*c)*coth(f*x + e)), x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

1
f(dx + c)(bcoth (fx + e) + a) o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e)),x, algorithm="giac")

[Out] integrate(1/((d*x + c)*(bxcoth(f*x + e) + a)), x)
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maple [A] time = 0.69, size = 0, normalized size = 0.00

1
f(dx+c) (a + bcoth(fx+e)) o

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(atb*coth(f*x+e)),x)
[Out] int(1/(d*x+c)/(a+b*coth(f*x+e)) ,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

1
b2ce20) + (azde(z °) + 2 gbde?e) + p2de2 e))x)e(zf x)

_2b f
a?c — b%c + azd bzd) (azce(z‘f) + 2 abce?e) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(atb*coth(f*x+e)),x, algorithm="maxima")

[Out] -2*xbxintegrate(-1/(a"2*%c - b7 2*c + (a”2*%d - b72*d)*x - (a"2%cxe”(2%e) + 2*a
xbxcke” (2%e) + b7 2kxcxe” (2%e) + (a”"2xdxe” (2*e) + 2xaxbxdxe” (2%e) + b 2xd*e”(

2%e) ) xx)*xe” (2xf*x)), x) + log(d*x + c)/(a*xd + b*d)
mupad [A] time = 0.00, size = -1, normalized size = -0.04

1
f(a +beoth (e + fx)) (c+dx) w

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + bxcoth(e + f*x))*(c + d*x)),x)

[Out] int(1/((a + bk*coth(e + f*x))*x(c + d*x)), x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

1
f (a + bcoth (e + fX)) (c +dx) n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e)),x)

[Out] Integral(1l/((a + b*coth(e + f*x))*(c + d*x)), x)
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1
3.56 f (c+dx)?(a+b coth(e+fx)) ax

Optimal. Leaf size=23

1
ot ((c +dx)*(a + beoth(e + fx))’ x)

[Out] Unintegrable(1/(d*x+c)~2/(a+b*coth(f*x+e)),x)

Rubi [A] time = 0.06, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - :
integrand size
0.000, Rules used = {}
1
f dx
(c + dx)?(a + bcoth(e + fx))

Verification is Not applicable to the result.

[In] Int[1/((c + dxx)"2x(a + b*Cothl[e + f*x])),x]
[Out] Defer[Int][1/((c + d*x) 2x(a + b*Coth[e + f*x])), x]

Rubi steps

! dx = ! d
f (c + dx)?(a + b coth(e + fx)) r= f (¢ + dx)?(a + b coth(e + fx)) *

Mathematica [A] time = 23.94, size = 0, normalized size = 0.00

1
beothie + 7))

f (c +dx)2(a +

Verification is Not applicable to the result.

[In] Integrate[1/((c + d*x)~2*(a + b*Cothl[e + f*x])),x]
[Out] Integrate[1/((c + d*x)~2*(a + b*Cothl[e + f*x])), x]

fricas [A] time = 0.40, size = 0, normalized size = 0.00

1
integral , X
ad?x? + 2 acdx + ac® + (bd2x2 + 2 bedx + bcz) coth ( fx+ e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c) 2/ (atb*coth(f*x+e)),x, algorithm="fricas")
[Out] integral(l/(a*d™2*x~2 + 2*akxcxd*x + axc™2 + (b*xd~2*x"~2 + 2%b*ckd*x + b*c™2)

xcoth(f*x + e)), x)
giac [A] time = 0.00, size = 0, normalized size = 0.00

1
f 5 dx
(dx +c)*(beoth (fx +e) +a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="giac")
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[Out] integrate(1/((d*x + c) " 2*(b*coth(f*x + e) + a)), x)
maple [A] time = 0.69, size = 0, normalized size = 0.00

1

f(dx + c)2 (a + b coth (fx + e)) .

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c) 2/ (atb*coth(f*x+e)),x)
[Out] int(1/(d*x+c) 2/ (at+b*coth(f*x+e)),x)
maxima [A] time = 0.00, size = 0, normalized size = 0.00

1

2p f _
a2c? — b%c? + (a2d2 - 1921;12)x2 +2 (azcd - bzcd)x - (aZCZe(ze) + 2 abc2e0) + p2c2e2€) + (a2d26(2 0 4+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="maxima")

[Out] -2xbxintegrate(-1/(a”2xc”2 - b™2xc™2 + (a”2*%d”2 - b72*d"2)*x"2 + 2x(a~2*cx*d
- b72*ckd)*x - (a"2xc"2%e”(2%e) + 2*axbxcT2xe”(2xe) + bT2*xc”2*xe”(2*e) + (a
“2%d72%e” (2%e) + 2xaxbxd"2xe” (2%e) + bT2xd"2xe” (2xe) ) *x"2 + 2k (a”2*xcxd*xe” (2
*xe) + 2¥axbxckdxe”(2%e) + b 2xcxdxe” (2%e))*x)*e” (2xf*xx)), x) - 1/(axcxd + b

*cxd + (a*xd”2 + b*d~2)*x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

1

f(a+bcoth(e+fx)) (c+clx)2 .

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + bxcoth(e + fxx))*(c + d*x)~2),x)
[Out] int(1/((a + b*coth(e + f*x))*(c + d*x)"2), x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

1

f (a + bcoth (e + fx)) (c + dx)* =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(a+bxcoth(f*x+e)),x)

[Out] Integral(l/((a + b*coth(e + fx*x))*(c + d*x)*x2), x)
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(c+dx)3
3.57 f (a+b coth(e+fx))?

Optimal. Leaf size=638

(a+b)626+2fx
a-b

(a+b)626+2fx
a-b

(a+b)326+2fx

a-b
+ +

13 (a2 —_ bz)z 13 (a2 _ bz)z 12 (a2 —_ bz)z 12 (a2 .

3W¥@+Mﬁh( )3%%@+wmg( ) %%@+m¥u4 ) 30%d(c + dx)? log

[Out] -2*%b~2*(d*x+c)~3/(a"2-b"2) " 2/f+2xb~2* (d*x+c) "3/ (a-b)/(at+b) "2/ (a-b-(a+b) *exp
(2xf*x+2%e)) /f+1/4* (d*x+c) "4/ (a-b) “2/d+3*b~2*d* (d*x+c) “2*1n(1- (a+b) xexp (2*f
xx+2%e) /(a-b))/(a"2-b72) "2/£72-2*b* (d*x+c) "3*1n(1- (a+b) *exp (2xf*x+2xe) / (a-b
))/(a-b) 72/ (a+b) /£+2*%b~ 2% (d*x+c) "3*1n(1-(a+b) *exp (2*¥f*x+2%e)/(a-b))/(a"2-b~
2)"2/£+3%b~2*d"2* (d*x+c) *polylog(2, (atb) xexp (2*xf*x+2*e)/(a-b))/(a"2-b"2) "2/
£73-3%bxd* (d*x+c) “2*polylog(2, (a+b) *xexp (2xf*x+2xe) /(a-b))/(a-b) "2/ (atb) /£~2
+3%b~2*xd* (d*x+c) “2*polylog(2, (a+b) *exp (2xf*x+2%e) /(a-b))/(a"2-b"2)"2/£72-3/
2xb~2*d"3*polylog(3, (a+b) *exp (2xf*x+2xe) /(a-b))/(a™2-b72) "2/£74+3*%b*d 2% (d*
x+c)*polylog(3, (a+b) *exp (2*%f*x+2%e)/(a-b))/(a-b) "2/ (a+b) /£73-3*b~2+d "2 (d*x
+c)*polylog(3, (a+b) *exp (2xf*x+2%e) /(a-b))/(a~2-b"2) "2/£73-3/2xb*d~3*polylog
(4, (a+b) *exp (2xfxx+2%e) / (a-b)) /(a-b) "2/ (a+b) /£~4+3/2%b~2xd~3*polylog(4, (atb
) *exp (2xfxx+2%xe) /(a-b))/(a~2-b"2)"2/f"4

Rubi [A] time = 2.27, antiderivative size = 638, normalized size of antiderivative
= 1.00, number of steps used = 28, number of rules used = 10, integrand size = 20,

number of rules _ ),500, Rules used = {3734, 2254, 2185, 2184, 2190, 2531, 6609, 2282, 6589,

integrand size

2191}

2e+2fx

2e+2fx
%) 3b?d?(c + dx)PolyLog (3, %

(a+b)e

a-b

3b%d?(c + dx)PolyLog (2, — —~

) 3b?d(c + dx)*PolyLog (2,

f3 (a2 _ bz)z f3 (az _ bz)z " fz (a2 _ bz)z

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + b*Cothl[e + fx*x])~2,x]

[Out] (-2%b~2*(c + d*x)"3)/((a”2 - b™2)"2*f) + (2*b~"2*(c + d*x)"3)/((a - b)*(a +
b)"2%(a - b - (a + b)*E~(2%e + 2*f*x))*f) + (c + d*x)"4/(4*x(a - b)"2%d) + (
3xb~2xd*(c + dxx) "2*xLog[l - ((a + D)*E~(2xe + 2xf*x))/(a - b)])/((a”2 - b~2
)"2x£72) - (2xbx(c + dxx) "3*xLogl[l - ((a + D)*E~(2xe + 2xf*x))/(a - b)])/((a
- b)"2x(a + b)*f) + (2%b~2%(c + d*x) " 3*xLogl[l - ((a + b)*E~(2xe + 2*fx*xx))/(
a - b)])/((a”2 - b72)72xf) + (3*b"2xd"2*(c + d*x)*PolyLogl[2, ((a + b)*E~ (2%
e + 2xf*x))/(a - b)]1)/((a"2 - b72)"2%£73) - (3*b*d*(c + d*x) " 2*PolyLog[2, (
(a + D)*E~(2%e + 2*xfxx))/(a - b)])/((a - b)72*(a + b)*f~2) + (3*xb"2*xd*(c +
d*x) "2*PolyLog[2, ((a + D)*E~(2xe + 2xf*x))/(a - b)])/((a"2 - b~2)"2%xf"2) -

(3*%b~2xd~3*PolyLog[3, ((a + b)*E~(2%e + 2*f*x))/(a - b)])/(2*x(a"2 - b~2)"2
xf74) + (3xb*d"2x(c + dxx)*PolyLogl[3, ((a + b)*E~(2*e + 2xfx*x))/(a - b)])/(
(a - b)"2«(a + b)*£73) - (3*b~2+d"2+(c + d*x)*PolyLog[3, ((a + D)*E~(2*e +
2xfxx))/(a - b)])/((@a"2 - b™2)72*%f73) - (3*b*d~3*PolyLog[4, ((a + b)*E~(2xe
+ 2xf*xx))/(a - b)])/(2%(a - b)"2*x(a + b)*f~4) + (3*%b~2xd~3*PolyLog[4, ((a
+ b)*E~(2*%e + 2xfxx))/(a - b)])/(2x(a"2 - b~2)"2xf~4)

Rule 2184

Int[((c_.) + (A_D)*x))"(m_.)/((a_) + (b_)*x((F_)~((g_.)x((e_.) + (f_.)*(x
)" (n_.)), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(a*d*(m + 1)), x] - Dist[
b/a, Int[((c + d*x) mx(F~(gx(e + f*x)))"n)/(a + b*x(F (g*x(e + f*x)))"n), x],
x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2185
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Int[((a_) + (b_.)*((F_)"((g_.)*x((e_.) + (£_)*(x_))))"(n_.))"(p_)*((c_.) +
(d_)*(x_))"(m_.), x_Symbol] :> Dist[1/a, Int[(c + d*x) m*x(a + b*x(F~(gx(e +
fxx)))™n)"(p + 1), x], x] - Dist[b/a, Int[(c + d*x) m*x(F~(g*(e + f*x))) n*
(a + bx(F~(gx(e + £*x)))"n)"p, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n},
x] && ILtQ[p, 0] && IGtQ[m, O]

Rule 2190

Int [(CF_)~((g_)*x((e_.) + (£_)*(x_)N) " (n_)*((c_.) + (d_.)*(x_))"(m_.))/
((a_) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*nxLog[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2191

Int[((F_)~((g_)*x((e_.) + (£_)*xxDN)"(m_)*((a_.) + (b_)*x((F_)~((g_.)*(
(e_.) + (£_)*(x)))"(@m_.))"(p_.)*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :>
Simp[((c + d*x) m*(a + b*x(F~(gx(e + £*x)))™n) " (p + 1))/ (bxf*xgrn*x(p + 1)*Lo
g[F1), x] - Dist[(d*m)/(bxfg*nx(p + 1)*Log[F]), Int[(c + d*x)~(m - 1)*(a +
b*x(F~(gx(e + f*x)))™n)~(p + 1), x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, m
, 0, pr, x] && NeQ[p, -1]

Rule 2254

Int[((a_.) + (b_D)*F_ D" )" (p_.)*((c_.) + (d_)*(F_)"(v_))"(q_.)*((e_.)

+ (f_)*(x_))"(m_.), x_Symbol] :> With[{w = ExpandIntegrand[(e + f*x)"m, (a
+ b*F~u) "px(c + d*F"v)~q, x1}, Int[w, x] /; SumQ[w]] /; FreeQ[{F, a, b, c,
d, e, f, m}, x] && IntegersQ[p, ql &% LinearQ[{u, v}, x] && RationalQ[Simp
lify[u/v]]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunctionlu, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_)))) " (n_)]*((f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) “m*PolyLog[2, -(ex(F~(cx(a + bxx
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] & GtQ[m, 0]

Rule 3734

Int[((c_.) + (d_D)*x))"(m_)*((a_) + (b_.)*tanl(e_.) + (f_)*(x_)]1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - (2*I*b)/(a"2
+ b72 + (a - I¥b)"2+¢E"(2¢Ix(e + £*x))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, £}, x] && NeQ[a"2 + b~2, 0] && ILtQ[n, O] && IGtQ[m, O]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x) pl/(exp), x] /; FreeQ[{a, b, c, d
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, e, n, p}, x] && EqQ[bxd, axe]

Rule 6609

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x ))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxpxLog[F]), x] - Dist[(f*m)/(bxcxp*Log[F]), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rubi steps



(c + dx)3 _
(a + beoth(e + fx))? *=
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f (c+dx’ AbPet ¥ (e + dx)® N Abe2e+2fx(c
T e e A
a a
2€+2fx(c+dx)3 5 e4e+4fx(c+dx)3
4b c v (4b
(C + dx)4: ( ) f a(l_g)_u(1+§)62€+2fx ( ) f (u(l_lal)_a(1+§)626+2fx)2

Xa—-byd @by " (@b

+ dx)3 (a-b)2(c+
3 (ar)2e2fx\ (4p2) [[ERL
(c+dxt 2blc+dx)’log (1 T ( ) / @0 (b (a-b-(a+

Wa-b2d @-DRarbf G

(c+dx)*  B3(c+ dx) 2b(c + dx)log (1 - %) 3bd(c + dx)*Li,

4a-b)d (a2 - bz)z d ) (a-b)3(a+b)f - (a—Db)%(a

(c+dot  B(c+dx) 2b(c + dx)® log (1 - %) 3bd(c + dx)?Li,

4a-bPd (a2 - b2)2 d ) (a-by*(a+b)f - (a—Db)%(a

26%(c + dx)? (tdyt  2b(+dnlog (1 G

(a=b)(a+b)?(a—b-(a+b)e>2x)f T aa—bypd (a—b)2(a+D)

B _2b2(c +dx)3 s 2b%(c + dx)? N (c + dx)* ) 2b(c A
(a2 - bz)2 Foo@-ba+b2(a-b-(a+b)>)f  Aa-b)d

B _sz(c + dx)3 . 26%(c + dx)? . (c + )t ) 3b2d(
(a2 - bz)2 f (a-b)a+by (a=b—(a+Db)e+2fx)f  AHa-byd

_ _2b2(c + dx)3 . 26%(c + dx)? . (c + dx)t ) 3b2d(
(a2 - bZ)2 f (a-b)a+by (a=b—(a+b)e+2fx)f  Aa-byd

_ _2b2(c + dx)3 N 26%(c + dx)? . (c + dx)t ) 3b2d(
(2-102) f (@-ba+bR(a-b-(a+b)e ) f 4a-bpd

_ 2P +dx) 202(c + dx)? (c+dut 307

= bz)z f * (a-b)(a+Db)2(a—b—(a+b)e>+?~)f RN

Mathematica [A] time = 12.71, size = 1022, normalized size = 1.60

8—2(€+fx) (b—ﬂ)

b(~4a(a (-1 + %) + b(1+ ) P log (T 4 1) % + 3a (o (1 + ) + b (1 +¢)) (2L (42

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + b*Cothl[e + f*x])~2,x]
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[Out] (b*(-4*x(a — b)*b*xd*f~3*(c + d*x)~3 + 2*xax(a - b)*f"4*x(c + d*x)~4 - 12%c*d"2
x(ax(-1 + E7(2%e)) + b*x(1 + E~(2%e)))*f"2x(-(bxd) + axc*f)*xxLog[l + (-a +
b)/((a + b)*E" (2% (e + f*x)))] + 6*%d"3*(a*x(-1 + E7(2%e)) + b*x(1 + E~(2%e)))*
£72%(bxd - 2xaxcxf)*x"2*Log[l + (-a + b)/((a + b)*E"(2x(e + f*x)))] - 4*axd
“4x(ax(-1 + E7(2%e)) + bx(1 + E~(2%e)))*f~3xx"3*Log[1l + (-a + b)/((a + b)*E
“(2%(e + £*xx)))] + 2xc72xd*(ax (-1 + E7(2*%e)) + bx(1 + E~(2xe)))*f~2*x(-3*xb*d
+ 2xaxcxf)*x(2xfxx - Logla - b - (a + b)*E~(2*(e + f*x))]) + 6*xcxd™2x(ax(-1
+ E7(2%e)) + bx(1 + E7(2xe)))*fx(-(b*d) + axcxf)*PolyLogl[2, (a - b)/((a +
b)*E~ (2% (e + f*x)))] - 3*d"3*(ax(-1 + E~(2*e)) + bx(1 + E~(2%e)))*(bxd - 2%
axcxf)* (2xf*x*xPolyLog[2, (a - b)/((a + b)*E~(2x(e + fx*x)))] + PolyLogl[3, (a
- b)/((a + b)*E~(2x(e + f*x)))]) + 3*axd"4*x(ax(-1 + E~(2*e)) + bx(1 + E~(2
xe) ) ) * (2xf72%xx"24PolyLog[2, (a - b)/((a + b)*E~(2x(e + fx*x)))] + 2xf*x*Poly
Log[3, (a - b)/((a + b)*E~(2x(e + f*x)))] + PolyLogl[4, (a - b)/((a + b)*E~(
2x(e + £*x)))]1)))/(2%(a - b)"2x(a + b) " 2xd*x(a*x(-1 + E7(2*e)) + bx(1 + E~(2%
e)))*f~4) + (—4*xa~2xc”3xf*x*Cosh[f*x] - 4*xb~2xc~3xf*x*Cosh[f*x] - 6*a~2xc”~2
*d*f*x"2*%Cosh [f*x] — 6xb~2%c™2+d*f*x"2*Cosh [f*x] - 4*a~2%c*d"2*xf*x"3*Cosh[f
*x] - 4*b"2*xckd"2xfxx"3*%Cosh [f*x] - a™2*d"3*f*x"4*Cosh[f*x] - b™2*xd"3*xf*x"4
*Cosh [f*x] + 4*a~2xc”3xf*x*Cosh[2*%e + f*x] - 4*xb~2%c " 3*f*x*Cosh[2*e + f*x]
+ 6*a”2xcT2xdxf*xx"2%Cosh[2%e + f*x] - 6*b~2xc”2*d*f*x"2*Cosh[2*e + f*x] + 4
*a " 2%c*d"2xf*xx"3*Cosh[2xe + f*x] - 4*b™2xcxd"2xfxx"3*%Cosh[2*e + f*x] + a~2x
d"3*f*x"4*Cosh[2*xe + f*x] - b~2*d"3*f*x"4*Cosh[2%e + f*x] + 8*b~2*xc~3*Sinh[
fxx] + 24*b"2xc”2xd*x*Sinh [f*x] - 8*axbxc 3xfxx*Sinh[f*x] + 24*b~2*%cxd~2xx~
2%Sinh [f*x] - 12*%a*bxc™2*%d*f*x"2*Sinh[f*x] + 8*b~2%d~3*x"3*Sinh[f*x] - 8*ax
bxcxd " 2xfxx"3*Sinh [f*x] - 2%a*xbxd~3xf*xx~4*Sinh[f*x])/(8*%(a - b)*(a + b)*fx*(
b*Coshl[e] + a*Sinh[e])*(b*Cosh[e + f*x] + ax*Sinh[e + fx*x]))

fricas [C] time = 0.57, size = 6171, normalized size = 9.67

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(atb*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4*((a"3 + a~2%b - a*b™2 - b"3)*d"3*xf"4*x"4 + 4%(a”"3 + a"2*b - a*xb™2 - b~
3)*kckd"2xf"4*xx"3 + 6%(a”3 + a"2*b - a*b”2 - bT3)*cT2*xd*f"4*x"2 + 4*x(a”3 + a
“2%b - a*b”2 - bT3)*c”3*xf"4*xx - 4*%(a"2%b - ax*b”"2)*d"3*e"4 - 8*x(a¥b”2 - b~3)
*d"3%e”3 + 8% (2% (a"2xb - a*b”2)*c"3*e + (a*b”2 - b"3)*c"3)*f"3 - 24*x((a”2*b
- axb”2)*c"2xd*e”2 + (a*¥b”2 - b7"3)*kc"2xd*e)*f"2 - ((a”3 + 3*a"2*b + 3*xaxb”
2 + b"3)*d"3*f"4*xx"4 - 4% (a"2%b + axb"2)*d"3*xe"4 + 16*(a"2%b + axb"2)*c"3*e
*f~3 - 8*(a*b”™2 + b~3)*d"3%e”3 + 4*((a”3 + 3*a"2xb + 3*axb”2 + b7 3)*kckxd"2*f
4 - 2%(a*b”2 + b73)*d"3*xf"3)*x"3 - 24*x((a”2xb + axb"2)*c”2*d*e”2 + (axb”2
+ b73)*cT2xd*e)*f72 + 6%((a”3 + 3*a"2xb + 3*xaxb”2 + b”3)*kc"2xd*f"4 - 4x(axb
T2 + bT3)*kckdT2xfT3)*x72 + 8% (2+(a”2*b + axb"2)*cxd"2xe”3 + 3*x(a*b”2 + b”3)
*ckd"2%e”2) *f + 4*x((a”3 + 3*%a"2%b + 3*axb”2 + b~3)*c"3*%f"4 - 6%(a*xb”2 + b”3
Y*xcT2xd*xf"3) *x) *cosh(f*x + e)”2 - 2%((a”3 + 3*a"2*b + 3*a*xb™2 + b~3)*d"3*f~
4xx~4 - 4x(a"2%b + ax*b”2)*d"3*e”4 + 16x(a”2%b + a*b”2)*c"3*exf~3 - 8*(axb”2
+ b73)*d"3*e”3 + 4x((a”3 + 3*a"2*b + 3*axb”2 + b73)*c*d"2*f"4 - 2x(axb"2 +
b~3)*d"3*%f"3)*x"3 - 24*x((a”"2*b + axb"2)*c”2*d*e”2 + (a*b”2 + b~3)*c"2xd*e)
*f72 + 6%((a”3 + 3*%a"2xb + 3*a*b”2 + b"3)*c"2xd*f"4 - 4x(a*b”2 + b"3)*cxd"2
*f73)xx"2 + 8%(2*x(a"2*b + a*b”2)*c*kd"2%e”3 + 3*x(a*xb”2 + b~3)*kckd"2*e”2)*xf +
4x((a”3 + 3*xa~2%b + 3*a*b”2 + b73)*c"3*xf"4 - 6% (axb”2 + b73)*cT2xd*f"3)*x)
¥cosh(f*x + e)*sinh(f*x + e) - ((a”™3 + 3*a™2%b + 3*a*b”™2 + b~ 3)*d"3*xf"4*xx"4
- 4*%(a”2*%b + a*b"2)*d"3*%e"4 + 16*%(a”2*%b + a*xb"2)*c " 3*xexf"3 - 8x(axb”2 + b~
3)*d"3*e”3 + 4x((a”3 + 3*a"2*b + 3*a*xb”2 + b~3)*c*xd"2+%f"4 - 2x(a*b”2 + b~3)
*d"3*%f73)*x"3 - 24*x((a"2%b + axb”2)*c"2xd*e”2 + (a*b”2 + b"3)*kc"2kd*xe)*f"2
+ 6%((a”3 + 3*a"2xb + 3*a*b”2 + b73)*kcT2xd*f~4 - 4x(a*b”2 + b73)*cxd"2xf"3)
*x72 + 8% (2% (a”2%b + axb”2)*c*xd"2*e”3 + 3*(axb”2 + b73)*kckd"2*e”2)*f + 4x((
a3 + 3*a”2*b + 3*axb”2 + b73)*c"3*f"4 - 6x(axb”2 + b~3)*c"2*d*f"3)*x)*sinh
(f*x + e)72 + 8% (2*x(a"2*b — a*xb~2)*c*d"2*e”3 + 3*(a*xb™2 — b~3)*c*xd"2%e”2) *f
- 24%((a”2*b - a*b”2)*d"3*f"2*x"2 + (a"2*b - a*b"2)*c”2*xd*f"2 - (a*b”2 - b
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“3)*xckd72xf - ((a72%b + a*b”2)*d"3*f72xx72 + (a"2%b + axb”2)*c " 2xd*f"2 - (a
*b72 + b73)kckd"2xf + (2% (a”2%b + a*b”2)*kckd"2*xf"2 - (a*¥b”2 + b73)*d"3*f)*x
Y¥cosh(f*x + e)72 — 2%((a"2%b + a*xb”2)*d"3*f"2*xx"2 + (a”™2*b + a*xb™2)*c 2*dx*
£f72 - (a*b”™2 + b7 3)*c*xd"2+f + (2%(a”2*%b + axb~2)*c*d"2*xf"2 - (a*b”2 + b~3)x*
d"3xf)*x)*cosh(f*x + e)*sinh(f*x + e) - ((a”2*b + a*b”2)*d"3*xf"2*x"2 + (2”2
*b + a*xb”2)*cT2xd*f"2 - (a¥b”2 + b73)*kckd"2xf + (2% (a”2%b + axb”"2)*cxd"2xf”
2 - (a*b™2 + b73)*d"3*f)*x)*sinh(f*x + e)72 + (2*x(a~2%b - a*b™2)*cxd"2*xf~2
- (a*b™2 - b73)*d"3*f)*x)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh
(fxx + e))) - 24*x((a™2%b - a*b™2)*d"3*xf"2*xx"2 + (a”2*b - a*xb™2)*c~2xd*f~2 -
(axb”2 - b7 3)*ckd™2*xf — ((a"2xb + a*xb™2)*d"3*f"2*xx"2 + (a~2%b + a*b”2)*c”2
*d*f72 - (a*b”™2 + b73)*xc*xd"2+f + (2x(a”2*%b + axb"2)*c*xd"2*xf"2 - (a*xb”2 + b~
3)*d"3*xf)*x)*cosh(f*x + )72 - 2x((a"2*b + a*b~2)*d"3*f"2*x"2 + (a"2*b + ax
b~2)*c”2xd*f"2 - (a*b”2 + b73)*kckd"2+f + (2*%(a"2%b + a*xb”2)*xcxd"2xf"2 - (ax
b"2 + b~3)*d"3*f)*x)*cosh(f*x + e)*sinh(f*x + e) - ((a™2%b + a*b™2)*d~3*f"2
*x72 + (a72*%b + a*xb"2)*xc72*%d*f"2 - (a*b”2 + b73)xckxd"2+f + (2x(a”2*b + axb”
2)%c*d"2*¢f72 - (a*xb”2 + b~3)*d"3*f)*x)*sinh(f*x + e)”2 + (2*x(a"2*b - a*xb”2)
xcxd"2*%f72 - (axb”2 - b7~3)*d”"3*f)*x)*dilog(-sqrt((a + b)/(a - b))*(cosh(f*x
+ e) + sinh(f*x + e))) + 4*%(2%(a"2*b - a*b"2)*d"3*e"3 - 2*%(a"2*b - a*xb~2)x*
c”3xf73 + 3*x(a*b”2 - b73)*d"3xe”2 + 3*%(2*x(a”2*b - a*b"2)*xc"2*d*e + (a*b”2 -
b~3)*kcT2xd) *f"2 - (2x(a"2*b + a*b"2)*d"3*%e”3 - 2*%(a"2%b + a*b”2)*c"3*f"3 +
3x(a*b”™2 + b73)*d"3xe”2 + 3*%(2*%(a"2*b + axb"2)*c"2*d*e + (a*b”2 + b"3)*c”"2
*Q)*f72 - 6x((a"2*b + axb"2)*c*xd"2%e”2 + (a*xb”2 + b~3)*c*d"2*e) *f)*cosh(f*x
+ e)”2 - 2%(2+x(a"2xb + a*b”2)*d"3*e”3 - 2x(a”2*b + a*xb~2)*c"3*f"3 + 3*x(axb
"2 + b73)*d"3*%e”2 + 3% (2% (a"2%b + ax*b”2)*c"2xdxe + (a*b”2 + b7T3)*cT2xd)*f"2
- 6%((a"2*%b + a*b"2)*c*d"2%e”2 + (a*b”2 + b~3)*xcxd"2*e)*f)*cosh(f*x + e)*s
inh(f*x + e) - (2%(a”2*b + a*b~2)*d"3*e”3 - 2*(a”™2*b + a*b~2)*c~3*f~3 + 3x*(
axb”2 + b73)*d"3*e”2 + 3% (2*x(a”2*b + axb”2)*c"2xd*xe + (a*b”2 + b73)*c"2*xd)*
£f72 - 6x((a"2%b + a*b"2)*c*xd"2*e”2 + (a*b”2 + b~3)*c*kd"2*e) *f)*sinh(f*x + e
)72 - 6%x((a”2%b - axb”2)*c*d"2%e”2 + (axb”2 - b73)*ckd"2xe)*f)*log(2*(a + b
)*cosh(f*x + e) + 2x(a + b)*sinh(f*x + e) + 2x(a - b)*sqrt((a + b)/(a - b))
) + 4% (2% (a”2*%b - a*b”2)*d"3xe”3 - 2*%(a”2*b - a*b"2)*c"3*%f"3 + 3*x(a*b”2 - b
"3)*%d"3*e”2 + 3*x(2x(a"2xb - axb”2)*kc " 2*xd*e + (axb"2 - b”3)*c”2xd)*f"2 - (2%
(a™2%b + a*b”2)*d"3*e”3 - 2x(a”2*b + a*b”2)*c"3*f"3 + 3*x(a*b”2 + b~3)*d"3*e
"2 + 3%(2x(a"2*b + a*b”2)*c”2xd¥e + (axb”2 + b”"3)*xc”2*xd)*f"2 - 6%((a"2%b +
axb~2)*c*d"2*xe”2 + (axb”2 + b73)*c*kd"2*e)*f)*cosh(f*x + e)72 - 2% (2*x(a”2*b
+ axb”2)*d"3*e"3 - 2% (a"2%b + a*b”2)*c"3*f"3 + 3*x(a*b”2 + b"3)*d"3*e”2 + 3%
(2% (a™2%b + axb”2)*c"2xd*e + (a*b™2 + b~3)*c”2xd)*f"2 — 6x((a”2%b + a*b”2)*
cxd"2%e”2 + (a*b”2 + b73)*cxd"2%e)*f)*cosh(f*x + e)*sinh(f*x + e) - (2x(a"2
*b + a*xb”2)*d"3*e”3 - 2x(a"2*b + a*b"2)*c”3*xf"3 + 3*x(a*b”2 + b~3)*d"3*e"2 +
3% (2% (a"2*%b + a*b~2)*c”2*d*e + (a*b”™2 + b73)*xc”2xd)*f"2 - 6%((a”"2*b + axb”
2)%c*d"2*%e”2 + (a*xb”2 + b73)*c*d"2*e)*f)*sinh(f*xx + e)”2 - 6%((a"2*b - axb”
2)*cxd"2*%e”2 + (a*xb”2 - b~3)*cxd"2*xe)*f)xlog(2+(a + b)*cosh(f*x + e) + 2*(a
+ b)*sinh(f*x + e) - 2x(a - b)*sqrt((a + b)/(a - b))) - 4%x(2%(a"2*b - axb”
2)*d"3*%f"3*x"3 + 2*x(a"2*%b - ax*b"2)*d"3*e”3 + 6x(a"2xb - axb”2)*c " 2xd*exf"2
+ 3*%(a*b”2 - b73)*d"3*e”2 + 3*%(2*%(a”"2*b - axb"2)*c*d"2*%f"3 - (a*b”2 - b~3)x*
d"3*f72)*x72 - (2x(a"2%b + a*b”2)*d"3*f"3*xx"3 + 2% (a"2%b + a*b"2)*d"3*e"3 +
6% (a”"2*%b + axb"2)*c"2*d*exf"2 + 3*(axb”2 + b~3)*d"3*e”2 + 3k (2x(a"2*b + ax
b"2) *xcxd"2*xf~3 - (a*b”2 + b73)*d"3*xf"2)*xx"2 - 6% ((a”2*b + axb”2)*cxd " 2xe”2
+ (axb”™2 + b~3)*cxd"2*e)*xf + 6%((a”"2%b + a*xb"2)*c"2+%d*f"3 - (a*xb”2 + b~3)*c
*Q72xf"2) *x)*cosh(f*x + e)72 - 2% (2x(a"2*b + a*b™2)*d"3*xf"3*x"3 + 2*x(a”2x*b
+ axb”2)*d"3*e”3 + 6*(a"2*b + a*b~2)*c”2*xd*exf"2 + 3*x(a*xb”2 + b~3)*d"3*e”2
+ 3% (2% (a"2%b + axb”2)*c*d"2*f"3 - (a*b”2 + b~3)*d"3*f"2)*x"2 - 6x((a"2xb +
a*xb”2)kcxd"2*xe"2 + (a*b”2 + b73)*kckd"2*xe)*f + 6% ((a”2%b + axbT2)*xc"2xd*xf"3
- (a*b™2 + b"3)*cxd"2*%f"2) *x) *cosh(f*x + e)*sinh(f*x + e) - (2x(a"2*b + ax
b~2) *d"3*xf"3*x"3 + 2*x(a"2*b + a*b"2)*d"3xe”3 + 6*(a"2xb + axb”2)*c " 2*d*xexf”
2 + 3x(a*b”2 + b73)*d"3xe”2 + 3*%(2*x(a”2*b + a*b"2)*cxd"2*%f~3 - (a*b”2 + b”3
)*xd"3*%f72)*x72 - 6% ((a”2%b + axb"2)*c*d"2%e”2 + (a*b”2 + b73)*c*xd"2%e) *f +
6% ((a™2*%b + a*xb™2)*c"2xd*f~3 - (a*b”2 + b73)*cxd"2xf"2)*x) *sinh(f*x + e)~2
- 6%((a”2*%b - a*b”2)*cxd"2*%e”2 + (a*b”2 - b"3)*cxd"2xe)*f + 6+x((a”2*b - ax*b



238

T2)*xc”2xd*f73 - (a*b”2 - b~3)*ckd"2*f72)*x)*x1log(sqrt((a + b)/(a - b))*(cosh
(f*x + e) + sinh(f*x + e)) + 1) - 4*x(2%(a"2*b - a*b~2)*d"3*f"3*x"3 + 2*x(a”2
*b - a*b”2)*d"3*e”3 + 6x(a”2%b - a*b”2)*c"2xd*xexf~2 + 3*x(a*b”2 - b~3)*d"3*e
"2 + 3%(2*(a"2%b - a*b”2)*ckd"2%f"3 - (a*b”2 - bT3)*dA"3*f"2)*x"2 - (2% (a”2x*
b + a*xb”2)*d"3*%f"3*%x"3 + 2*(a"2*b + axb"2)*d"3*e”3 + 6*x(a"2xb + axb"2)*c 2%
dxexf"2 + 3*x(a*xb”2 + b~3)*d"3*%e”2 + 3*x(2x(a"2xb + axb”2)*c*kd"2*f"3 - (axb”2
+ b73)*d"3*f"2)*x"2 - 6% ((a”2%b + axb"2)*cxd"2*xe”2 + (a*b”2 + b73)*ckxd"2*e
Y¥f + 6% ((a”2%b + axb”2)*c"2*xd*f~3 - (a*xb”2 + b~3)*c*kd"2*xf"2) *x)*cosh(f*x +
e)”2 - 2x(2x(a”2xb + a*b”2)*d"3*f"3*x"3 + 2*x(a"2xb + ax*b”2)*d"3*e”3 + 6%(a
“2%b + axb”2)*cT2xd*xexf"2 + 3*x(a*b”2 + b73)*d"3*xe”2 + 3*x(2*x(a”2*b + axb"2)x*
cxd"2+%f73 - (a*b”2 + b73)*d"3*xf"2)*x"2 - 6%((a”"2*%b + axb"2)*xc*xd"2*e”2 + (ax
b"2 + b73)*xc*xd"2*e)*f + 6x((a"2%b + axb"2)*c"2*xd*f"3 - (a*xb”2 + b~3)*c*xd 2%
f72)*x)*cosh(f*x + e)*sinh(f*x + e) - (2x(a"2*b + a*b™2)*d"3xf"3*x"3 + 2*(a
“2%b + a*b”2)*d"3*e”3 + 6%(a”2%b + a*xb”"2)*c 2*xd*xexf"2 + 3*(a*b”2 + b~3)*d"3
*e72 + 3% (2*x(a”"2%b + axb”2)*c*d"2*f"3 - (a*b”2 + b73)*d"3*f"2)*x"2 - 6x((a”
2%b + axb”2)*cxd"2*xe"2 + (a*¥b”2 + b73)*kckxd"2xe)*f + 6+x((a”2*b + axb"2)*c"2x
d*f~3 - (a*b”2 + b~3)*c*xd"2*%f"2) *x) *sinh(f*x + e)72 - 6%((a"2*b - a*xb”™2)*cx*
d"2*e”2 + (a*b”2 - b~ 3)*kckd"2*xe)*f + 6x((a”2%b - a*xb”2)*c"2xd*f"3 - (axb"2
- b73)*ckd"2xf72) *x) *log(-sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x +
e)) + 1) + 48x((a"2xb + axb~2)*d"3*cosh(f*x + e)72 + 2*x(a"2*b + a*xb~2)*d"~3
xcosh(f*x + e)*sinh(f*x + e) + (a™2*b + ax*xb™2)*d"3*sinh(f*x + e)~2 - (a”2*b
- axb”2)*d"3) *polylog(4, sqrt((a + b)/(a - b))*(cosh(f*xx + e) + sinh(f*x +
e))) + 48%x((a"2*b + a*b~2)*d"3*cosh(f*x + e)~2 + 2*x(a”2%b + a*xb”~2)*d"3*cos
h(f*x + e)xsinh(f*x + e) + (a"2*b + axb~2)*d"3*sinh(f*x + e)72 - (a™2%b - a
*b~2)*d"3)*polylog(4, -sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)
)) + 24%x(2+%(a”2*b - axb”2)*d"3*xf*x + 2*%(a”"2*%b - a*xb"2)*xc*xd"2+xf - (a*b”2 - b
~3)*d"3 - (2x(a”2*b + axb"2)*d"3*xf*x + 2*x(a"2*b + axb"2)*cxd"2*xf - (axb”2 +
b~3)*d"3)*cosh(f*x + e)72 — 2x(2*x(a~2%b + a*xb™2)*d"3*xf*x + 2*x(a~2*b + axb”
2)*cxd"2*xf - (a*b”2 + b~3)*d"3)*cosh(f*x + e)*sinh(f*x + e) - (2¥(a"2%b + a
*b72) *d"3*kfkx + 2% (a"2%b + axb”2)*kckd"2*xf - (axb”2 + b~3)*d"3)*sinh(f*x + e
)"2)*polylog(3, sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))) + 24
*(2%(a"2*%b - axb”2)*d"3xfxx + 2+x(a”2*b - axb"2)*cxd"2xf - (a*b”2 - b73)*d"3
- (2%(a"2*%b + a*b”2)*d"3*f*x + 2*%(a”"2*b + a*xb"2)*xc*xd"2+xf - (a*b”2 + b~3)*d
“3)*cosh(f*x + e)72 - 2x(2*%(a”"2%b + a*b~2)*d"3*f*x + 2*x(a"2*b + a*b™2)*c*xd”
2%f - (a*b”2 + b~3)*d"3)*cosh(f*x + e)*sinh(f*x + e) - (2+x(a”2*b + a*xb”2)*d
“3xfxx + 2x(a”2%b + axb”2)*ckd"2*f - (a*b”2 + b73)*d"3)*sinh(f*x + e)~2)*po
lylog(3, -sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))))/((a"5 + a
“4xb - 2*%a”3*b"2 - 2*xa"2*%b"3 + a*b”4 + b"5)*f"4xcosh(f*x + e)”2 + 2x(a”5 +
a~4xb - 2*a~3%b”72 - 2*a"2%b”3 + a*b”4 + b75)*f 4d*xcosh(f*x + e)*sinh(f*x + e
) + (a”h + a"4*b - 2*a”"3*b"2 - 2%a"2%b"3 + a*b”4 + b75)*f 4*sinh(f*x + e)”2
- (a”5 - a"4xb - 2%¥a"3*b"2 + 2%a"2*b"3 + axb”4 - b~5)*f~4)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(dx + ¢)°
f 5 dx
(bcoth (fx + e) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(atb*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)~3/(b*coth(f*x + e) + a)~2, x)

maple [B] time = 1.07, size = 2423, normalized size = 3.80
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3/ (atbxcoth(f*x+e)) 2,x)
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[Out] 12/(a”2+2*axb+b~2)/£~3*b/(a-b) "2*a*xc*d~2*e”2*1n(exp (f*x+e))+6/(a~2+2xa*xb+b~
2) /£73%b/ (a-b) "2*a*xcxd"2+e”2*x1n(1- (a+b) xexp (2xf*x+2xe) /(a-b) ) -6/ (a~2+2*a*xb+
b~2) /f*b/ (a-b) "2*axc~2*d*1n(1- (a+b) *exp (2xf*x+2*e) / (a-b)) *x-6/ (a~2+2xa*b+b~
2) /£73%b/ (a-b) "2%a*xcxd”~2xe”2*1n (a*xexp (2*f*x+2%e) +bxexp (2*xf*x+2*e) -at+b)+6/(a
“2+2%axb+b”~2) /£72xb/ (a-b) "2*a*xc”2xd*ex1n (a*xexp (2xf*xx+2%e) +thb*xexp (2*f*x+2%e) -
a+b)-6/(a~2+2xa*b+b~2) /£72%b/ (a-b) “2*a*xc~2*d*1n (1- (a+b) *exp (2*xf*x+2xe) / (a-b
))*xe-6/(a”2+2*a*xb+b~2) /£~ 2xb/ (a-b) “2*a*c*d~2xpolylog(2, (a+b) *exp (2*f*x+2%e)
/(a-b))*x-12/(a~2+2*axb+b~2) /£ ~2xb/ (a-b) "2xa*xc~2xd*ex1n(exp (f*x+e))-2/(a~2+
2%axb+b~2) /£¥b~2/(a-b) "2%d"3xx"3+4/(a”"2+2%axb+b~2) /£"4*b~2/ (a-b) "2%e~3*d~3-
3/2/(a~2+2*a*xb+b~2) /£74%b~2/ (a-b) "2*d"3*polylog(3, (a+b) xexp (2*xf*x+2xe) / (a-b
))+2/(a”~2+2*axb+b~2) /£~4*b/ (a-b) “2*a*d~3*e~3*1n(axexp (2*f*x+2%e) +bxexp (2*f *
x+2%e) —a+b) -4/ (a"2+2*a*b+b~2) /f"4xb/ (a-b) “2xa*d~3*e”~3x1n(exp (f*x+e))-3/ (a2
+2%axb+b”2) /£72%b/ (a-b) "2*a*xc”2xd*polylog(2, (a+b) *exp (2xf*x+2%e) / (a-b))-6/(
a~2+2xaxb+b”"2) /£73*%b~2/ (a-b) "2*cxd " 2*ex1n (axexp (2*xf*x+2%e) +bkexp (2*f*xx+2*e)
—a+b) -2/ (a”2+2*%a*xb+b~2) /£"4*b/ (a-b) "2*a*d~3*e”3*1n(1- (a+b) *exp (2xf*x+2%e) / (
a-b))-3/(a"2+2*xa*xb+b~2) /£~2%xb/ (a-b) "2*a*d"3*polylog(2, (a+tb) *exp (2*xf*x+2%e)/
(a-b) ) *x72+3/ (a"2+2*a*xb+b~2) /£~3*b/(a-b) "2*a*xd~3*polylog(3, (a+tb) xexp (2*xf*x+
2%e) /(a-b) ) *x+12/ (a~2+2*axb+b~2) /£~3*%b~2/ (a-b) "2*c*d~2*ex*1n(exp (f*x+e) ) +6/ (
a”~2+2*axb+b”2)*b/ (a-b) "2*xaxc"2xd*x"2+4/ (a"2+2*axb+b”2) /£ 3%b/ (a-b) "2*e"3*ax
d~3*x+4/(a"2+2*a*xb+b~2) *b/(a-b) "2*axc*d"2*x"3-8/(a"2+2*a*b+b~2) /£~ 3*b/ (a-b)
“2%axcxd"2xe”3-2/(a"2+2*a*b+b~2) /f*xb/ (a-b) "2*a*d"3*1n(1- (a+b) xexp (2*f*x+2%xe
)/ (a-b) ) *x73+6/ (a~2+2*a*b+b~2) /£72*%b"2/ (a-b) "2*c*d”~2x1n (1- (a+b) xexp (2xf*x+2
xe) /(a-b))*x+6/(a~2+2*a*xb+b~2) /£~ 3%b~2/ (a-b) "2*c*d"2x1n(1-(at+b) *exp (2*f*x+2
*e) /(a-b))*e+3/(a"2+2%axb+b”2) /£73*b/ (a-b) "2*a*cxd~2*polylog(3, (a+b)*xexp (2
fxx+2%e) /(a-b))+6/ (a~2+2xaxb+b~2) /£~2%b/ (a-b) "2*a*xc”2*d*xe”2-12/ (a~2+2*a*b+b
~2)/£72%b"2/(a-b) "2*d"2*xc*xexx+1/4/ (a"2+2*axb+b~2) *d"3*x"4+1/(a"2+2*axb+b~2)
*xCc"3%x-12/(a"2+2*a*xb+b~2) /£72%b/ (a-b) "2*a*xckd " 2xe”2*x+12/ (a~2+2*axb+b~2) /f*
b/ (a-b) "2*%axc~2*d*e*xx-6/(a”2+2*a*b+b~2) /f*b/ (a-b) "2*a*c*d~2*1n(1- (a+b) *exp(
2xfxx+2%xe) / (a-b) ) *x"2+1/(a"2+2*a*xb+b~2) *c*d"2*x"3+3/2/ (a~2+2*a*xb+b~2) *c~2xd
*x"2+1/ (a”2+2%axb+b~2) *b/ (a-b) "2%a*xd " 3*x"4+3/ (a"2+2*a*xb+b~2) /£ "4*b/ (a-b) "2%
e 4xaxd~3-6/(a"2+2*axb+b~2) /£*xb~2/ (a-b) "2*d"2*c*xx"2-6/ (a"2+2*axb+b~2) /£~ 3*Db
~2/(a-b) "2xd"2*c*e”2+6/(a"2+2*a*b+b~2) /£73xb~2/ (a-b) "2%e”2*d"3*x+3/ (a"2+2*a
*b+b~2) /£72%b~2/ (a-b) "2*d"3*1n(1-(a+b) *xexp (2*xf*x+2%e) / (a-b) ) *x~2+3/(a"2+2*a
*b+b”2) /£73%b~2/ (a-b) "2*d"3*polylog(2, (atb) *exp (2*%f*x+2%e)/(a-b) ) *x+3/(a"2+
2%axb+b~2) /£73*b~2/ (a-b) "2*c*d"2*polylog(2, (a+b) *exp (2xf*x+2*e) /(a-b))+3/(a
T2+2%axb+b”~2) /£74xb~2/ (a-b) "2%d"3*e”2x1n (a*xexp (2*f*x+2%e) +thb*xexp (2*xf*x+2%e) -
a+b)-6/(a~2+2xa*b+b~2) /£74xb~2/ (a-b) "2*d"3*e”"2*1n(exp (f*x+e) ) -2/ (a~2+2*a*b+
b~2) /fxb/(a-b) "2xaxc”3*1n(a*xexp (2*xf*x+2%e) +bkexp (2*f*x+2*e) —at+b) +3/ (a~2+2*a
*xb+b72) /£72%b~2/ (a-b) "2*c”2*xd*1n (axexp (2xf*x+2%e) +b*kexp (2*xf*x+2%e) —a+b) -3/2
/ (a~2+2*a*xb+b~2) /£~4*b/ (a-b) "2*a*d"3*polylog(4, (a+b) *exp (2xf*x+2*e) /(a-b) )+
4/ (a~2+2xa*b+b~2) /f*xb/ (a-b) "2*a*xc”3x1n(exp (f*x+e)) -6/ (a"2+2*%axb+b~2) /£~ 2*%b~
2/ (a-b) "2*c~2xd*1n(exp (f*x+e))-3/(a”2+2*a*xb+b~2) /£~4%b~2/ (a-b) "2*d~3*e~2*1n
(1-(a+b) *exp (2xfxx+2%xe) / (a-b) ) -2/ (a-b) /f/(a~2+2*%a*xb+b~2) * (A" 3*x"3+3*c*xd~2*x
T2+3%cT2xd*x+c”3) *b"2/ (axexp (2xfxx+2%e) +b*kexp (2xf *x+2%e) —a+b)

maxima [A] time = 1.03, size = 1056, normalized size = 1.66

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3/ (atb*coth(f*x+e)) 2,x, algorithm="maxima")

[Out] -6%b~2*xc™2*d*xf*x/(a"4*f"2 - 2%a~2*b"2+f~2 + b74*f~2) - 2/3%(4*xf~3*x"3*log(-
(axe”™(2xe) + bxe~(2xe))xe” (2xf*xx)/(a - b) + 1) + 6xf~2xx"2*dilog((axe™(2x*e)

+ bxe~(2xe))*xe” (2xf*x)/(a - b)) - 6xfxx*polylog(3, (a*xe”(2*e) + bxe~(2*e))

e~ (2xf*x)/(a - b)) + 3xpolylog(4, (axe™(2*e) + b*xe~(2*e))xe” (2xf*x)/(a - b

)) ) *xaxbxd~3/(a"4*xf"4 - 2*%a"2%b72xf"4 + b74xf74) + 3*b72xc”2xd*log((axe” (2*e

) + bxe”(2xe))*xe” (2%f*x) - a + b)/(a"4*f72 - 2xa”2xb”"2*xf72 + b74*xf72) - c73
*x(2xa*xbxlog(-(a - b)xe” (-2xf*x - 2*%e) + a + b)/((a”4 - 2%¥a"2xb"2 + b~4)x*f)

+ 2xb72/((a"4 - 2%a”2*%b"2 + b™4 - (a”4 - 2%a”3*b + 2%a*b”3 - b74)xe” (-2*xf*x
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- 2%e))*f) - (f*x + e)/((a”2 + 2*axb + b"2)*f)) - 3/2*%(2*axbkcxd"2*xf - b~2
*d73) *x (2%~ 2xx"2*1log (- (a*xe™ (2%e) + b*xe” (2*e))*e”(2xfxx)/(a - b) + 1) + 2xfx
xxdilog((a*xe™ (2%e) + b*xe”™ (2%e))*e”(2xfxx)/(a - b)) - polylog(3, (axe”(2*e)
+ bxe” (2*xe))*e” (2xf*xx)/(a - b)))/(a~4*f~4 - 2*%a~2+%b"2*xf~4 + b~ 4*xf~4) - 3*x(a
xb*xc72xd*f - bT2xckd"2) x (2xf*xxlog (- (a*xe™ (2xe) + bxe”(2%e))*e” (2xfx*x)/(a -
b) + 1) + dilog((axe™(2*e) + b*xe”(2xe))*e”(2xf*x)/(a - b)))/(a"4*xf~3 - 2*a”
2%b"2%f"3 + bT4*xf"3) + (axb*d"3*f 4*x"4 + 2% (2xaxbxckxd"2+xf - bT2*xd73) *f"3*x
~3 + 6% (axbxc”2xd*f"2 — bT2xckxd"2*f)*f"2xx72) /(a"4*xf"4 - 2%a”2%b"2*xf~4 + b~
4xf~4) + 1/4*%(24%b"2xc”2*xd*x + (a7 2+%d"3*xf - 2*axb*d"3xf + b~2+xd"3*f)*x"4 +
4x (2~ 2xcxd"2xf - 2xaxbkckd"2*xf + (cxd™2*xf + 2+%d73)*b"2)*x”3 + 6x(a”2*cT2*d*
f - 2%axbxc™2xd*xf + (c72+d*f + 4*xcxd"2)*b"2)*x72 - ((a”2*%d"3*xf*e”(2*xe) - b~
2+%d"3*xf*ke” (2*%e) ) *x"4 + 4x(a”2*c*d"2*xf*xe” (2%e) — b7 2xc*kd"2xf*e” (2%e) ) *x”3 +
6% (a"2%c”2xd*xf*xe” (2%e) — b 2*xc 2*xd*xf*xe” (2%e) ) *x"2)*e” (2xf*x))/(a~4*xf - 2*a”
2%b72*f + bT4*xf - (a~4xfxe”(2%e) + 2*a " 3xbxf*xe”(2xe) - 2*axb~3*xf*e” (2*xe) -
b~ 4xfxe”™ (2xe) ) *e” (2*f*x))

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

c+dx)®
f 5 dx
(a + bcoth (e + fx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)~3/(a + b*coth(e + f*x))~2,x)
[Out] int((c + d*x)~3/(a + b*coth(e + f*x))"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

(c + dx)°
f 5 dx
(a + bcoth (e + fx))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(atb*xcoth(f*x+e))**2,x)

[Out] Integral((c + d*x)**3/(a + bxcoth(e + f*x))**2, x)
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(c+dx)2
3.58 f (a+b coth(e+fx))?

Optimal. Leaf size=475

(u+b)826+2fx
a-b

(ﬂ+b)€2€+2fx 5 2 (u+b)62€+2fx
. T)+2b e+ dnliog(1 - “05=) e,

f2 (a2 _ bz)z 12 (a2 _ bz)z f (a2 _ bz)z f (a2 iy

2b2d(c4—dx)L12( ) 2b2d(c4-dx)log(1-—

[Out] -2xb~2*(d*x+c)~2/(a"2-b"2)"2/f+2xb~2* (d*x+c) "2/ (a-b)/(atb) "2/ (a-b-(atb) *exp
(2%f*xx+2%e)) /f+1/3* (d*x+c) ~3/(a-b) "2/d+2xb~2*xd* (d*x+c) *1n(1- (a+b) *exp (2*xf*x
+2*e)/(a-b))/(a"2-b"2) "2/£72-2xb* (d*x+c) “2*1n(1-(a+b) *exp (2*f*x+2%e) /(a-b))
/(a-b) "2/ (a+b) /£+2*b~2* (d*x+c) “2*1n(1-(a+b) *exp (2*xf*x+2*e)/(a-b))/(a"2-b"2)
~2/f+b~2*%d"2*polylog(2, (a+b) *exp (2xf*x+2xe) /(a-b))/(a~2-b"2) "2/£~3-2*b*d* (d
xx+c)*polylog(2, (a+b) *exp (2xf*x+2%e) /(a-b))/(a-b) "2/ (a+b) /£~ 2+2%b™2xd* (d*x+
c)*polylog(2, (atb) *exp (2xf*x+2%e)/(a-b))/(a"2-b"2)"2/f"2+b*d"2*polylog(3, (a

+b) xexp (2*f*x+2%e) /(a-b) )/ (a-b) "2/ (a+b) /£73-b"2xd"2*polylog(3, (a+b) xexp (2*f
*xx+2xe) /(a-b))/(a"2-b"2)"2/£"3

Rubi [A] time = 1.71, antiderivative size = 475, normalized size of antiderivative
= 1.00, number of steps used = 24, number of rules used = 11, integrand size = 20,

number ot rules _ 0,550, Rules used = {3734, 2254, 2185, 2184, 2190, 2531, 2282, 6589, 2191,

integrand size

2279, 2391}

2e+2fx

2 (a+b)e
2bcﬂc4-dxn%ﬂyLog(2,——77———

(u+b)62€+2fx
a-b

(a+b)€2€+2fx

a-b

2 72
— ) b*d“PolyLog (2,

+

12 (a2 - bz)z J& (az - bz)z J& (a2 - bz)z )

) bzdzPohyLog(B, ) 2bd(c + d

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2/(a + b*Cothl[e + fx*x])~2,x]

[Out] (-2*%b"2*(c + d*x)"2)/((a"2 - b~™2)72xf) + (2*b~2*(c + d*x)"2)/((a - b)*(a +
b)72%(a - b - (a + b)*¥E7(2%e + 2xf*x))*f) + (c + d*x)7"3/(3*x(a - b)72xd) + (
2%b”~2%d* (c + d*x)*Log[l - ((a + b)*E~(2*e + 2xf*x))/(a - b)])/((a"2 - b™2)"
2x£72) - (2%bx(c + dxx)"2*Log[l - ((a + D)*E~(2xe + 2xf*x))/(a - b)])/((a -
b)~2%(a + b)*f) + (2¥b~2*(c + d*x) "2*xLog[l - ((a + D)*E~(2xe + 2xf*x))/(a
- b)])/((a”2 - b™2)"2*xf) + (b~2*d"2*PolyLog[2, ((a + Db)*E~(2xe + 2xf*x))/(a
- b)])/((@a”2 - b™2)72*%f73) - (2*b*d*(c + d*x)*PolyLog[2, ((a + b)*E~(2%e +
2¢fxx))/(a - ©)1)/((a - b)"2%(a + b)*£72) + (2xb~2*d*(c + dxx)*PolyLogl[2,
((a + b)*E~(2%e + 2xfx*x))/(a - b)]1)/((a”2 - b~2)"2%f~2) + (b*d~2*PolyLogl[3,
((a + D)*E~(2xe + 2xf*x))/(a - b)])/((a - b)"2x(a + b)*£73) - (b~2%xd~2*Pol
yLog[3, ((a + D)*E~(2%xe + 2*f*x))/(a - b)])/((a"2 - b~2)72x£f"3)

Rule 2184

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_)*((F_)"((g_.)*x((e_.) + (f_.)*x(x
D))" (n_.)), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(a*d*(m + 1)), x] - Dist[
b/a, Int[((c + d*x) " mx(F~(gx(e + f*x)))"n)/(a + b*(F~(g*x(e + £*x)))"n), x],
x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2185

Int[((a_) + (b_)*x((F_)"((g_)*((e_.) + (£_.)*(x_))))"(n_.))"(p_)*((c_.) +
(d_)*(x_))"(m_.), x_Symbol] :> Dist[1/a, Int[(c + d*x)"m*x(a + b*x(F~(gx(e +
fxx)))™n)"(p + 1), x], x] - Dist[b/a, Int[(c + d*x) m*x(F~(g*x(e + f*x))) n*
(a + bx(F~(gx(e + £*x)))"n)"p, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n},
x] && ILtQ[p, 0] && IGtQ[m, O]

Rule 2190
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Int [(CCF_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[1l + (bx(F~(g*(e + fxx)))"n)/al)/(bxf*xgn*Log[F]), x] - Di
st [(d*m) / (b*f*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2191

Int [((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((a_.) + (b_.)*x((F_)~((g_.)*(
(e_.) + (£_)*(x_))N)"(@m_.))"(p_.)*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :>
Simp[((c + d*x)"m*(a + bx(F~(gx(e + £*x)))"n) (p + 1))/ (b*xf*g*n*x(p + 1)*Lo
glF]), x] - Dist[(d*m)/(bxf*gxn*x(p + 1)*Log[F]l), Int[(c + d*x)"(m - 1)*(a +
bx(F~(gx(e + £xx)))"n)"(p + 1), x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, m
, n, p}, x] && NeQlp, -1]

Rule 2254

Int[((a_.) + (b_)*(F_)~(u_)) " (p_.)*((c_.) + (d_.)*(F_)~(v_))"(q_.)*((e_.)
+ (f_.)*(x_)) " (m_.), x_Symbol] :> With[{w = ExpandIntegrand[(e + f*x)"™m, (a
+ bxF~u) "px(c + d*¥F"v)"q, x1}, Intlw, x] /; SumQ[wl] /; FreeQ[{F, a, b, c,
d, e, f, m}, x] && IntegersQ[p, q] && LinearQ[{u, v}, x] && RationalQ[Simp
lify[u/v]]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist([v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_ ))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2391

Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2531

Int[Logl[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_D)*(x_))))"(m_D1*x((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*x(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, nt, x] & GtQ[m, 0]

Rule 3734

Int[((c_.) + (d_D*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)D"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - Ixb) - (2*Ixb)/(a"2
+ b2 + (a - I*b)"2+%E~(2xI*(e + f*x))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, T}, x] && NeQ[a"2 + b~2, 0] && ILtQ[n, 0] && IGtQ[m, O]

Rule 6589



Int[PolyLog[n_, (c_.)*((a_.) + (b_

ymbol]
, €, n, p}, x] && EqQ[b*d, axe]
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D*x(x_))7(p_)1/0d_) + (e_)*(x)), x_8

:> Simp[PolyLog[n + 1, cx(a + b*x)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
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Mathematica [A]

(a2 - bz)z f * (a-b)(a+Db)?(a—b—(a+b)e2+?~)f T 3@-bed

time = 8.71, size = 509, normalized size = 1.07

fz(a—b)(u+b)(—fx(u2—bz) (302+3cdx+d2x2) cosh(2e+fx) +fx(a2+b2) (302+3cdx+d2x2) cosh(fx)+2b sinh(fx)(afx(3cz+3cdx+d2x2)—3b(c+dx)2

(a sinh(e)+b cosh(e))(a sinh(e+ f x)+b cosh(e+fx))

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2/(a + b*Coth[e + f*x])~2,x]
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[Out] ((24*x(a — b)*bxc*xf~2+(-(b*d) + axc*f)*x)/(ax(-1 + E~(2%e)) + b*x(1 + E~(2*e)
)) + (12%(a - b)*bxd*xf~2x(—(b*xd) + 2*a*c*xf)*x"2)/(ax(-1 + E~(2%e)) + bx(1 +
E7(2%e))) + (8*ax(a - b)*b*d"2+f"3%x73)/(ax(-1 + E~(2*e)) + b*(1 + E~(2*e)
)) + 12%bkdxf*(bkd - 2%akcxf)*x*Log[l + (-a + b)/((a + b)*E~(2%(e + f*x)))]
- 12*axbxd~2+f"2*x"2xLog[1 + (-a + b)/((a + D)*E~(2*(e + f*x)))] + 12%b*c*
fx(-(b*d) + axcxf)*x(2xf*x - Logla - b - (a + b)*E~(2x(e + f*x))]) - 6*bxdx*(
bxd - 2*axcxf)*PolyLogl[2, (a - b)/((a + D)*E~(2*(e + f*x)))] + 6*axbxd~2x*(2
*xfxx*xPolyLog[2, (a - b)/((a + b)*E~(2%(e + f*x)))] + PolyLog[3, (a - b)/((a
+ b)*E~ (2% (e + £*x)))]) - ((a - b)*(a + b)*f 2% ((a”2 + b™2)*xf*x*x(3*c™2 + 3
*ckxd*x + d72*xx"2)*Cosh[f*x] - (a™2 - b72)*f*xx*x(3*%c™2 + 3*c*xd*x + d"2*x"2)*C
osh[2%e + f*xx] + 2xbx(-3%b*x(c + d*x) 72 + axf*x*x(3*%c™2 + 3*c*d*x + d72*x"2))
*Sinh[f*x]))/((bxCosh[e] + ax*Sinh[e])*(b*Cosh[e + f*x] + a*Sinh[e + fx*x])))
/(6%(a - b)~2%(a + b)"2%xf"3)

fricas [C] time = 0.50, size = 3702, normalized size = 7.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(atb*coth(f*x+e))”2,x, algorithm="fricas")

[Out] -1/3*%((a”"3 + a™2*b - a*b™2 - b~3)*d"2*xf"3*xx"3 + 3*x(a”3 + a"2*xb - axb™2 - b~
3)kckd*f~3*xx"2 + 3*%(a”3 + a”2%b - a*b”2 - b"3)*c"2*xf"3*x + 4*x(a"2%b - axb”2
)*¥d"2*e”3 + 6x(a*b”2 - b73)*d"2*e"2 + 6% (2*x(a"2%b - a*b”2)*c"2*xe + (axb"2 -
b~3)*xc72)*f72 - ((a”3 + 3*a"2xb + 3*a*xb”2 + b”3)*d"2*xf"3*xx"3 + 4% (a"2*b +
axb”2)*d"2*%e”3 + 12*x(a"2xb + axb”2)*c " 2*exf"2 + 6x(axb”2 + b”"3)*d"2*e”2 + 3
*((a”™3 + 3*a”"2*%b + 3*axb”2 + b~ 3)*kckd*f"3 - 2x(axb"2 + b”3)*A"2*f"2) *x"2 -
12%x((a"2xb + a*b™2)*c*kd*e”2 + (a*b™2 + b~3)*ckd*e)*f + 3*((a"3 + 3*xa~2%b +
3*axb”2 + b"3)*cT2*%f"3 - 4*x(axb”2 + b"3)*kckd*f"2)*x)*cosh(f*x + )72 - 2% ((
a~3 + 3*a”2*b + 3*axb”2 + b73)*d"2*f"3*x”"3 + 4x(a"2%b + ax*b”2)*d"2*e”3 + 12
*(a”2%b + axb”"2)*c"2xexf"2 + 6%x(a*b”2 + b73)*d"2*xe”2 + 3*x((a”3 + 3*a"2xb +
3*a*xb”2 + b73)*xcxd*f"3 - 2% (a*b”2 + bT3)*d"2*xf"2)*x"2 - 12x((a"2*b + axb”~2)
xckxd*e”2 + (a*xb”2 + b~3)*ckd*e)*f + 3*((a”3 + 3*a”2%b + 3*ka*xb”2 + b"3)*c"2x
£f73 - 4*x(a*xb”2 + b~3)*ckd*f"2)*x)*cosh(f*x + e)*sinh(f*x + e) - ((a”3 + 3*a
“2%b + 3*a*xb”2 + bT3)*xd"2xf"3%x"3 + 4*(a”"2*%b + a*xb"2)*d"2%e”3 + 12*%(a”2*b +
a*b”2)kcT2xexf"2 + 6% (a*xb”2 + bT3)*d"2xe”2 + 3*x((a”3 + 3*a”"2*b + 3*axb"2 +
b~3)*cxd*f~3 - 2*%(a*b”2 + b73)*d"2*xf72)*x"2 - 12x((a"2*b + axb”2)*c*d*e”2
+ (a*b”™2 + b~3)*cxd*e)*f + 3% ((a”3 + 3*a"2xb + 3*a*xb”2 + b73)*c"2*xf"3 - 4% (
axb”2 + b 3)*kckd*xf"2)*x)*sinh(f*x + )72 - 12*x((a"2%b - a*b”2)*cxd*e”2 + (a
*b72 - b73)xckd*xe)*xf - 6% (2% (a"2%b - axb”2)*d"2*xf*xx + 2x(a”2*b - axb"2)*cx*d
*f - (a*b”™2 - b73)*d"2 - (2*%(a"2%b + axb”2)*d"2xfxx + 2% (a”2*b + axb”2)*cx*d
*f - (a*b”2 + b73)*d"2)*xcosh(f*x + e)72 — 2x(2x(a"2%b + a*b™2)*d"2xf*x + 2%
(a™2%b + a*b”2)*cxd*f - (a*xb”2 + b~3)*d"2)*cosh(f*x + e)*sinh(f*x + e) - (2
*(a”2%b + axb"2)*xd"2xfxx + 2% (a”2%b + axb"2)*cxd*xf - (a*b”2 + b”"3)*d"2)*sin
h(f*x + e)”2)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)))
- 6%(2*%(a"2*%b - a*b”2)*d"2*f*x + 2*%(a”"2*%b - a*xb"2)*ckd*f - (a*b”2 - b~3)*d”
2 - (2%(a”2*%b + a*xb”2)*d"2*f*x + 2*%(a”"2*%b + axb"2)*ckd*f - (a*b”2 + b~3)*d”
2)*cosh(f*x + e)72 — 2x(2%x(a™2%b + axb™2)*d"2xf*x + 2+ (a”2%b + axb™2)*cxd*f
- (a*b”™2 + b~3)*d"2)*cosh(f*x + e)*sinh(f*x + e) - (2*%(a”2*b + a*xb”™2)*d"2x
fxx + 2%(a”2%b + axb”2)*cxd*f - (a*b”2 + b73)*d"2)*sinh(f*x + e)~2)*dilog(-
sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))) - 6x((a"2%b - a*xb~2)
*d"2%e”2 + (a”"2*%b - a*xb"2)*c”2+%f"2 + (a*b”2 - b~3)*d"2%e - ((a”"2*b + a*xb”2)
*d"2%e72 + (a"2*b + axb"2)*c”2+%f"2 + (a*b”2 + b~3)*d"2%xe - (2x(a”"2*b + axb”
2)*c*xd*e + (a*b”2 + b~3)*c*d)*f)*cosh(f*x + e)”2 - 2+x((a™2*b + a*xb™2)*d"2*e
"2 + (a”2*%b + axb”2)*c"2xf"2 + (a*b”2 + b73)*d"2xe - (2% (a”2%b + axb”~2)*c*d
xe + (a*b”2 + b73)*c*d)*f)*cosh(f*x + e)*sinh(f*x + e) - ((a"2%b + a*xb™2)*d
“2%e”2 + (a”2*%b + axb"2)*c”2+%f72 + (a*b”2 + b73)*d"2xe - (2*¢(a”2*b + a*xb”2)
*c*xd*e + (a*b”™2 + b73)*cxd)*f)*sinh(f*x + e)72 - (2x(a"2%b - a*b™2)*ckxd*e +
(a*xb™2 - b73)*c*d)*f)*log(2x(a + b)*cosh(f*x + e) + 2x(a + b)*sinh(f*x + e
) + 2x(a - b)*sqrt((a + b)/(a - b))) - 6%x((a”2*%b - a*b™2)*xd"2%e"2 + (a~2*Db
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- axb”2)*c”2*f72 + (axb”2 - b73)*d"2*e - ((a"2*b + a*b"2)*d"2*e”2 + (a"2*b
+ axb"2)*xc"2*xf"2 + (a*¥b”2 + b"3)*xd"2*xe - (2x(a"2*b + a*xb”2)*ckd*xe + (axb"2
+ b73)*ckd)*f)*xcosh(f*x + )72 - 2x((a™2xb + axb~2)*d"2*e”2 + (a”™2*b + axb”
2)%c”2+%f72 + (a*b”2 + b~3)*d"2%xe - (2*%(a”2*b + a*b"2)*cxd*e + (a*b”2 + b~3)
xcxd) *f)*kcosh(f*x + e)*sinh(f*xx + e) - ((a”2%b + a*b™2)*d"2*e”2 + (a~2%b +
axb”2)*c”2xf72 + (axb”2 + b~3)*d"2*e - (2% (a"2*b + ax*b”2)*c*d*e + (axb”2 +
b~3)*cxd)*f)*sinh (f*x + )72 - (2*x(a"2xb - a*b~2)*c*d*e + (a*xb™2 - b~3)*c*d
)*f)*log(2x(a + b)*cosh(f*x + e) + 2x(a + b)*sinh(f*x + e) - 2%(a - b)*sqrt
((a+b)/(a-Db))) - 6x((a”2%b - a*b™2)*d"2*xf"2*x"2 - (a"2*b - axb™2)*d " 2*e
"2 + 2%(a”2*%b - axb"2)xckd¥exf - (a*b”2 - b"3)*d"2xe - ((a”"2*b + axb”2)*d"2
*f72+%x72 - (a72*%b + a*b”2)*d"2%e”2 + 2*x(a”"2*%b + axb~2)*ckd*exf - (a*b”2 + b
~3)*d"2%e + (2% (a”2*b + ax*b"2)*ckd*f"2 - (a*b”2 + b~3)*d"2*f)*x)*cosh(f*x +
e)”2 - 2x((a"2*b + axb”2)*d"2*xf"2*x"2 - (a"2%b + a*b”2)*d"2*e”2 + 2*x(a~2x*b
+ a*xb”2)kckxdxexf - (a*xb”2 + b"3)*d"2*xe + (2x(a"2%b + axb”2)*kckd*f~2 - (axb
"2 + b73)*d"2*f)*x)*cosh(f*x + e)*sinh(f*x + e) - ((a™2xb + a*xb™2)*xd~2*f 2%
X72 - (a72%b + a*b”2)*d"2*e”2 + 2x(a"2xb + axb”2)*ckd*exf - (axb”2 + b~3)*d
“2%e + (2x(a”2*%b + axb"2)*ckd*f"2 - (a*b”2 + b~3)*d"2*f)*x)*sinh(f*x + e)”2
+ (2x(a”2%b - a*b”2)*cxd*f72 - (a*b”2 - b73)*d"2xf)*x)*log(sqrt((a + b)/(a
- b))*(cosh(f*x + e) + sinh(f*x + e)) + 1) - 6x((a”2*b - a*xb™2)*d"2*xf " 2*x~
2 - (a"2*%b - a*b”2)*d"2xe"2 + 2*x(a"2*b - a*b"2)*cxd*exf - (a*b”2 - b~3)*d"2
xe - ((a72*%b + a*xb”2)*d"2+%f"2+xx"2 - (a”"2*%b + a*xb"2)*d"2*e”2 + 2*x(a"2*b + ax
b~2) *cxdxexf - (a*b™2 + b73)*d"2*xe + (2x(a”2%b + a*b”2)*ckd*f"2 - (axb”2 +
b~3)*d"2xf)*x)*cosh(f*x + )72 — 2*x((a~2*b + a*xb™2)*d"2xf"2*x"2 - (a~2%b +
axb”2)*d"2*%e”2 + 2x(a"2xb + axb”2)*ckdrexf - (axb”2 + b”3)*d"2*e + (2x(a"2x
b + a*xb"2)xcxd*f~2 - (a*b”2 + b~3)*d"2xf)*x)*cosh(f*x + e)*sinh(f*x + e) -
((a™2%b + a*xb™2)*d"2*xf"2*xx"2 - (a™2%b + a*xb”2)*d"2*xe”2 + 2x(a"2%b + a*b”2)*
cxdxexf - (a*b”™2 + b73)*d"2xe + (2*%(a”2*b + a*xb”2)*cxd*f~2 - (a*b™2 + b~3)*
d"2*xf)*x)*sinh(f*x + e)72 + (2%(a"2*b - a*b~2)*c*xd*f~2 - (a*xb”™2 - b~3)*d"2*
f)*x)*log(-sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)) + 1) - 12%
((a™2%b + a*b~2)*d"2*cosh(f*x + e)”2 + 2*%(a”2*b + a*b~2)*d " 2*cosh(f*x + e)*
sinh(f*x + e) + (a”2%b + a*b”2)*d " 2*sinh(f*x + e)72 - (a"2%b - a*b”2)*d"2)*
polylog(3, sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))) - 12x((a”
2%b + a*b”2)*d"2*cosh(f*x + e)72 + 2x(a”"2*b + a*b~2)*d"2*cosh(f*x + e)*sinh
(f*x + e) + (a™2%b + a*b™2)*d"2*xsinh(f*x + e)72 - (a”2*b - a*b~2)*d~2)*poly
log(3, -sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))))/((a"5 + a~4
¥b — 2%a”3*%b"2 - 2%a"2*b"3 + ax*b”4 + b~5)*f " 3*cosh(f*x + )72 + 2x(a”5 + a”
4xb - 2*%a~3*%b"2 - 2*%xa"2%b”"3 + axb”4 + b~5)*f " 3xcosh(f*x + e)*sinh(f*x + e)
+ (a5 + a"4*xb - 2*%a"3*%b"2 - 2*a”"2*b”"3 + a*b”4 + b~5)*f " 3*ksinh(f*x + e)"2 -
(a™b - a"4*b - 2*%a”~3%b"2 + 2*¥a”"2*b"3 + a*b”4 - b~5)*f"3)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(dx + c)?
Jﬂ 5 dx
(bcoﬂn(fx-+e)4—a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (atb*coth(f*x+e)) 2,x, algorithm="giac")
[Out] integrate((d*x + c)~2/(b*coth(f*x + e) + a)”2, x)

maple [B] time = 1.01, size = 1449, normalized size = 3.05

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2/ (a+tbxcoth(f*x+e)) 2,x)

[Out] 1/3/(a"2+2*%a*xb+b”2)*d"2*x"3+1/(a~2+2*axb+b”~2) xc~2*xx+4/ (a~2+2*a*xb+b~2) *b/ (a-
b) “2xakxcxd*xx"2-4/ (a2~ 2+2*axb+b"2) /£ 2xb/ (a-b) "2*%a*xd"2*xe"2*xx+4/ (a"2+2*a*xb+b"2
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)/£72%b/ (a-b) "2*axcxd*e”2-2/ (a~2+2xaxb+b~2) /£~3%b/ (a-b) "2*a*d~2*e~2*1n(a*xex
p(2%f*x+2%e) +bkexp (2*f*x+2*e) —atb) +4/ (a~2+2xa*xb+b~2) /£~3*b/ (a-b) "2*axd~2*e”
2x1n (exp (f*x+e))+2/(a~2+2*a*xb+b~2) /£~ 3%b/ (a-b) "2*a*d~2*e~2x1n(1-(a+b) *exp (2
xf*xx+2%e) /(a-b))-2/(a"2+2*axb+b”2) /f*b/ (a-b) "2*a*d~2*1n(1-(a+b) *exp (2*f*x+2
xe) /(a-b))*x"2-2/(a"2+2*a*b+b~2) /£~ 2xb/ (a-b) "2*a*d~2*polylog(2, (a+b) *exp (2%
fxx+2%e)/(a-b))*x-2/(a”~2+2*axb+b~2) /£~2*b/ (a-b) “2*a*c*d*polylog(2, (at+b)*exp
(2xf*x+2%e) /(a-b) ) +1/(a~2+2xaxb+b~2) *c*d*x~2-2/(a"2+2*a*b+b~2) /f*xb~2/(a-b) ™~
2xd"2*x72-2/ (a"2+2%axb+b”"2) /£"3%b~2/ (a-b) "2%d"2xe"2+1/(a"2+2*a*b+b~2) /" 3%*Db
~2/(a-b)"2xd"2*polylog(2, (a+b) *xexp (2*f*x+2xe) /(a-b))+2/(a~2+2*a*b+b~2) /£~ 2%
b~2/(a-b) "2*c*kd*1n (a*xexp (2xf*x+2*xe) +tb*xexp (2*f*x+2%e) —a+b) -4/ (a~2+2*%a*xb+b~2)
/£72xb~2/ (a-b) “2*c*kd*1n (exp (f*x+e) ) +4/3/ (a~2+2*a*xb+b~2) *b/ (a-b) “2*axd~2*x~3
-8/3/(a”2+2xa*xb+b~2) /£73*b/ (a-b) “2*a*d~2*e~3-2/(a"2+2*a*b+b~2) /£~ 3*b~2/(a-b
) "2xd"2%ex1n (a*xexp (2xf*x+2%xe) +b*kexp (2xf*x+2*e) —a+b) +4/ (a~2+2*%a*xb+b~2) /£~ 3*b
~2/(a-b) "2xd~2*ex1n(exp (f*x+e))+2/(a~2+2*axb+b~2) /£"2*xb~2/(a-b) "2*d"2*1n(1-
(a+b) *exp (2xf*x+2%e) / (a-b) ) *x+2/ (a"2+2*axb+b~2) /£~3*b~2/ (a-b) "2*%d"2*1n(1-(a
+b) *exp (2xf*x+2%e) / (a-b) ) xe-2/ (a~2+2*axb+b~2) /£*b/ (a-b) "2*a*xc~2*1n(axexp (2%
fxx+2%e) +tbxexp (2*f*x+2%e) —a+b) +4/ (a~2+2*axb+b~2) /£*b/ (a-b) "2*a*c~2*1n(exp (f
xx+e) ) +1/(a”~2+2xaxb+b~2) /£~3%b/ (a-b) "2*a*xd~2*polylog(3, (atb) *exp (2*f*x+2%e)
/(a-b))-4/(a"2+2*%a*xb+b”2) /£72¥b~2/ (a-b) "2*d"~2*e*x+8/ (a"2+2*axb+b~2) /f*b/ (a-
b) "2*%axckd*xexx+4/(a”2+2%axb+b”2) /£72xb/ (a-b) "2*axc*d*exln (akexp (2*f*x+2%e)+
bxexp (2*%f*x+2%e) —a+b) -8/ (a~2+2*a*xb+b~2) /£~2*b/ (a-b) “2*a*c*d*e*1n (exp (f*x+e)
) -4/ (a~2+2*%axb+b~2) /£~2*xb/ (a-b) "2*a*c*d*x1n(1- (a+b) *xexp (2xf*x+2xe) / (a-b) ) xe-
4/ (a~2+2xa*xb+b~2) /f*b/ (a-b) “2*a*c*d*1n(1-(a+b) *exp (2xf*x+2xe) / (a-b) ) *x-2/(a
-b) /f/(a"2+2%a*xb+b”2) * (A" 2*x " 2+2xc*kd*x+c”2) *b~2/ (a*xexp (2*f*xx+2%e) +b*xexp (2*f
*xx+2%e)-a+b)

maxima [A] time = 0.84, size = 751, normalized size = 1.58

2,21 (ae(2€)+be(2€))e(2fx) 1 Li (ae(2€)+be(2“))e(2fx) . (ae(ze)+be(ze))e(2f:
Pedfx 2 f*x“log| - — +1|+2fxLi, — - Lig(-———eg

_a4f2—-2a2b?f24—b?f2_ a4 f3 — 222123 + bAf3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(atb*coth(f*x+e))”2,x, algorithm="maxima")

[Out] -4xb~2kcxd*f*xx/(a~4*£72 - 2%a”~2%b72xf72 + b™4xf"2) - (2%xf~2xx"2*log(-(axe™(
2%e) + bxe~(2xe))*e”(2*xf*x)/(a - b) + 1) + 2xfxx*dilog((axe”(2%e) + bxe” (2%
e))*xe” (2xfxx)/(a - b)) - polylog(3, (axe”(2*xe) + bxe~(2xe))*e” (2xf*x)/(a -
b)) ) *axb*xd~2/(a"4*f"3 - 2*a"2*b"2*f"3 + bT4*f"3) + 2xb~2xcxdxlog((a*xe” (2xe)
+ bxe”(2*e) ) xe” (2xfxx) - a + b)/(a"4*xf"2 - 2*xa"2%b"2+xf"2 + bT4*f"2) - cT2x%
(2%axbxlog(-(a - b)*e” (-2*f*x - 2%xe) + a + b)/((a”4 - 2%a™2%b"2 + b74)*f) +
2%xb"2/((a"4 - 2*xa"2%b”"2 + b™4 - (a4 - 2*a”~3%b + 2%a*xb”3 - b74)*e” (—2*xf*x
- 2%e))*f) - (f*x + e)/((a”2 + 2*a*xb + b™2)*f)) — (2*a*xb*c*xd*f - b~2*xd"2)*(
2xfxxxlog(-(axe™(2%e) + bxe™(2%xe))*e” (2%f*x)/(a - b) + 1) + dilog((a*xe™ (2*e
) + bxe”(2%e))*xe” (2xfxx)/(a - b)))/(a"4*xf"3 - 2%a”2xb"2*f~3 + b~4xf"3) + 2/
3k (2xaxbxd"2*xf"3xx"3 + 3% (2*axbkckd*xf — bT2xd"2)*f72%x"2) /(a"4*f"3 - 2%xa~2x
b72*f"3 + b74*xf73) + 1/3*(12*b"2*xcxd*xx + (a”2+%d"2*f - 2*axbxd"2xf + b~2+d"2
*f)*x"3 + 3k (a"2xckd*xf - 2kaxbkckdkf + (ckxd*xf + 2xd"2)*b"2)*x"2 - ((a~2*xd"~2
*fxe”(2%e) - b72xd"2*f*xe” (2*e) )*¥x"3 + 3*k(a"2kckdxfxe” (2%xe) - b 2*ckxdxf*xe” (2
xg) ) *xx"2) *e” (2xf*x)) /(a~4xf — 2*%a”2%b"2xf + b 4xf - (a~4*xfxe”(2xe) + 2*a~3%
bxfxe~(2xe) - 2*axb~3*xf*e”(2*%e) — b7 4xfxe” (2%e))*e” (2*f*x))

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f (c +dx)* n
(a+booth (e + fx))°

Verification of antiderivative is not currently implemented for this CAS.



[In] int((c + d*xx)~2/(a + bxcoth(e + f*x))~2,x)
[Out] int((c + d*x)~2/(a + b*coth(e + f*x))~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (c + dx)? N
(a + bcoth (e + fx))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(atb*coth(f*x+e))**2,x)

[Out] Integral((c + d*x)**2/(a + bxcoth(e + f*x))**2, x)
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c+dx
3-59 f (a+b coth(e+fx))? ax

Optimal. Leaf size=196

(a—b)672(6+fx) . (a—b)872(6+f)‘
b(~2acf — 2adfx + bd) log (1 - T) ) be + ) 4y +ade12 (—m
12 (az _ b2)2 f (a-’- — b-’-) (a+ bcoth(e + fx)) 2d (a2 - bz) 72 (az _ bz)z

[Out] -1/2%(d*x+c)”2/(a"2-b72)/d+1/4* (-2*axd*f*x-2*axcxf+bxd) “2/a/(a-b)/(atb)~2/d
/£72+bx (d*x+c) /(a"2-b"2) /f/ (a+b*coth (f*x+e) ) +b* (-2kaxd*f*x—2%a*cxf+b*d) *1n(
1+(-a+b) /(a+tb) /exp (2xf*x+2%e) )/ (a~2-b"2) "2/f"2+a*xb*d*polylog(2, (a-b)/(a+b)/

exp (2xf*x+2%e))/(a~2-b"2)"2/£72

Rubi [A] time = 0.30, antiderivative size = 196, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 18,

number of rules _ ).278, Rules used = {3733, 3731, 2190, 2279, 2391}

integrand size

(a_b)e—2(8+fx)

a+b

_h)p—2(e+fx)
abdPolyLog (2, ) b(-20cf - 2adfx + by log 1 - 2T )

a+b b(c + dx)
2 + 2 + ey
72 (a2 _ bz) 2 (a2 _ bz) f (az - b2) (a + bcoth(e + fx)) 2

Antiderivative was successfully verified.
[In] Int[(c + d*x)/(a + b*Cothl[e + fx*xx])~2,x]

[Out] -(c + d*x)"2/(2*x(a"2 - b"2)*d) + (b*d - 2*xaxcxf - 2*a*xd*f*x)”2/(4*ax(a - b)
*(a + b)"2xd*f"2) + (bx(c + d*x))/((a"2 - b"2)*fx(a + b*Cothl[e + f*x])) + (
b*(b*d - 2%axc*xf - 2kaxd*f*xx)*Logl[l - (a - b)/((a + LI*E~(2x(e + f*xx)))])/(

(2”2 - b72)72%xf"2) + (axb*d*PolyLog[2, (a - b)/((a + D)*E~(2x(e + f*x)))])/

((a™2 - b™2)"2%f"2)

Rule 2190

Int [(CCF_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[1l + (bx(F~(gx(e + fx*x)))"n)/al)/(bxfxg*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n]l, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3731

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (f_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*x(m + 1)*(a + I*b)), x] + Dist
[2xI*b, Int[((c + d*x) "m*E~ (2%I*k*Pi)*E~Simp[2*Ix(e + f*x), x])/((a + I*b)~
2 + (2”2 + b™2)*E~(2*xI*k*Pi)*E~Simp [2+I*(e + f*x), x]), x], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IntegerQ[4xk] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 3733
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Int[((c_.) + (@_)*(x_))/((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)])"2, x_Symbol
1 > -Simp[(c + d*x)~2/(2*d*x(a"2 + b~2)), x] + (Dist[1/(f*x(a"2 + b~2)), Int
[(bxd + 2%axc*xf + 2*axdxf*x)/(a + b*Tan[e + f*x]), x], x] - Simp[(b*(c + d*
x))/(fx(a"2 + b~2)*(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, ¢, d, e, f},
x] && NeQ[a"2 + b~2, 0]

Rubi steps
. —ibd+2iacf+2iadfx
c+dx e (c + dx)? N b(c + dx) _ f a+b coth(e+fx)
(a+bcoth(e+ fx)2 " 2 (ﬂz - bz) d (ﬂz - bz) f(a+bcoth(e + fx)) (az - bz) f
e+ dx)? .\ (bd — 2acf - 2adfx)? s b(c + dx) .\ g
2 (a2 - bz) d  4a(a—Db)(a+Db)df? (a2 - bz) f(a+bcoth(e + fx))
___(c+dv?  (bd-20cf ~2adfxP b(c + dx) . bt
2(a2-b?)d  4a(@—-b)a+b)%df?> (a2 -12) f(a +bcoth(e + fx))
GRS dx)? .\ (bd — 2acf — 2adfx)? s b(c + dx) %
2(a2-12)d  4a(@-b)(a+b)’df> (a2 - 12) f(a + beoth(e + fx))
GRS dx)®>  (bd - 2acf - 2adfx)? b(c + dx) b(b

2(a2-b?)d " da(@- D)+ (a2 - 12) f(a + beoth(e + fx))

Mathematica [C] time = 6.23, size = 477, normalized size = 2.43

csch’(e + fx)(asinh(e + fx) + beosh(e + fx)) (2b f (12 = a?) (c + dx) sinh(e + fx) — (a2 - b?) (e + fx)(d(e -

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)/(a + b*Coth[e + fxx])~2,x]

[Out] (Cschle + f*xx] 2%(b*Cosh[e + fx*x] + a*Sinh[e + fxx])*(2*b*(-a"2 + b~2)*f*(c
+ d*x)*Sinh[e + fxx] - (272 - b™2)*(e + f*xx)*x(-2%cxf + d*x(e - f*x))*(bxCos
hle + f*x] + axSinh[e + fxx]) + 2*bxd*(a*(e + f*x) - b*Log[b*Cosh[e + fx*x]
+ axSinh[e + f*x]])*(b*Cosh[e + f*x] + axSinh[e + f*x]) + 4*axd*ex(ax(e + f
*x) - bxLog[b*Cosh[e + f*x] + a*Sinh[e + fxx]])*(b*Cosh[e + f*x] + a*Sinhl[e
+ f*x]) - 4xaxckxfx(ax(e + fxx) - bxLogl[b*Cosh[e + fxx] + a*Sinh[e + fx*x]])
*x(bxCosh[e + fxx] + axSinh[e + f*x]) - 2xa*xd*x((a*Sqrt[l - b~2/a"2]*(e + fxx
)~"2)/E"ArcTanh[b/a] - Ixbx(e + f*x)*(Pi - (2*I)*ArcTanh[b/al) + I*b*PixLogl[
1 + ET(2x(e + fxx))] - 2%b*x(e + f*x + ArcTanh[b/al)*Logl[l - E~(-2x(e + fxx
+ ArcTanh[b/a]))] - I*b*PixLog[Cosh[e + f*x]] + 2%b*ArcTanh[b/al*Log[I*Sinh
[e + f*x + ArcTanh[b/a]]] + b*PolyLog[2, E"(-2*(e + f*x + ArcTanh[b/a]))])*
(b*Cosh[e + fxx] + axSinh[e + f*x])))/(2x(-a + b)*(a + b)*x(a”2 - b~2)*f"2x(
a + b*Cothl[e + f*x])72)

fricas [B] time = 0.46, size = 1797, normalized size = 9.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)/(at+b*xcoth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/2*((a"3 + a"2%b - a*b™2 - b"3)*d*xf"2*xx"2 + 2*¥(a”3 + a"2*b - a*b™2 - b~3)
xcxf"2%x - 4x(a”2%b - axb"2)*d*e”2 - 4x(axb”2 - b~3)*d*e - ((a”3 + 3*xa"2*b
+ 3*a*xb”2 + bT3)*xd*xf72%x72 - 4*x(a”2*%b + axb"2)xd*e”2 + 8*(a”"2*b + axb”2)*cx
exf - 4*x(axb”™2 + b"3)*dxe + 2x((a”3 + 3*a"2xb + 3xa*b”2 + b”3)*kckf"2 - 2*x(a
*b72 + b73)kd*f)*x)*cosh(f*x + )72 - 2% ((a”3 + 3*a~2%b + 3*a*xb”™2 + b~3)*dx*
£f72%x72 - 4x(a”2xb + a*b"2)*d*e”2 + 8x(a"2xb + axb"2)*ckexf - 4x(axb”2 + b~
3)*kd*e + 2x((a~3 + 3*a"2%b + 3*a*xb”2 + b"3)xc*kf"2 - 2*(axb”2 + b73)*dxf)*x)
*cosh(f*x + e)*sinh(fxx + e) - ((a”™3 + 3*a™2*b + 3*a*xb™2 + b~ 3)*d*f~2*xx"2 -
4x(a"2*b + axb"2)*d*e”2 + 8*%(a"2*b + axb"2)*ckxexf - 4*x(a*xb”2 + b~3)*dxe +
2% ((a”3 + 3*a"2*b + 3*xaxb”2 + b 3)*kckf"2 - 2*x(axb”2 + b73)*d*f)*x)*sinh (f*x
+ e)72 + 4x(2x(a"2x%b - a*b"2)*cke + (a*xb”2 - b~3)*c)*f + 4*x((a"2%b + axb”~2
Y¥d*cosh(f*x + e)72 + 2x(a"2*b + a*b”2)*d*cosh(f*x + e)*sinh(f*x + e) + (a~
2%b + a*b”2)*d*sinh(f*x + e)72 - (a"2%b - a*b~2)*d)*dilog(sqrt((a + b)/(a -
b)) *(cosh(f*x + e) + sinh(f*x + e))) + 4x((a"2%b + a*xb~2)*d*cosh(f*x + e)”
2 + 2%(a"2*%b + axb"2)*dxcosh(f*x + e)*sinh(f*x + e) + (a”2%b + a*b”2)*d*sin
h(f*x + e)”2 - (a"2*b - a*xb~2)*d)*dilog(-sqrt((a + b)/(a - b))*(cosh(f*x +
e) + sinh(f*xx + e))) + 2x(2x(a"2%b - a*xb”2)*d*e - 2*¥(a”"2x%b - a*xb~2)*cxf - (
2% (a"2%b + axb”"2)*dxe - 2x(a"2%b + a*b”2)*c*xf + (axb”2 + b~3)*d)*cosh(f*x +
e)”2 - 2x(2x(a”"2xb + a*b”2)*d*e - 2*(a"2xb + ax*b"2)*c*f + (axb”2 + b~3)*d)
*cosh(f*x + e)*sinh(f*x + e) - (2%(a”™2*b + a*b~2)*d*e - 2*%(a”2*b + a*xb”™2)*c
*f + (a*b”2 + b73)*d)*sinh(f*x + e)”2 + (axb™2 - b~3)*d)*log(2x(a + b)*cosh
(f*x + e) + 2*%(a + b)*sinh(f*x + e) + 2*x(a - b)*sqrt((a + b)/(a - b))) + 2%
(2% (a™2%b - a*b”2)*d*e - 2x(a~2%b - a*b”2)*kckxf - (2*x(a"2xb + a*xb”2)*d*e - 2
*(a”2%b + axb”2)*cxf + (axb”2 + b~3)*d)*cosh(f*x + e)72 - 2%(2*x(a"2*b + ax*b
“2)*xd*e - 2*x(a”2*b + axb"2)*ckxf + (a*b”2 + b"3)*d)*cosh(f*x + e)*sinh(f*x +
e) - (2x(a"2*b + a*xb"2)*d*e - 2*%(a”2*b + axb"2)xcxf + (a*b”2 + b~3)*d)*sin
h(f*x + e)72 + (a*b”™2 - b~3)*d)*log(2*(a + b)*cosh(f*x + e) + 2x(a + b)*sin
h(f*x + e) - 2x(a - b)*sqrt((a + b)/(a - b))) - 4x((a"2%b - axb™2)*d*xf*x +
(a™2%b - a*b”2)*d*e - ((a"2xb + a*xb~2)*d*f*x + (a"2*b + axb~2)*d*e)*cosh(fx*
x + e)”2 - 2x((a"2%b + axb”2)*xdxfxx + (a"2%b + a*xb”2)*d*e)*cosh(f*x + e)*si
nh(f*x + e) - ((a™2%b + a*b™2)*d*xf*x + (a”2%b + a*b”2)*d*e)*sinh(f*x + e) "2
)*log(sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)) + 1) - 4x((a~2%
b - a*xb"2)xdxf*x + (a"2*b - a*b”2)*dxe - ((a”2%b + a*b”2)*dxf*x + (a~2%b +
a*xb~2) *d*e) *cosh(f*x + e)72 - 2x((a”2*b + a*xb™2)xd*f*x + (a”™2*b + a*xb”™2)*dx
e)*cosh(f*x + e)*sinh(fxx + e) - ((a™2%b + a*b”2)*d*xf*xx + (a"2*xb + a*xb™2)x*d
xe)*sinh(f*xx + e)"2)xlog(-sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x +
e)) + 1))/((a”5 + a~4%b - 2*%a”3*b"2 - 2*xa"2*b"3 + a*b”4 + b~5)*f " 2*xcosh(f*
X + e)”2 + 2x(a”5 + a"4xb - 2*¥a”3*b"2 - 2%a"2*b"3 + a*b”4 + b~5)*f"2*cosh(f
*x + e)*sinh(f*x + e) + (a”5 + a"4%b - 2*a”"3*b"2 - 2*xa"2%b~3 + a*b”™4 + b”5)
*f"2+sinh(f*x + e)72 - (a”5 - a"4*b - 2*a”~3*b"2 + 2%a"2%b"3 + a*b”4 - b75)x*
£72)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f dx +c i
(b coth (fx + e) + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(atb*coth(f*x+e))~2,x, algorithm="giac")
[Out] integrate((d*x + c)/(b*coth(f*x + e) + a)~2, x)

maple [B] time = 0.95, size = 524, normalized size = 2.67

dx? cx 202 (dx + ¢) lﬁﬂn@eyﬁk+bé
202 + 4ab + 207 | @ + 2ab + bz_(a - b)f(a2 +2ab + bz) (aezfx+2€ +bhefr+2e _ g4 b)+ f%(a— b)* (a
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+b*coth(f*x+e))”~2,x)

[Out] 1/2/(a”2+2*%axb+b~2)*d*x"2+1/(a"2+2*a*xb+b”2) *c*x-2/(a-b)/f/(a"2+2xa*xb+b”2) *b
~2% (d*x+c) / (axexp (2*xf*x+2%e) +bxexp (2*f*x+2*e) -atb)+1/£72/(a-b) "2*xb~2/(a+b)~
2*xd*1n (a*exp (2xf*x+2xe) +b*xexp (2xfxx+2xe) —a+b) -2/£72/ (a-b) “2%b~2/ (a+b) "2*xd*1
n(exp(f*x+e))-2/f/(a-b) "2xb/ (a+b) "2*a*c*1ln(a*xexp (2*f*x+2%e) +tbxexp (2*f*x+2*e
)-a+b)+4/f/(a-b) "2*b/ (a+b) “2*a*xc*1ln(exp (f*x+e))+2/£72/(a-b) "2xb/ (a+b) "2*d*a

xex1n (axexp (2xf*x+2%e) +bxexp (2xf*x+2%e) —a+b) -4/£72/ (a-b) “2*b/ (a+tb) ~2*xd*a*ex*
1n(exp(f*x+e))-2/f/(a-b) "2xb/(a+b) “2*d*ax1ln(1-(a+b)*exp (2xf*x+2xe) / (a-b) ) *x
-2/£72/(a-b) "2*xb/ (a+b) "2xd*a*x1ln(1-(a+b) *exp (2xf*x+2%e) / (a-b) ) *e+2/(a-b) "2xb

/ (a+b) "2*xd*axx~2+4/f/(a-b) "2*%b/ (a+b) "2*d*axe*xx+2/f72/(a-b) "2xb/ (atb) "2xd*ax
e"2-1/£72/(a-b) "2xb/ (a+b) “2xd*a*polylog(2, (a+b) xexp (2xf*x+2%e) /(a-b))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

18
-—1|8a
2

X

bf f dx + 212
a4fe(2fx+2 ¢) 42 a3bf€(2fx+2 e) _ 2 abgfe(fo+2 e) _ b4fe(2fx+2 e) _ G+ 2202 f — bAf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+b*xcoth(f*x+e))~2,x, algorithm="maxima"

[Out] -1/2%(8*axb*xf*xintegrate(x/(a~4xfxe” (2*f*x + 2%e) + 2xa~3xbxfxe” (2*f*x + 2%e
) — 2*xaxb”3xfxe” (2xf*x + 2%e) — b 4*xf*xe” (2kf*x + 2%e) - a~4xf + 2%a~2xb"2x*f

- b74xf), x) + 2%b72x (2% (f*x + e)/((a”4 - 2%a”2xb"2 + b"4)*f72) - log((a +

b)*xe~ (2xf*x + 2%e) - a + b)/((a"4 - 2*¥a"2%b"2 + b"4)*f"2)) + ((a~2xf*xe” (2%

e) - b 2kf*xe”(2*e) ) *x"2xe” (2+f*x) - 4*b"2*xx — (a”2%f - 2*axb*f + b72*f)*x"2

)/ (@a”4xf - 2%xa~2*xb"2xf + b74*xf - (a"4xfxe” (2xe) + 2xa~3*xbxfxe” (2%xe) - 2*axb
“3xfxe”(2%e) - bT4xfxe”(2%e))*e” (2xf*x)))*d - cx(2xaxbxlog(-(a - b)*xe” (-2xf

*x — 2%e) + a + b)/((a”4 - 2%a"2+%b"2 + b74)*f) + 2xb"2/((a"4 - 2*a”"2*b”2 +

b"4 - (a”4 - 2%a"3%b + 2*a*xb”3 - b74)xe” (-2*xf*x - 2*e))*f) - (f*x + e)/((a”

2 + 2xaxb + b72)*f))

mupad [F] time = 0.00, size = -1, normalized size = -0.01

c+dx
f 5 dx
(a + bcoth (e + fx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*x)/(a + b*coth(e + f*x))~2,x)
[Out] int((c + d*x)/(a + bxcoth(e + f*x))~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

c+dx
f 5 dx
(a + bcoth (e + fx))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(atb*coth(f*x+e))**2,x)

[Out] Integral((c + d*x)/(a + bxcoth(e + f*x))**2, x)
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1
3.60 f (c+dx)(a+b coth(e+ fx))? ax

Optimal. Leaf size=23

1
Int ((c +dx)(a + bcoth(e + fx))?’ x)

[Out] Unintegrable(1/(d*x+c)/(atbxcoth(f*x+e))”2,x)

Rubi [A] time = 0.06, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size

0.000, Rules used = {}
1

(¢ +dx)(a + bcoth(e + fx))? ax

Verification is Not applicable to the result.

[In] Int[1/((c + d*x)*(a + b*Coth[e + f*x])~2),x]
[Out] Defer[Int][1/((c + d*x)*(a + bxCothl[e + f*x])~2), x]J

Rubi steps

1 1
f (c % d0)(a + beothe + fo)2 X = f (€% d0)(a + beothe + Fo)2

Mathematica [A] time = 155.01, size = 0, normalized size = 0.00

1
f €+ d0)a + boothe + FR

Verification is Not applicable to the result.

[In] Integrate[1/((c + d*x)*(a + b*Coth[e + f*x])~2),x]
[Out] Integrate[1/((c + d*x)*x(a + b*Cothle + f*x])~2), x]

fricas [A] time = 0.41, size = 0, normalized size = 0.00

1
a?dx + a’c + (bde + b2c) coth (fx + 6)2 + 2 (abdx + abc) coth (fx + e),x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(atb*coth(f*x+e)) 2,x, algorithm="fricas")
[Out] integral(l/(a"2*xd*x + a~2*xc + (b~2*d*x + b~2xc)*coth(f*x + e)72 + 2x(axbxdx
X + axb*c)*coth(f*x + e)), x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

f L 5 dx
(dx + c)(b coth (fx + e) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(atb*coth(f*x+e))~2,x, algorithm="giac")
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[Out] integrate(1/((d*x + c)*(b*coth(f*x + e) + a)~2), x)

maple [A] time = 1.83, size = 0, normalized size = 0.00

1
f(dx+c) (a + bcoth(fx +e))

de

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(a+bxcoth(f*x+e)) " 2,x)
[Out] int(1/(d*x+c)/(at+b*coth(f*x+e)) 2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

212
a‘cf —2a2b%cf + bicf + (a4df —2a2b%df + b4df)x - (a4cfe(2€) +2a8bcfee) — 2 ablcfe?e) — bAcfee) + (|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 2*b~2/(a"4*xcxf - 2%a~2%b"2*c*f + b 4d*xcxf + (a~4*d*f - 2*a " 2xb~2xd*f + b~4*d
*f)*x - (a"4xcxfxe™(2xe) + 2*a~3*bkckf*re” (2%xe) - 2*xa*xb~3*c*xf*e” (2%e) - b74x
cxfxe™ (2%e) + (a"4xdxf*xe”(2xe) + 2*a~3*b*xd*xf*e” (2xe) - 2xaxb~3*xd*xf*xe” (2*e)
- bT4xdxfxe” (2xe) ) *x) ke~ (2xf*x)) + log(dxx + c)/(a”2*d + 2*axb*d + b~2xd) -
integrate (-2x (2%a*xbxd*f*x + 2xaxbkxckxf + b~2xd)/(a~4*c™2+f - 2*a”2%b7"2xc”2x%
f + b74*xc™2xf + (a”4*%d"2+f - 2*%a”2xb"2xd"2*f + b74*xd"2*f) *x"2 + 2% (a"4d*xcxdx
f - 2%a”2xb"2xcxd*xf + b 4*xckd*f)*x — (a~4xcT2%xf*xe” (2%e) + 2%a” 3xbxcT2xfxe”(
2%e) — 2*axb"3kcT2xf*xe”(2%e) - b 4xcT2xfxe”(2%e) + (a"4*xd"2xfxe”(2%e) + 2*a
“3*b*d"2*xfke” (2%xe) — 2xaxb”3*xd"2*f*e” (2*%e) - bT4xd"2xfxe” (2%e))*x"2 + 2x(a”
dxcxdxfxe™ (2xe) + 2*a”3*bkckdxfxe”™(2xe) — 2*axb 3kckdxf*xe” (2%xe) — b 4xc*xd*f
xe” (2xe) ) *x) *e” (2xf*x) ), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

f ! 5 dx
(a+bcoth(e+fx)) (c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + b*coth(e + f*x)) 2x(c + d*x)),x)
[Out] int(1/((a + b*coth(e + f*x))~2*(c + d*x)), x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

f ! 5 dx
(a+beoth (e + fx)) (c +dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(a+b*coth(f*x+e))**2,x)

[Out] Integral(1l/((a + bxcoth(e + f*x))**2*x(c + d*x)), x)
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1
3.61 f (c+dx)?(a+b coth(e+ fx))? ax

Optimal. Leaf size=23

1
fnt ((c +dx)2(a + beoth(e + fx))?’ x)

[Out] Unintegrable(1/(d*x+c)~2/(a+b*coth(f*x+e))~2,x)

Rubi [A] time = 0.06, antiderivative size = 0, normalized size of antiderivative = 0.00,

. ] number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, ——————

0.000, Rules used = {}

integrand size

1
(c+ dxf(a + boothe + )2 ™

Verification is Not applicable to the result.
[In] Int[1/((c + d*x)~2*(a + b*Cothl[e + f*x])~2),x]
[Out] Defer[Int][1/((c + d*x)~2*(a + b*Cothl[e + f*x])~2), x]

Rubi steps

! dx = ! d
f (c+dx2(a+beothe + f)2 f (c +dx)2(a + beoth(e + f)2

Mathematica [A] time = 125.76, size = 0, normalized size = 0.00

1
(c+ dx(a + boothe + fo)E

Verification is Not applicable to the result.

[In] Integrate[1/((c + d*x)~2*(a + b*Cothl[e + fxx])~2),x]
[Out] Integrate[1/((c + d*x)~2x(a + b*Coth[e + f*x])~2), x]

fricas [A] time = 0.42, size = 0, normalized size = 0.00

1

2
a?d?x? + 2 a?cdx + a®c? + (b2d2x2 + 2 b%cdx + b2c2) coth ( fx+ e) +2 (abd2x2 + 2 abcdx + abcz) cotl

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+bxcoth(f*x+e))~2,x, algorithm="fricas")

[Out] integral(1l/(a”2*d"2*x"2 + 2%a”2xckd*x + a”2*%c™2 + (b72%d"2%x"2 + 2%b~2*c*d*
X + b72%c72)*coth(f*x + e)72 + 2x(axb*d™2%x72 + 2*xaxbkcxd*x + akxbxc”2)*coth
(f*x + e)), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00
f 1
(dx + c)z(b coth (fx + e) + a)

2clx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)”~2/(a+bxcoth(f*x+e))~2,x, algorithm="giac")
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[Out] integrate(1/((d*x + c) " 2*(b*coth(f*x + e) + a)~2), x)
maple [A] time = 1.76, size = 0, normalized size = 0.00

f 1
(dx + c)2 (a + b coth (fx + e))

zdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)~2/(a+b*coth(f*x+e))”~2,x)
[Out] int(1/(d*x+c) 2/ (a+bxcoth(f*x+e)) 2,x)
maxima [A] time = 0.00, size = 0, normalized size = 0.00
a’cf — 2abcf +
a*c?df — 2 a?b?c?df + bAcdf + (a4d3f - 2a202d3f + b4d3f)x2 +2 (a4cd2f - 2a2b%cd?f + b4cd2f)x - (a4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(a+bxcoth(f*x+e))~2,x, algorithm="maxima"

[Out] -(a"2*c*xf - 2*xaxbkc*xf + (cxf - 2%d)*b”"2 + (a™2xd*xf - 2*axbxd*xf + b~ 2*d*f)x*x
- (a"2*xcxf*xe”(2xe) - b7 2kckf*e” (2*e) + (a~2xdxfxe”(2%e) - b7 2xd*xf*xe”~ (2xe))
*x) %" (2%f*x) )/ (a™4*xc™2xd*xf — 2%a”2+b"2xc”2xd*f + b~4xcT2xd*xf + (a”4*xd"3x*f
- 2%a”2%b"2xd"3*f + bT4*xd"3*f)*x"2 + 2% (a"4dxckxd"2xf - 2*%a~2%b"2xc*d"2*xf + b
“4xckd"2*f) *kx - (aT4xcT24%d*xfxe” (2%e) + 2*%a"3xbxcT2xd*xfxe” (2%e) - 2*axb"3xc”
2xd*xf*xe” (2%e) — bT4xc 2xd*xf*xe” (2%e) + (a~4*xd"3xfxe”(2%e) + 2*a”3*xbxd~3*xf*xe”
(2%xe) - 2*axb~3*d"3*xf*xe” (2xe) - b~ 4*d"3*xf*e” (2*e) ) *x™2 + 2x(a~4*c*xd™2*f*e” (
2%e) + 2*a " 3xbkxcxd"2xfxe” (2%e) - 2kaxb"3kckxd"2xfxe” (2%e) - b T4kcxd"2xfxe” (2
xe) ) xx)*e” (2%f*x)) - integrate(—4x(axbxdxf*x + axbxc*f + b~2xd)/(a~4*c~3*f
- 2%a"2%b"2xc"3*f + bT4xc”3*f + (aT4*xd"3*f - 2%a"2x%b"2xd"3*f + b~4*xd"3*f)*x
“3 + 3%(a”4dxc*d”2xf - 2*xa"2*xbT2xckd"2xf + bT4*ckdT2*f) *x"2 + 3k (a4*xcT2*dx*f
- 2%a”2*b7T2xcT2xd*xf + DT4*xcT2*xd*f) *x - (aT4*xcT3xfxe” (2%e) + 2*a " 3xbxcT3xfx
e~ (2xe) - 2*%axb”"3xc"3xfxe”(2%e) - b 4*xc T 3xfxe”(2xe) + (a”4*xd"3*xf*xe”(2*xe) +
2%a”3*b*d"3*kf*ke” (2xe) — 2*axb”3*d"3*kf*xe” (2%e) — b~4*xd"3xf*e”(2*e))*x"3 + 3%
(a~4*c*xd™2*f*e” (2%e) + 2*xa~3xbxckxd " 2+xf*e” (2%e) - 2*axb~3xcxd " 2*xf*xe” (2%e) -
b~ 4*xckxd"2xf*xe” (2%e) ) *x"2 + 3% (a"4*xc”2xdxfxe” (2xe) + 2%xa”3*xbxc”2xdxfxe” (2xe)
- 2*kaxb”3*kcT2xdxfxe” (2%e) - bT4*cT2xdxf*xe” (2xe) ) *x) *e” (2*¢f*x)), x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04

f ! 5 dx
(a + bcoth(e+fx)) (c+dx)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((a + b*coth(e + f*x)) 2x(c + d*x)~2),x)
[Out] int(1/((a + bxcoth(e + f*x)) " 2*x(c + d*x)~2), x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

f ! 5 dx
(a + b coth (e + fx)) (c+ dx)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(atb*coth(f*x+e))**2,x)

[Out] Integral(l/((a + b*coth(e + fxx))*x2x(c + d*x)**2), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(x antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
IIAII ,
llBll] s
"c"1,
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||c|| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(*1 = rational functionx)

(¥2 = algebraic functionx)
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(¥3 = elementary functionx)

(x4 = special functionx)

(*5 = hyperpergeometric function*)
(¥6 = appell functionx)

(x7 = rootsum functionx)

(¥8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]11,
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]1]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunction(Q[Head [expnl],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expnl],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]l===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LoglIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

},funcl]

HypergeometricFunctionQ[func_] :=

Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser
#Nasser

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns
# "F" if the result fails to integrate an expression that
# is integrable
# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal
# antiderivative
# "A" if result can be considered optimal
#This check below actually is not needed, since I only
#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";

end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;




if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function

260




261

# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' *~') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:




262

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum”™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]
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def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type (expn)=",type (expn))

if is_atom(expn) :
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' "~ ')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' % ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(1l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum) :
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType
,Apply[List,expnl],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9




264

#main function
def grade_antiderivative(result,optimal):

leaf _count_result = leaf_count(result)
leaf_count_optimal

leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
e
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
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else:
return False
else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False
except AttributeError as error:

return False

def expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational) :
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType (expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.argsl[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType(

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType(expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):
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ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,m1)  #max(6,ml)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

tree_size(result) #leaf_count(result)
tree_size(optimal) #leaf_count(optimal)

leaf count_result
leaf_count_optimal

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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